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Abstract—This paper proposes a Bayesian unscented Kalman
filter with simplified Gaussian mixtures (BUKF-SGM) for
dynamic state space estimation of nonlinear and non-Gaussian
systems. In the BUKF-SGM, the state and noise densities are
approximated as finite Gaussian mixtures, in which the mean
and covariance for each component are recursively estimated
using the UKF. To avoid the exponential growth of mixture
components, a Gaussian mixture simplification algorithm is
employed to reduce the number of mixture components, which
leads to lower complexity in comparing with conventional re-
sampling and clustering techniques. Experimental results show
that the proposed BUKF-SGM can achieve better performance
compared with the particle filter (PF)-based algorithms. This
provides an attractive alternative for nonlinear state estimation
problem.
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L INTRODUCTION

State estimation of stochastic dynamic systems from a
sequence of noisy observations plays a crucial role in many
practical applications such as target tracking, fault detection,
signal processing and automatic control problems. The
dynamic system under consideration is usually modeled by the
state-space approach, where difference or differential
equations are used to model the evolution of the system over
time.

When the model is linear with Gaussian distributed noises,
the celebrated Kalman filter (KF) [1] is an optimal state
estimator which can provide the mean and covariance
sequentially. For more complicated systems with nonlinear
models and non-Gaussian noises, there is no closed form
analytic expression for the posteriori densities. Therefore, the
state and noise densities have to be approximated by a variety
of methods such as histogram or Gaussian mixtures equipped
with nonlinear filters say the extended Kalman filter (EKF)
and unscented Kalman filter (UKF) [2]. The histogram
approach represents the density as a set of particles and it
gives rise to the particle filtering technique [3], which
approximates the non-Gaussian densities with a set of
weighted particles. However the computational complexity of
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such methods grows exponentially with the dimension of the
states and particles. In addition, due to the problems of
degeneracy and sampling impoverishment [4], the standard PF
may be rather inefficient in sampling. To alleviate the
problems, many particle filter (PF)-based algorithms [5-7]
have been proposed. They employ re-sampling and clustering
techniques to simplify the density to achieve reduction in
complexity. For instance, in [6], a greedy expectation
maximization (EM)-based algorithm for model order
reduction using Kullback-Leibler divergence (KLD) [8] has
been employed to simplify the density after re-sampling.
Similar concept has been extended to a nonlinear setting as the
Gaussian sum particle filter (GSPF) [5], in which the state
density for mixture components is approximated using
weighted particles.

Recently, for linear non-Gaussian systems, a Bayesian
Kalman filter (BKF) has been reported in our previous work
[9], which is able to approximate the non-Gaussian noise as
simplified Gaussian mixtures with relatively low complexity.
The effectiveness of the BKF algorithm has been
demonstrated in video object tracking and other applications
[10]. Since state estimation of nonlinear systems is frequently
encountered in many practical applications, it will be highly
desirable if these nice properties can be extended to the
nonlinear settings.

It is the aim of this paper to further extend the BKF
concept to nonlinear state estimation using the unscented
transformation technique. In particular, we propose a new
Bayesian unscented Kalman filter with simplified Gaussian
mixtures (BUKF-SGM) for state estimation in non-linear and
non-Gaussian systems. Among different nonlinear filtering
methods, we have chosen the unscented transform as it is
renowned for its well performance in approximating the mean
and covariance of the state using a minimal set of sample
points, rather than linearizing the nonlinear function as in the
EKF. While the nonlinearity is captured using the unscented
transform, the state density in the proposed approach is
modeled using an efficient GM simplification procedure in
BKF, which directly simplifies the GMs by minimizing an
upper bound of the approximation error between the original
and the simplified models. This avoids the high complexity of
the re-sampling and clustering encountered in [5-7], while
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allowing more general state and measurement noises to be
modeled resulting in better tracking of the states. Like its BKF
counterpart, the arithmetic complexity of the new BUKF-
SGM algorithm is only a polynomial, instead of exponential,
function of the state dimension. The proposed BKF-SGM is
applied to solve a nonlinear and non-Gaussian time series
estimation problem and the simulation results show that it is
able to achieve a better tracking accuracy than the PF-based
algorithms. It therefore serves an attractive alternative to PF
for nonlinear state estimation, especially for systems with
more number of states. The rest of the paper is organized as
follows: Section II describes the details of the proposed
BUKF-SGM algorithm. In Section III, the performance of the
BUKF-SGM is evaluated and compared with the PF-based
algorithms. The conclusion is drawn in Section I'V.

