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ABSTRACT

In this paper, we present a method for performing direc-
tion-of-arrival (DOA) estimation using co-prime arrays in
the presence of mutual coupling. The effects of mutual
coupling are first examined for extended co-prime arrays
configurations using the Receiving-Mutual-Impedance
Method (RMIM). DOA estimation is then achieved by
performing a joint estimation of the angles of arrival and
the mutual coupling matrix, using the mixed-parameter
covariance matrix adaptation evolution strategy. Simula-
tion results demonstrating the effectiveness of the pro-
posed method are provided.

Index Terms— Co-prime arrays, DOA estimation,
mutual coupling.

1. INTRODUCTION

Direction-of-arrival (DOA) estimation has received consi-
derable research interest due to its applications in radar,
sonar, and wireless communications [1-2]. In practical
antenna arrays, high-resolution DOA estimation tech-
niques, such as MUSIC [3] and ESPRIT [4], suffer from a
model mismatch due to the mutual coupling between the
sensors. Sparsity-based DOA estimation techniques, such
as £, — SVD [5], are also affected by mutual coupling due
to the mismatch between the assumed dictionary matrix
and the actual measurements.

Mutual coupling between the array elements can be
captured in a mutual coupling matrix (MCM), which de-
pends on the self and mutual impedances between the
array elements. Several methods have been proposed in
the literature to model the mutual coupling between the
array elements [6-9]. One of the earliest methods to cha-
racterize mutual coupling is the open-circuit method [6].
This method is based on circuit theory and models the
array as a bilateral terminal network. The antenna terminal
voltages are related to the open-circuit voltages through a
mutual impedance matrix. The MCM is then computed as
the inverse of the mutual impedance matrix. In [7], a mod-
ification of the open-circuit method was proposed, where-
in two types of mutual impedances, namely, the transmis-
sion mutual impedance and the re-radiation mutual im-
pedance, were defined. The receiving-mutual-impedance
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method (RMIM) was presented in [8], and was suggested
for use in receiving antenna arrays. This method considers
antenna elements in pairs to compute the receiving mutual
impedances. An improvement on this method was pre-
sented in [9], where all the antennas were taken into ac-
count simultaneously to compute the mutual impedances.

For a known mutual coupling matrix, accurate DOA
estimation can be achieved by compensating for the MCM
in the estimation algorithm [10]. On the other hand, in
case of arrays with unknown mutual coupling, the MCM
is modeled and the performance of the DOA estimation is
degraded if the computed MCM is not exact. Further, the
MCM estimate must be re-calibrated periodically to ac-
count for changes in local conditions. Several methods for
jointly estimating the MCM and the DOAs have been
reported in the literature. An iterative method to estimate
the MCM, the DOAs, and the antenna gains was presented
in [11]. In [12], a maximum likelihood estimator for DOA
estimation under unknown mutual coupling and multipath
was proposed. A sparse reconstruction method was dis-
cussed in [13] to perform DOA estimation in the presence
of mutual coupling. All of these aforementioned methods
were developed for uniform linear arrays (ULAs) and take
advantage of the special structure of their MCMs. As a
result, these methods are not applicable to nonuniform
arrays. An iterative method for DOA estimation under
mutual coupling using nonuniform arrays was proposed in
[14]. However, this method treats the nonuniform array as
a subset of a ULA and cannot take full advantage of the
increased degrees-of-freedom (DOFs) of the nonuniform
array for DOA estimation.

In this paper, we present a method for DOA estimation
with unknown mutual coupling using co-prime arrays,
which are a new class of nonuniform arrays [15]. More
specifically, we consider the extended co-prime array
configuration [16], which consists of two ULAs; the first
ULA consists of 2M elements with Nd,, inter-element
spacing, while the second consists of N elements with
Md,, inter-element spacing (See Fig. 1). M and N are co-
prime numbers, and d, is the typically chosen as one-half
wavelength. The two sub-arrays share the first sensor at
the zeroth position. The RMIM is first used to examine
the structure of the MCM for the extended co-prime con-
figurations. DOA estimation is then performed by jointly
estimating the MCM, the sources powers, and their DOAs
using the covariance matrix adaptation evolution strategy
(CMA-ES) [17]. In particular, a mixed-parameter version
of CMA-ES [18-19] is utilized where the DOAs are as-
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sumed to fall on a discrete grid of angles, and the remain-
ing parameters are assumed to be continuous. Simulation
results are provided that not only show the effects of mu-
tual coupling on the DOA estimation performance of co-
prime arrays, but also demonstrate the effectiveness of the
proposed method.

