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ABSTRACT

Communication over doubly selective channels (both
time and frequency selective) suffers from significant
intercarrier interference (ICI). This problem is severe in
underwater acoustic communications. In this paper, a new
Partial Fractional Fourier (PFrFT) based orthogonal fre-
quency division multiplex (OFDM) scenario is presented
for dealing with such challenges. A band minimum mean
square error (BMMSE) weight combining equalizer based
on Least Square MINRES (LSMR) iterative algorithm is
used in the proposed communication system. Simulation
results demonstrate significant BER performance im-
provements (up to 8dB) over traditional orthogonal based
methods and those considering Partial FFT demodulation,
and Discrete Fractional Fourier Transform (DFrFT) with
only a moderate computational complexity increase.

Index Terms— Orthogonal frequency division multi-
plexing(OFDM),Partial Fractional Fourier Transform
(PFrFT),Banded Minimum mean square error (BMMSE),
Least Square MINRES (LSMR).
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1. INTRODUCTION

Underwater acoustic communication (UWA) suffers
from significant time delays reaching fractions of seconds
as well as severe Doppler spread attributed to relative
motion between transmitter and receiver. The problem is
exacerbated due to the low speed of sound in water
(1500m/s). Orthogonal Frequency Division Multiplexing
(OFDM), is widely used in wireless communications that
exhibits high dispersion due to its superior resistance to
Inter-Symbol Interference (ISI) [1] and its low complexi-
ty. With an increase of subcarrier numbers, the bandwidth
of each subcarrier will be smaller, therefore the system
becomes more vulnerable to a loss in orthogonality caused
by a high Doppler spread, leading to Inter-Carrier Inter-
ference (ICI) [2]. Recent research has focused on ICI
suppression for enhanced performance with acceptable
complexity. These mainly dealt with post-FFT processing
methods, such as low complexity equalization. Banded
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Minimum Mean Square Error (BMMSE) equalization was
used in [3] on the band structure of channel frequency
response. It was shown that the complexity increases
linearly with the block length. However, the complexity of
the BMMSE is lower than the conventional MMSE which
is proportional to the cube of the number of subcarriers
[3].

In [4]-[7] were introduced iterative detection and de-
coding techniques, such as the block turbo equalizer based
on the exchange of soft extrinsic information between
MMSE equalization, and maximum a posteriori probabil-
ity (MAP) decoder. The banded equalization with iterative
data detection has a superior robustness against errors of
channel estimation, which usually occurs in the UWA
scenario.

The Partial Fast Fourier Transform (PFFT) [2] [8] [9],
decomposes a received signal into several segments using
non-rectangular windows, followed by FFT demodulation
and a weight compensation process on each segment. The
working principle of the PFFT resides in the fact that the
channel coherence time increases. This is achieved by
increasing the bandwidth by splitting signal in time do-
main into several segments [9]. In [10] the conventional
FFT demodulation in the OFDM was replaced by the
Fractional Fourier Transform (FrFT), which transforms
the signal into an intermediate domain between time and
frequency. Doubly selective channel response will be
concentrated into narrower band, allowing the ICI in adja-
cent subcarriers to concentrate around main diagonal of
channel frequency matrix. The result presented in [10]
showed a better performance with less complexity. FRFT
could also be replaced by Fractional Cosine Transform
(FRCT), as described in [11].

In this paper, a novel method called Partial Fractional
Fourier Transform (PFrFT) is presented in conjunction
with banded MMSE equalization enhanced communica-
tions over UWA channels. At the analysis stage, a doubly
selective channel scenario is considered extracting simu-
lated results showing the superior performance of the
PFrFT approach compared with conventional PFFT and
FrFT-OFDM ones. Moreover, the performance obtained
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considering a low cost equalizer based on least squares
(LSMR) approach [12] [13], which uses a tradeoff be-
tween performance and complexity are presented.

The remainder of paper is organized as follows. Sec-
tion 2 presents the proposed PFrFT based algorithm that
includes a DFrFT-OFDM block, the partial FFT demodu-
lation and a low complexity ICI equalization based on
LSMR iterative algorithm. A computational complexity
analysis of the proposed system is also presented. In Sec-
tion 3, simulation results and discussions are reported.
Section 4 concludes the paper.