II. BUKF-SGM FOR STATE ESTIMATION OF NONLINEAR
AND NON-GAUSSIAN SYSTEMS

For simplicity, we consider the following autonomous
discrete-time nonlinear state-space model:

X; = fi(xim)+we, D
2 = h(x )+, 2
where x;, and gz, denote respectively the state and

observation vectors at time instant £, and f,(x,_;) and
hy(x;)
measurement functions. w;, and v, are random vectors of

given distributions, which are assumed to be mutually
independent and independent of x; .

are respectively known nonlinear state and

2.1 Unscented Kalman Filter (UKF)

In the UKF framework, the probability density functions
(pdfs) of the state noise w, and observation noise v, are
usually assumed to be zero mean Gaussian distributed, i.e.:

pwi)=N(wi,wi,0:), 3)

pvi)=Ni,vi,R:), “)
with w, =0 and v, =0, and N(w,,u,,C,) denotes a
Gaussian distribution with mean #, and covariance C, .
Rather than linearizing the nonlinear functions as in the EKF,
UKEF utilizes an unscented transform to approximate the non-
Gaussian state density arising from the nonlinearity by a
Gaussian distribution through sampling at a set of sigma
points. To be specific, given an L-dimensional state vector x;
with mean g, and covariance P, , the UKF algorithm for
state estimation can be summarized as follows:

1) Construct the following sigma points {x,(k_l)}with
corresponding weights {w,} from the Gaussian distribution

with mean p;., and covariance P_;:

K
5
L+x’ )

1
Xigk-1) = B +(\[ (L+x)P ), y Wi =2(L—+K‘) s (6)
X+nk-1y) = Bk — (\/ (L + K)})k—l )1 y Wi =W, (7)

Xok-1) = MBi-15 Wo =

where [=1,...,L the and

(J(L+K')PH )[ represents the /-th column of the matrix

W or).

2) Propagate each sigma point through the nonlinear
system state function:

K- = fk(lz(m)), Vvi. (8)

3) Approximate the predicted density after the nonlinear
state function by a Gaussian distribution by using the
ensemble mean and covariance estimates as follows:

M = pI Wi ik -1y » )
Pk‘kil = ZIZZLOWI (X/(k\kfl) — M )(X/(,(‘H) _ﬂk‘kﬂ)r +Qk . (10)

4) Construct a similar set of sigma points from the
approximately predicted Gaussian distribution with mean
M and covariance Py

, K 18 scaling parameter

K

Koty = Bife-rs Wo = T+x° (11)

1
Xickk-n = M + (\[ (L + K)Bc\k_l )[ » Wi =m s (12)
Xyl = i _(\/ (L+ K')Pk\k-l ),, Wiy =W, (13)

where /=1,...,.L .

5) Propagate the sigma points through the nonlinear
system measurement function and calculate the predicted
measurement mean:

Z/(/:\k,l) = hk (){,(k‘k,l) ), Vi (14)
L = Z,zfowzz,(k‘k,l) . (15)

6) Estimate the measurement covariance and cross-
covariance:

Pz,k\H = ZIZ:LOWI (z[(l:‘k—l) - zl:‘k—l )(zl(k‘l:—]) - zk‘k—] )T + R, > (16)
szJf\H = ZIZ:LO Wi (Xl(k\k_l) — Mifin )(z/(k\k—n - zk\k-] )T . (17)

7) Calculate the posteriori estimation of the state and
covariance matrix from the ensemble averages obtained from
the sigma points:

Kk = sz,k‘k—]PzT]‘k,] H (18)
Hie = Hijia + K (2 _zk‘k—l) > (19)
P = Pk\k-l _Ksz.k\k—lKkT . (20)

In the above UKF, steps 1 to 3 (from eq. (5) to eq. (10)) are
known as the time update and the remaining steps are referred
to as the measurement update. While the UKF assumes the
state noise w; and measurement noise v, to be Gaussian, we

consider a new BUKF-GM, which allows the noises to be
non-Gaussian and they can be approximated using GMs.

2.2 Bayesian UKF with Gaussian Mixture (BUKF-GM)

In the proposed BUKF-GM, the pdfs of the state noise w,
and observation noise v, are characterized by finite GMs:

pw) =2 Nwe, Wi, Qi) s (1)
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p(vi) = Zj:l BN, vi,Ry),

where I(J) is the number of components of the corresponding

(22)

noise, a(f:) is the probability of the corresponding
component with Y o =1 ( X/, fx=1). Now suppose

further that the previous posteriori pdf of the state is modeled
by the following GM with G components:

D(Xa |zk—1) = Z(g;=1 Vet N (Xits Banys Peny) (23)
where ¥, is the weight of the corresponding component.
Then the predictive a priori density can be obtained as:
p(x: |Zk—1) = Ip(xm |7-k—1 )P(X: |xk—1 )dx
= Z(gjf;l yg'(k‘kfl)N(xk s By ains Pegin) s
where G’ =GI, Yewpn = Ve O | e S0 Ve @ » and

Moo and Py, are respectively the mean and covariance

24)

of corresponding Gaussian component, which can be predicted
using the time update of UKF from eq. (5) to eq. (10).