The remainder of the paper is organized as follows. In
Section 2, we review high-resolution DOA estimation
using extended co-prime arrays. Section 3 discusses the
RMIM method and the structure of the MCM for the ex-
tended co-prime configuration. The proposed MCM and
DOA estimation method is presented in Section 4. Sup-
porting simulations results are provided in Section 5 and
conclusions are drawn in Section 6.

2. DOA ESTIMATION USING CO-PRIME ARRAYS

Consider the extended co-prime configuration, shown in
Fig. 1. The corresponding difference coarray (the set of all
spatial lags generated by the physical array), shown in
Fig. 2, can be expressed as

SO = i{Mndo - deo}, (2)

where 0 <n<N-1and 0<m<2M —1, and has
contiguous elements between —(MN + M — 1)d, and
(MN + M — 1)d,.

Assuming that D narrowband sources with powers
[62 67 ... 03] impinge on the array from directions
[6, 6, ...0p], the received data vector at the co-prime
array can be expressed as

x(t) = As(t) + n(t), 3)

where s(t) = [s;(t) s,(t) ... sp(t)]7 is the source signal
vector at snapshot t, and n(t) is the noise vector. The
matrix A = [a(0,) a(8,) ... a(8p)] is the array manifold,
whose columns are steering vectors of the co-prime array
corresponding to the source directions. The steering vector
corresponding to 6 is given by

a(y) = [efkorrsina) ejk0x2M+N—15in(9d)]T‘ (4)

where [x;, X;, ..., X,p4n—1] are the positions of the co-
prime array elements, and k, is the wavenumber at the
operating frequency. With the assumption that the sources
are uncorrelated and the noise is spatially and temporally
white, the autocorrelation matrix is obtained as

Ry = E[X(t)X(t)H] = ARssAH + 0—731' (5

where Ry, = diag([oZ 0F ... 0£]) is the source cova-

riance matrix, o2 is the noise variance, and I is an identity
matrix.

After forming the autocorrelation matrix, we can pro-
ceed with DOA estimation using two methods. The first
method uses covariance matrix augmentation [20-22] and
the second applies spatial smoothing on the vectorized
form of the autocorrelation matrix [15-16]. The latter is
reviewed below. Following [16], the autocorrelation ma-
trix is vectorized as

z = vec(R,,) = Ap + d7i, (7)

2Nd, (2M-1)Nd,
v v v [ X X ) v
do 2Md0 GV_I)MdO

coe V

Fig. 1. Extended co-prime array configuration
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Fig. 2. Extended co-prime array on difference coarray

where 1 is the vector form of I, A=[a(8,) ®
a(6,) .. a(fp) ® a(6p)], the operator ‘®Q’ denotes the
Kronecker product, and p = [07 ¢ ... 63]7. The vector z
acts as the received signal vector of a longer array whose
elements positions are given by the difference coarray.
The sources are replaced by their powers and the noise is
deterministic. As the sources now appear as coherent,
subspace-based high-resolution methods, such as MUSIC,
can no longer be applied directly to perform DOA estima-
tion.

Spatial smoothing can be used to decorrelate the
sources and restore the rank of the covariance matrix of z
[23]. The elements of z, which correspond to the conti-
guous co-array elements between —(MN + M — 1) and
(MN + M — 1), are used to form a new vector z; ex-

pressed as

where Kf is the array manifold matrix corresponding to
the filled part of the difference co-array, and ir is a
(2MN + 2M — 1) x 1 vector whose (MN + M)-th ele-
ment is equal to one and all its remaining elements are
zeros. The filled virtual array is then divided into (MN +
M) overlapping subarrays, each having (MN + M) ele-
ments. The element positions of the ith subarray are given
by

{n+1-10dyn=0,1,.., MN+M — 1}. )

The received signal vector at the ith subarray is de-
noted by z; and its elements consist of the (MN + M —
i+ 1)thto (2MN + 2M — i)th elements of z¢. The auto-

correlation matrix of each received signal vector is then
formed as

Ry = zpzfy. (10)

The overall spatially smoothed covariance matrix is
finally computed as the average of the autocorrelation
matrices of the various subarrays

ZMN+MR (11)

R., =
ZZ  MN+M
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It can be shown that the rank of R,, is equal to (MN +
M). This implies that up to (MN + M — 1) sources can be
estimated by applying high-resolution subspace tech-
niques, such as MUSIC, on R,,.