Notation: In this paper, transpose, conjugate and
conjugate transpose are denoted as [.]7, [.]*and[. ]¥respec-
tively. diag{. }denotes a diagonal matrix produced by a
vector [.]; jextracts the ith row and jth column element
from a matrix. Finally, <.>yis the modulo-N calculation.

2. SYSTEM MODEL

2.1. PFrFT based UWA Transceiver

The proposed PFrFT-OFDM system, as is shown in
Figurel, is composed of several blocks. The uncoded N-
point data vector dj, is transformed into time domain us-
ing an inverse DFrFT of order a. The separate parallel
data streams are then changed to a serial data after adding
cyclic prefix. The serial received data stream corrupted by
the UWA channel with additive white Gaussian noise v,,
is converted to a parallel data stream, which are processed
by the partial FFT after removal of cyclic prefix. The
LSMR iterative equalization is subsequently carried out
on each partial block and converted to a bit stream using
the DFrFT demodulation of order (&« — 1). Each block of
the system is described in details in the following section.
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Figurel: Diagram of PFrFT-OFDM system with
LSMR iterative equalization over doubly selective channel
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2.2. Discrete Fractional Fourier Transform (DFrFT)

The Fractional Fourier transform (FrFT), first intro-
duced by Namias [15], transforms a function of time into
an intermediate domain between time and frequency,
according to the rotation of time frequency distribution via
angle Bor order a . In our previous work [10] [14], the
Discrete FrFT (DFrFT) of order a presented in [10] was
written in matrix vector multiplication as below:

Ya = FeX €Y

Vo = [Yal0L yol1] ...y [N = 1]]7,
x = [x[0],x[1] ...x[N — 1]]7,
and F,is the N point transformation matrix. Similarly, the
inverse DFrFT is written as
X = Fg¥a = F_a¥q 2
It represents one of the main componets of the pro-
posed algorithm and is described in the next section.

Where:

2.3. Fractional Fourier transform OFDM system

In the DFrFT based OFDM scenario (DFrFT-OFDM),
compared with conventional OFDM, the Discrete Fourier
(DFT) and inverse Discrete Fourier Transform (IDFT)
blocks are replaced by the DFrFT and IDFrFT. Firstly, a
binary matrix JeZV*Na is designed to allocate the data
vector d,,eCNeto N subcarriers, written as

T
] = [ONaX(N_Na)/ZINaONaX(N—Na)/Z] (3)
where 0;,,1s an LxM diagonal zero matrix, and I; is

an LxL identity matrix.

The signal vector s, after the inverse DFrFT demodu-
lation is corrupted by a doubly selective (DS) channel Hy,
producing received signal R, after discarding cyclic pre-
fix

R, = Hys, + v,
= H,F_J d, + F,v, @)
where H,, represents the time domain channel matrix
characterized by

hn—L4iici i
[Hn]i,j :{ [n—L+i,i-j] i2j (5)

h[n-L+iL+i—-j—1] i<j
The received signal after DFrFT demodulation can be
then expressed as
Rdf = ]HFaHnsn + F(xvn
= ]HFaHnF—aI d, + Fov,
= ]Hde] d,+Fev, (6)

If the channel is time invariant, H,, is a convolutional
matrix and the frequency channel matrix Hqs = F_H,F,
is diagonal. However, when Hg¢ in a time varying chan-
nel, the channel matrix is not diagonal, and the energy
spreads into adjacent subcarriers, contributing to ICI. The
structure of Hge becomes banded, with most significant
elements around the main diagonal. Notice that, the com-
plexity grows linearly with the length of the OFDM block,
thus introducing the requirement of low-complexity equal-
ization.

The binary matrix J not only suppresses the adjacent
channel interference, but also eliminates the coupling
interference at the upper right and bottom left corner of
de.
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2.4. Partial FFT demodulation

As shown in Figure 1, a partial FFT (PFFT) demodula-
tion decomposes the received time domain signal into
several segments using rectangular non-overlapping win-
dows, followed by equalization on each segment. The
principle of the PFFT is that the bandwidth increases with
the number of segments, contributing to the coherence
time of the channel to increase; it mitigates ICI caused by
orthogonality loss.