Furthermore, given the current observation at time instant

k , the corrected a posteriori density can be derived as follows:

p(xk |Zk) = Ckp(Zk |xk )]?(xk|z;(71)
= C Z;:IIB/&N(Z/( 7hk (xk )9R/k)‘
ZZ’:I 7g'(k‘k—l)N(xk s B> Pefiny)

:Zg":l }/M N(xk:.”g”kapg};k)’ (25)

where ¢;' = [ p(x; |zk,1 (i |xk )dx, represents a normalizing
constant, G" = G'J = GIJ is the updated component number,
Ver = 7g'(m_1)ﬂjkpf(z/:|xk)/2§::12::1 yg'(k‘k—])ﬁﬂ‘p/(Zkak)’ and
M. and P, are respectively the mean and covariance of the

corresponding Gaussian component, which can be estimated
using the measurement update of UKF from eq. (11) to eq.
(20). It can be noticed that the number of mixture components
will grow from G to G’ in the predictive step and from G’
to G” in the subsequent measurement correction step. Hence,
the number of mixture components and hence the complexity
will grow exponentially with time, which complicates online
applications. We now address this issue by means of an order
reduction approach, which help to maintain the number of
components over time.

2.3 BUKF with Simplified GM (BUKF-SGM)
Consider the following GM model with n components:
S(x)=2a,0,(x), (26)
where ¢;(x)=N(x—u,;,H,) is the j-th components and «;
are the mixing coefficients such that > a;=1. In the
BUKF-SGM, our goal is to approximate f(x) as a simplified

m

mixture model with fewer components g(x)=> w;g;(x),
where g,(x):N(x—t,,fI,-) with m<n . w,, t, and H, are

respectively the weight, center and covariance matrix of the i-
th component g;(x). w,’s should be summed up to one.

TABLE | BUKF-SGM ALGORITHM

Initialization
¢
p(xe)= Zg:I 7goN(xo sHg0 Pg())
for k=1,2,...
BUKF-SGM Prediction:
fori=1:1
for g=1:G
g'=g+(-1G

Estimate Pyl and P

e kleny Wit Hgoys Py and

Q.. (UKF Time Update)
}/g’(k‘k—l) = }/g(k—l)cvyk

end
end

5 G 1
Yeulen = 7g'<k\k—1>/ (zg:1 2 Vet %)
BUKF-SGM Correction:

for j=1:J
for g'=1:GI
g"=g+(j~1)GI
Estimate My and Pg"k with B > Pg,(k‘k_l) and

R, (UKF Measurement Update)

*

7gnk = yg'(/(‘kfl)ﬂ/l«p/(zl( |xk)

end
end

* G’ J
7/!‘ = }/A /(Zg’:] z/‘:l }/g'(k\kfl)ﬁjk pj (zklxk ))

BUKF-SGM Order Reduction:
Compute:

{}/gk}(g;:l ’ {.ugk}::l and {ng}gzl
end

Given a distance metric D(f(x),g(x)) between functions
f(x) and g(x), the error of approximating f(x) with g(x)

is D(f(x),g(x))=(](f(x)-g(x))2dx)" . Different from the
conventional re-sampling and clustering techniques, we
adopted the two-step GM simplification procedure developed
in [11]. More precisely, at the k-th iteration, the component
mixture is partitioned into m groups { S{¥’, S, ..., S\ }.

Step 1 (Mean update): The representative component
C®(x) for S that minimizes the local quantization error

is C"(x)=argminy. o[ (C(x)—-¢;(x))?dx. Interested

C(x)
readers are referred to [11] and references therein for solving
this problem using coordinate descent.

Step 2 (Clustering): Given C* ={C"(x)}z,,
assign @;(x) to the nearest C*'(x) based on the distortion
measure D, ; = D(C(x),¢;(x)), and then update S'* .

one re-

The above process is repeated until either 1) the change in
total distortion or C* ={C*(x)}z, is less than a certain

i=1
threshold, or 2) a maximum number of iteration is reached.