3. MUTUAL COUPLING MODELING

When mutual coupling is taken into account, the array
output vector takes the form

x(t) = CAs(t) + n(t). (12)

The only modification from (3) is the addition of the
(2ZM + N —1) X (2M + N — 1) mutual coupling matrix,
C, which captures the mutual coupling between the differ-
ent elements in the antenna array. Without compensating
for the MCM, the traditional DOA estimation methods fail
due to the mismatch between the model (3) and the mea-
surements (12). Below, we characterize the matrix C using
RMIM.

The RMIM can be used to characterize the MCM in
receiving antenna arrays [8-9]. This method works under
two conditions. First, the antenna elements are assumed to
be in the receiving mode, which is valid in DOA estima-
tion applications. Second, the antenna elements are termi-
nated with a known load impedance Z; .

When an external source excites the array, the voltage
across the terminal load of a particular element can be
obtained using the superposition principle. This voltage is
due to two excitation sources, namely, the incoming
source and the induced currents on the other antenna ele-
ments. The terminal voltage V, at the nth element can be
expressed as [8-9],

V=21, =U, + W, (13)

where I, is the current induced at the nth antenna element,
U, is the voltage due to the external source, and W, is the
voltage due to mutual coupling from the other elements,
and is given by

W.=2,L++Z, by + 2y + -+ Zn,Ntht' (14)
Here, Z,, , is the mutual impedance between the mth and
nth elements, and N, is the total number of elements in the

array. The coupled and uncoupled voltages at the antenna
terminals are related by the mutual impedance matrix Z as

U=1v, (15)

where U = [Ul,Uz,---,UNt]T is the uncoupled voltages

vector, V = [Vl, Vs, ---,VNt]T contains the coupled voltag-
es, and

1 _Zw . _Awer 2w
Z, Zy Z,
_Zu 1 o _Bowen _ L
Zy Zy Z,
Z= : : : : . (16)
Zy,-11 Zy,-12 1 _ ZN,—1n,

Zy Z, Zy

T _Pe L _Bwe
Zy Z, Zy

The MCM is then computed as the inverse of the mutual
impedance matrix,

c=177" a7

Mutual coupling between two antenna elements de-
pends on the distance that separates them [11]. A smaller
distance results in a larger mutual coupling effect. A dis-
tance beyond two or three wavelengths at the operating
frequency renders the mutual coupling effect negligible.
This results in the banded symmetric Toeplitz structure for
the MCM of a ULA [11].

For extended co-prime arrays, mutual coupling de-
pends on the values of M and N, which define the inter-
element spacings of the two constituent ULAs. Two types
of mutual coupling can be observed in co-prime arrays.
The first one is the intra-mutual coupling which refers to
the mutual coupling between the elements of each indi-
vidual ULA, whereas the second is the inter-mutual coupl-
ing which refers to the mutual coupling between elements
of the two ULAs. The former can change from one subar-
ray to the other, depending on the value of M and N. A
large value of M or N implies that the inter-element spac-
ing is large in one of the subarrays or in both. As a result,
the mutual coupling between the elements that belong to
those subarrays becomes negligible. The inter-mutual
coupling depends on the values of M and N and the loca-
tions of the considered elements.

4. DOA ESTIMATION WITH CO-PRIME ARRAYS
UNDER UNKNOWN MUTUAL COUPLING

For DOA estimation in the presence of mutual coupling,
we consider the received signal vector in (12), with C
defined in (17). In order to take advantage of the increased
DOFs offered by co-prime arrays, the autocorrelation
matrix must first be computed. The autocorrelation matrix
can be expressed as

R, = E[x(£)x(t)"] = CAR,APCH + 621, (18)

In practice, the autocorrelation matrix is replaced by the
following sample average,

Ry, = 23 x(Ox ()", (19)

where T is the number of snapshots. Assuming that the
number of sources D is known, a joint DOA and mutual
coupling estimation requires finding the powers and an-
gles of arrival of the sources, and the mutual coupling
coefficients. This problem can be cast as minimization of
the objection function

FV = ||R.x — CARg A" CY — a71]| , (20)

with respect to DOA estimates, sources powers, noise
variance, and mutual coupling coefficients. In (20), ||-||¢
denotes the Frobenius norm of the matrix. The total num-
ber of optimization parameters is given by N, = 2D +
1+ @M+ N —1)(2M + N). The parameters consist of
D source powers [0 cZ.. 2], D source directions
[6, 0, ..0p], the noise variance, and (2M + N —
1)(2M + N) elements in C. Due to symmetry in C, only
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(2M + N —1)(2M + N)/2 complex values have to be
estimated. These complex values require (2M + N —
1)(2M + N) parameters.