The whole symbol duration of a received signal
R, = {r;,r; .......1y}T is decomposed into M time seg-
ments using non-overlapping windows. The window can
be written as follows

Ym = diag40,0,....,0,1,1, ... ...
(m-1)Q Q
m=1.2,..M
where Q=N/M is the length of each segment

The m**output after the PFFT demodulation is ex-

pressed as
Y = ]HFYmRn = HnF_q11d + lHFYmvn (8)

In (8), the quantity H,, = Fy,HF"is the coupling
frequency response of channel at the m‘"segment, and F
is the FFT operator. If the channel is time invariant,
H;,,will be a diagonal matrix and a single tap equalizer
can be used as in conventional OFDM.

However, in a time varying channel, the energy be-
tween subcarriers will spread into neighbor subcarriers,
leading to ICI, and thus alternative equalizers need to be
considered.

(7

2.5. Low complexity LSMR equalization

MMSE equalization [6] is used in order to suppress the
ICL

The masked channel matrix can be written as

_ [Hfm]i,<i+u>N+1v —Usu<U
By = {0, otherwise ©)
where U is selected to be proportional to the Doppler
bandwidth [3][7], leaving the non zero elements to be
confined to U off-diagonals above and below the main
diagonal of Hg,,. The weights of the MMSE equalizer
based on the masked matrix, is given by
Wi mmse = Bi (BkBy + %IZU+1)_1 (10)
where N, denotes the noise variance calculated from
signal to noise ratio (SNR)

The matrix inversion of a banded matrix in the MMSE
equalizer leads to a significant increase in computational
complexity over a single tap equalizer. A least squares
MINRES (LSMR) [12] algorithm is applied to compute
the matrix inversion iteratively, providing better perfor-
mance with lower complexity.

The LSMR is an iterative algorithm for solving linear
system AX = b, such as least-squares (LS) problems
min||Ax — b||, and regularized least squares (RLS)

min”(‘?) - (g)”zwhen A is sparse or a fast linear opera-

tor.
The output from the MMSE may be expressed as

dyusg = Wk,MMSEYm

N -
WigmmseYm = B (BiBy + 7 Tous1) Vi (1D
which can be changed to
N —~
(BB + 1/ Tzus1)dmmse = B Y (12)

which meets the requirement of regularized least
squares problem (ATA 4+ I)x = ATb and approximate
solution with MMSE equalization is min” ([1\) - (g) ||2

There are two parameters in the LSMR algorithm, the
number of iterations and the signal to noise ratio (SNR)
which relies on two significant factors: one is the noise
level, and the other is the maximum Doppler and delay
spread which determines the distribution of coefficients in
channel matrix [12].

Further, the data estimation of each FFT segment
dyuse are added together,

Dn = Zrl\l/'ll=1 dMMSE [m] (13)

As is shown in Figure 1, the data detected in the fre-
quency domain after equalization is converted back to the
fractional domain using an a-order DFRFT domain by
(a — 1)-order DFRFT, as follows

d = F,_1[D,] (14)

2.6. Complexity consideration

A comparative computational cost analysis per itera-
tion between LSMR and BMMSE algorithms is given in
Table I.

Table I
Computation for LSMR and BMMSE per iteration
Equalization algo- Computational —optimiza-
rithm tion
LSMR ON,U+1)D
BMMSE oU?

It can be seen that the implementation of LSMR re-
quires O(N,(Q + 1)I)flops per iteration, where [ is the
number of segments implemented in the PFFT, which is
less than the cost of the BMMSE which isO(1U3).

Table II
Total computation for PFrFT, DFrFT and PFFT system per
iteration
methods Computational complexity
PFrFT-LSMR o((I+ 1)N,logN,)
+0(U+ 1))

DFrFT-LSMR O(N,logN,) +0(U + 1)
PFFT- LSMR O(IN,logN,) + 0((U + 1D
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Table II compares the total complexity of OFDM
system based on PFrFT, DFtFT and PFFT. The complexi-
ty of the PFFT isO(IN,logN,), and that of DFrFT is
O(INglogN,). It can be seen that the superior perfor-
mance of PFrFT over DFrFT comes at the cost of addi-
tional complexity. The complexity of PFrFT is similar to
that of PFFT, due to the similarity between DFrFT and
DFT. [1] [13]
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3. SIMULATION RESULT AND DISCUSSION

The PFrFT-OFDM combined with iterative LSMR
equalizer is simulated, and its performance compared to
that from the conventional PFFT-OFDM and DFrFT-
OFDM using banded equalization. The channel in this
simulation is selected as doubly selective Rayleigh fading
channel, which is fully known [1] [13].