Since the unscented transformation helps us to
approximate the nonlinear density for each component after
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the nonlinear measurement and state transformation, a set of
Gaussian components are obtained at the end of each iteration,
which can be simplified using the GM simplification
procedure with fewer components so that the number of
components after each iteration can be maintained at a
constant level. This leads to a great reduction in complexity in
comparing with conventional re-sampling approaches. For
instance, if the component number and the dimension of the
state is respectively nand d , the complexity of conventional
approach such as the KLD-based model order reduction

method in [7] is O(1000n°d*), while the complexity of the
function approximation-based method is O(Td:n(L+m) ,
where 7 and L are the numbers of iterations which are

typically small [11]. Table I summarizes the proposed BUKF-
SGM algorithm.

III.  SIMULATION RESULTS

We consider the following nonlinear and non-Gaussian
time series estimation problem [7], which is commonly used
in the literature. The process model is given by:

x, =1+sin(@r (k1) +dxe +w, (27)

has a Gamma pdf, p(w.)=Ga(3,0.5) , and

@w=0.04 and ¢ =0.5 are scalar parameters. Data samples are

assumed to be taken from =1 to 60. The underlying state
distribution can be heavy tailed and asymmetric due to the
Gamma distributed process noise and the nonlinearity of the
state function. The non-stationary observation model is
defined as:

where w;

k<30,

| @xE v,
i ‘{ k > 30, (28)

&x =24+,

where ¢, =0.2 and ¢; =0.5 . The measurement noise is a
zero-mean Gaussian distribution, i.e., v, ~ N(v4,0,107%).

We compare the performance of the proposed BUKF-

SGM algorithm with the standard PF, GSPF [5], SPPF [12]

and GMSPPF [7] in terms of the following root mean squared
error (RMSE) measure, which is defined as:

RMSE, = \/%2;71 (xe (m) =% (m))? » (29)

where x;(m) and X,(m) denote respectively the true and

filtered state at the m-th Monte Carlo (MC) run. The settings
are: 1) For the standard PF, the number of particles is 2000
and re-sampling is performed with a threshold value of 0.001.
2) For GSPF, the initial state pdf is modeled by five GMs with
equal weights, ie., p(x)=>. 02N(x,,0,10) and the

Gamma pdf of the process noise is approximated by two GMs
using the EM algorithm. The number of particles for GSPF is
the same as the standard PF. 3) For SPPF, GMSPPF and
BUKF-SMG, the initial state pdf is identical to that in the
GSPF while the scaling parameter x for sigma point
generation is set to the recommended value with kx =3—-L=2.
4) The number of particles for GSPF, SPPF and GMSPPF is
the same as the standard PF.

Experiments were conducted on a computer with Intel(R)
Core(TM) 17-2600K CPU and 8192MB RAM. The RMSE

o '—pPF
! —GSPF
SPPF
2r —GMSPPF
—BUKF-SGM|
1.5¢ B
4 ]
0.51 ]
% 10 20 30 40 50 60

Fig. 1. RMSE of the estimated states for different algorithms are compared. An
enlarged figure for the comparison between GMSPPF and BUKF-SGM from
time instant 0 to 30 is also plotted.

TABLE Il AVERAGE RMSE/TIME COMPARISON

GSPF SPPF GMSPPF
PF BUKF-SGM
[5] [12] [71
Average
RMSE | 0:2191 | 0.0465 | 0.0286 0.0063 0.0016
Average |, 3566 | 16391 | 565715 1.1590 0.8269
Time (s)

averaged over 100 Monte Carlo trials for different algorithms
is compared in Fig. 1. The RMSE values in Fig. 1 are further
averaged over time and are shown in Table II. The results
demonstrate that the proposed BUKF-SGM algorithm is able
to obtain better estimation accuracy in comparing with the
other algorithms. The performance of PF is similar with [7].
The reason for its bad performance is mainly due to the highly
peaked likelihood function of the observations (arising from
the small observation noise variance) fused with the spurious
jumps in the state introduced by the heavy tailed process noise,
which causes degeneracy and sampling impoverishment for
the PF. GSPF, SPPF and GMSPPF can handle the case
properly. However their accuracy mainly relies on the number
of sampling particles and as we mentioned before the
computational complexity will grow rapidly when the
dimension of the states or the number of particles becomes
larger. Compared with these PF-based algorithms, the overall
performance of the proposed BUKF-SGM is better and its
computational time averaged over 100 MC trials is also
relatively lower as shown in table II.

IV. CONCLUSION

A novel BUKF algorithm with simplified Gaussian
mixtures (BUKF-SGM) has been presented for dynamic state
space estimation in nonlinear and non-Gaussian systems.
Simulations show that the proposed BUKF-SGM algorithm
can achieve better performance than the PF-based algorithms,
which provides an attractive alternative to conventional
nonlinear state estimation algorithms.
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