In this paper, mixed-parameter CMA-ES is used to
perform the optimization [17-19]. CMA-ES is chosen
since it is one of the most efficient nature-based global
optimization techniques and has been shown to provide a
better performance than other evolutionary algorithms in
many complex engineering problems [19]. This algorithm
samples potential solutions from a multivariate Gaussian
distribution and adapts its parameters based on the per-
formance of these solutions. The sources directions are
picked from a predetermined grid and the remaining pa-
rameters are assumed to be continuous.

5. NUMERICAL RESULTS

The effect of mutual coupling on DOA estimation us-
ing co-prime arrays is first examined. We consider an
extended co-prime array configuration with six physical
sensors. The values of M and N are set to 2 and 3, respec-
tively. The first subarray consists of four elements posi-
tioned at [0, 3d,, 6dy, 9d,], and the second one has three
elements with positions [0, 2dy, 4d,], with d, equal to
one-half wavelength at the operating frequency. Note that
the element at O is shared between the two ULAs. As a
result, the co-prime array consists of six elements posi-
tioned at [0, 2d, 3d,, 4d,, 6d,, 9d,]. The difference coar-
ray of this configuration has contiguous elements between
—7d, and 7d,. As a result, MUSIC with spatial smooth-
ing can resolve up to 7 sources. We consider 7 sources
with directions [—64°,—37°,—17°, 0° 17° 37° 64°].
A total of 1000 snapshots are used, and the SNR is set to
10 dB for all sources. The estimated spatial spectrum is
provided in Fig. 3. The dashed vertical lines indicate the
true directions. We can clearly observe that all the sources
have been correctly resolved.

Next, mutual coupling between the antenna elements
is incorporated. The RMIM is used to calculate the mutual
coupling matrix for the considered co-prime array. Eq.
(12) is then used to model the received data. MUSIC with
spatial smoothing is then applied to the resulting data
without compensating for the mutual coupling effects. The
obtained spectrum is shown in Fig. 4. Clearly, the DOA
estimation performance has degraded due to the presence
of mutual coupling. More specifically, not all sources are
resolved. In fact, two sources are completely missed,
while the remaining DOA estimates are biased.

Finally, the proposed method is used to compensate
for the mutual coupling effects. The MCM is assumed to
be unknown, and a joint estimation of the MCM and the
DOA:s is performed using mixed-parameter CMA-ES [18-
19]. The total number of optimization parameters is equal
to Nop = 57. The bounds for the MCM terms are set
according to the distance between the elements. For the
main diagonal terms corresponding to self-coupling, the
lower bound of the magnitude is set to 0.8. For the re-
maining off-diagonal terms, the upper bound of the mag-
nitude is varied between 0.1 and 0.4 in accordance to the
distance between the considered elements. The number of

MUSIC Spectrum

8 (degrees)

Fig. 3. MUSIC spectrum in dB without mutual coupling effect

MUSIC Spectrum
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Fig. 4. MUSIC spectrum in dB with mutual coupling effect
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Fig. 5. Estimated spectrum using the proposed method

sources is assumed to be known, and the DOAs are as-
sumed to fall on a grid with a 1° step size. The source
powers and noise variance are assumed to be positive
values. For CMA-ES, a population size of 1000 is used
for 1000 generations. Fig. 5 shows the estimated spec-
trum using the proposed method. It can be seen that all the
sources are correctly estimated.
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6. CONCLUSION

A new method has been proposed for performing direction
finding with co-prime arrays under unknown mutual
coupling. The mutual coupling matrix was characterized
using the receiving-mutual-impedance method. DOA
estimation was posed as a minimization problem where
the sources DOAs, the sources powers, and the mutual
coupling matrix were jointly estimated using the mixed-
parameter CMA-ES. Simulation results validated the
performance of the proposed method.
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