3.1. Simulation set up

The number of symbols with QPSK modulation is
N=128, of which N, = 96 are active and the length of
cyclic prefix is L=8. The normalized relative velocity
between transmitter and receiver is a = §=O.2742, where ¢

is the propagation speed. The normalized Doppler fre-
quency isf;T; = 0.0014, The UWA channel is modeled
as Rayleigh fading channel with exponential multipath
intensity profile of [-7.2, -4.2, -6.2, -10.5, -12.2, -14.0]dB
and time delay profile of [0, 0.02, 0.05, 0.16, 0.23, 0.5]
ms. The signal to noise ratio (SNR) ranges from 0 to
80dB. In addition, the low complexity equalizer is set at
U=3 and the number Monte Carlo runs is 10000.

3.2. Simulation performance analysis

Figure 2 compares the BER performance of the partial
Fractional Fourier Transform (PFrFT), Discrete Fourier
Transform (DFrFT) and conventional partial Fourier
Transform (PFFT) based OFDM scenarios with LSMR
iterative equalization (a =0.12). The number of partial
segments M is selected to be 8. It is seen that the perfor-
mance of PFrFT-OFDM is superior to that of the PFFT-
OFDM with a BER improvement of 5dB. One reason for
positive results is that the non-zero band of the channel
matrix in the fractional domain is significant lower than
the conventional frequency domain, as illustrated in Fig-
ure3.

BER performance in QPSK - OFDM with normalized Doppler = 0.0014286

g DF(FT-OFDM LEMR
PFFT-OFDM LSMR
—@— PFIFT-OFDM LSWR

a 10 20 30 40 50 60 70 80
EbiND

Figure2: BER of PFrFT-OFDM and PFFT-OFDM, and
DFrFT-OFDM based on LSMR iterative equalization

The channel frequency matrices for both PFFT and
PFrFT are shown in Figure 3(a) and 3(b) respectively. We
assume that the channel frequency matrix Hys is scalar
into a grey level image, the value of which is in the range
of [0 255]. 0 means black and 255 means white. The
bands, which are diagonal lines in both images with white
color represent the energy of Hyqs. The larger the energy,
the closer the pixel value will be to 255. It is can be ap-
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preciated that the distribution of the band of PFFT distrib-
utes over more frequencies is than that of PFrFT, which
means the energy of Hyr based on PFrFT concentrate
closer to the diagonal, leading to less ICI and better BER
performance.

(a) (b)
Figure3: channel frequency matrix (Hg4¢) of PFFT (a) and
PFrFT (b)

Figure 2 shows that PFrFT-OFDM is superior to
DFrFT-OFDM by approximately up to 8dB, attributed to
the PFFT demodulation, which enables the outputs to
contain minor mixing of contributions from different
symbols. In addition, the bandwidth of the subcarriers
increases while the received signal is decomposed into 8
segments in time domain. As detailed in Section 3, this
performance result is achieved at the expense of an in-
crease in complexity.
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Figure4: BER of PFrFT-OFDM based on M=1, 4 and 8

Finally, Figure 4 compares the performance of PFrFT-
OFDM based on different segments at M=1, 4 and 8§ re-
spectively. The results confirm that an improved BER is
achievable using larger values of M. However it comes
with an increase in computational cost.

4. CONCLUSION

In this paper, a novel concept of PFrFT-OFDM based
on the hybrid use of the Discrete Fractional Fourier Trans-
form (DFrFT), partial Fourier Transform (PFFT) demodu-
lation and low complexity banded MMSE equalization
has been proposed. The Least square MINRES (LSMR)
equalizer was applied not only to improve the perfor-
mance, but also to reduce the computational complexity.
The ICI is significantly mitigated under doubly selective
channel compared to the PFrFT-OFDM at moderate com-
plexity providing an improvement in the overall Bit Error
Rate.
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