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ABSTRACT 
 
High-performance array applications often require an 
accurate array response model. A common way to achieve 
this is by array calibration which involves measuring the 
response for a finite number of given source directions 
and employing interpolation. This paper considers the 
array calibration problem by combing interpolation tech-
niques and parametric modeling. The idea is to model the 
array response as a product of a mutual coupling matrix, 
an ideal array response vector (derived from the geometry 
of antenna array) and an angle-dependent correction vec-
tor. Since the major effects are captured by the physical 
model and the mutual coupling matrix, the correction 
vector will be a smoother function of angle as compared 
to direct interpolation of the measured array response. In 
numerical experiments of a real antenna array, the method 
is found to improve the performance of the array calibra-
tion significantly. 
 

Index Terms—Array calibration, array response in-
terpolation, correction vector, parametric modeling.  
 

1. INTRODUCTION 
 
In antenna array applications it is well known that array 
modeling errors can have a significant influence on the 
applications if these effects are not correctly accounted for 
[1-3]. One  remedy to reduce the array modeling errors is 
array calibration. The calibration methods considered here 
is based on access to calibration measurements of the real 
array. A simple method is to use the measured data of the 
element far-field functions in the array antenna. However 
to accurately predict the array response at any angles, the 
grid size must be selected rather small, which would re-
quire a large memory storage. Based on the measured 
array response, an interesting approach is the array inter-
polation or manifold separation [4-6]. The idea is to use a 
Fourier representation of the array response in [4], which 
is based on the manifold separation technique (MST). 
This requires that the array response has been collected on 
a uniform grid covering the whole range. In [4], the array 
interpolation technique is successfully applied in combi-
nation with the element-space (ES) root-MUSIC algo-

                                                 
   

rithm. However, the method only directly uses the meas-
ured array response data, which requires a large number of 
Fourier terms and hence, more memory to enable an accu-
rate array response. An alternative approach is to use local 
linear interpolation (LLI) of a factor of the array response 
model, which is often sufficient [5, 6]. This does not re-
quire storing any special parametric data for the array 
response calibration, such as the Fourier coefficients. The 
interesting contribution is that an ideal array response 
vector is decomposed from the array response in these 
methods. However, these require still a dense grid size to 
model the array response accurately, since the mutual 
coupling effects also influence the  phase and amplitude 
of the array response in general. 

We are interested in modeling the array response by 
jointly using the ideal array response (based on the array 
geometry), an estimated mutual coupling matrix and an 
angle dependent correction vector based on interpolation 
where both the mutual coupling matrix and the correction 
vector is based measurement of the array response. The 
basic idea is that the correction vector will be much 
smoother than the true array response, since most of the 
phase-dependence in one antenna element is due to the 
mutual coupling and the ideal array response vector. First, 
a mutual coupling matrix is computed by the simulated (or 
measured in lab) array response and an isolated element 
response. The second step is to determine the correction 
vector at given directions using the measured array re-
sponse and the estimated mutual coupling matrix. Finally, 
the array response interpolation is calculated by the inter-
polation of the correction vector. For a given interpolation 
grid size, this also results in a more accurate array re-
sponse model compared to directly interpolate the antenna 
array measurements. 

The original contributions of this paper are the follow-
ing: a) We show how an exploitation of a simple parame-
tric model of the array response leads to a much smoother 
interpolation problem than using the original array data; b) 
We exemplify the idea by applying a simple model of the 
mutual coupling that can be learned from the measured 
data. Note that the model need not be perfect for array 
response interpolation, since the mutual coupling model 
will be updated by a correction vector. 

This paper is organized as follows. In Section 2 we 
formulate the problem. Next, Section 3 introduces the 
three calibration methods of the array response including 
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the mutual coupling estimation. A real array of 12 quadri-
filar helix antennas (QHAs) is presented in Section 4, 
whereas Section 5 shows the results of the three calibra-
tion methods when applied to the real antenna array. In 
Section 6, the different approaches are then compared in 
terms of performance of DOA estimation with MUSIC. 
The paper is finally concluded in Section 7. 
 

2. PROBLEM FORMULATION 
 
High-performing array applications require that the func-
tional form of the true array response (also called the 
embedded array response)  is accurately known, 

. Here,  is the 
number of elements in the antenna array located in the x-y 
plane, and , which is characterized by the polar angle  
and the azimuth angle  in a 3-dimensional space model, 
is termed the arrival angle of a signal source.  

In an ideal antenna array model, the isolated element 
pattern is omnidirectional and no mutual coupling exists. 
Hence, the ideal array response  comes from the 
geometry only. For a real antenna array, the antenna re-
sponse of an individual element of the array depends not 
only on the isolated elements response but also on the 
presence of all other elements [7]. We assume that the 
embedded array response has been measured at a grid of 
angle values, . With the aid of this calibra-
tion data and a simple model of the array response, the 
goal is to estimate the unknown array response for any 
angle . 

Assuming that the ideal steering vector  is 
known, we propose two basic models for the array re-
sponse. 
1) The first model of the embedded array response is 

                        (1) 
where  denotes Schur (Hadamard) product 
and  is a correction vector, 
which is dependent of the angle . It takes care of the 
effects of mutual coupling and the properties of the iso-
lated element. 
2) The second model is 

                   (2) 
where  is the  mutual coupling matrix and 

 is a correction vector, 
which is also dependent of the angle . Note that  
only holds the properties of the isolated element, which is 
different from the  in the first model case.  

Using an accurately measured array response at a giv-
en angle, the correction vector  in the first model can 
be determined as 

                    (3) 
where  denotes element-wise division.  
    Given an interpolated  at a certain desired angle , 
the array response interpolation is then computed as 

                         (4) 
In addition, if the mutual coupling is known in the 

second model, the correction vector  can be deter-
mined at a given angle as 

                   (5) 

Note that if the mutual coupling matrix , where  is 
the identity matrix, the correction vector  reduces to 

. However, in practice the mutual coupling 
is typically not an identity matrix. With an interpolated 

, the array response interpolation is then computed 
as 

                       (6) 
The idea is now that the correction vector  in the 

first array response decomposition model is smoother than 
 itself, since parts of the phase variation in one 

embedded element is due to the ideal array response vec-
tor . Furthermore,  is much smoother than 

 when , since a part of the phase variation is 
due to mutual coupling matrix  and the ideal array re-
sponse vector . Numerical results of the smooth-
ness, for a real antenna array, are presented in Section 5. 
 

3. LOCAL LINER INTERPOLATION METHODS 
 

3.1. Method 1: The direct interpolation of  
 
We consider that the array response is accurately meas-
ured at a set of given angles. Here, we will present the 
local linear interpolation (LLI) of the array response for a 
1-D case (azimuth angle ) estimation problem, which is 
to interpolate the real and imaginary parts of the  ele-
ments of the array response to any desired angle [4, 5]. 
The interpolated response is degraded when the true re-
sponse is not a smooth function of the angle. In a real 
antenna array, the important problem is that the function 
of  is difficult to model without any errors. 
 
3.2. Method 2: The interpolation of correction vector 

 
 
At a fixed , the correction vector  can be determined 
by (3) in the first model using the known array response 

 at a set of given angles. Since the correction 
vector  is potentially a much smoother function of the 
angles than  is, it is natural to try linear interpola-
tion.  
 
3.3. Method 3: The interpolation of correction vector 

 
 
3.3.1. The mutual coupling matrix is known 
 
Assuming the mutual coupling matrix is known, the cor-
rection vector  can be determined by (5) in the 
second model using the known array response . 
The correction vector  will be much smoother than 
the correction vector , provided that  captures parts 
of the phase dependence from the mutual coupling. The 
LLI can also be used to interpolate the real and imaginary 
parts of . Note that, if , the interpolation Me-
thod 3 achieves the same performance as the interpolation 
Method 2 using LLI.  
 
3.3.2. Estimation of the mutual coupling matrix 
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In most mutual coupling compensation techniques, a ma-
trix is used to encapsulate the effect of mutual coupling as 
well as the amplitude and phase distortions caused by 
imperfect antenna array elements [7, 8]. When the mutual 
coupling matrix is not known we propose the following 
strategy. First we assign the correction vector  base 
don the result from measuring each isolated element re-
sponse in the lab, since  only contains the properties 
of the isolated antenna element. Then, we can estimate 
mutual coupling  from the second model. 

Assume that there are  ( ) isolated element re-
sponse data and array response data measured in a lab. 
From the second model, the optimal mutual coupling 
matrix  is then determined using least-squares as  
     (7) 

where the subscript  means the Frobenius norm, 
 is a matrix of array 

responses at  points,  is a 
matrix of correction vectors (measured isolated element 
responses in a lab) at  points, and  is a matrix with 
the corresponding ideal steering vectors.  

Normally, the minimum value of the criterion in (7) is 
not zero when . Hence, we update the estimated 
correction vector  at the given DOAs by 

              (8) 

where  is the estimate defined in equation (7). Conse-
quently, the array response interpolation  can be 
expressed as 

                 (9) 
where  is the interpolated estimated correction vec-
tor . 
 

4. THE REAL ARRAY OF 12 QUADRIFILAR 
HELIX ANTENNAS 

 
The LEO satellite tests mobile communication technology 
with a circular array that is composed of  identical 
quadrifilar helix antennas (QHAs) with respect to rota-
tional symmetry about the origin [9]. The first element is 
fixed on the x-axis, and the other elements are located 
clockwise in the x-y plane. The uplink signal wavelength 
is  mm and the array radius is  mm. Thus, 
the ideal array response vector can be calculated by 

 (10) 

Instead of measuring the array response of the physical 
array an accurate electromagnetic simulation can provide 
the same information. In this paper we use the simulated 
far-field pattern provided by the CST Microwave Studio 
software, which is based on the finite integration tech-
nique (FIT). 

Fig. 1 (a) and (c) represent an isolated antenna element 
of the QHA it’s far-field pattern of amplitude and phase. 
The isolated element pattern (isolated element response) is 
due to the properties of the isolated antenna element and is 

not omnidirectional. Fig. 1 (b) and (d) represent the circu-
lar antenna array and the far-field pattern of the first em-
bedded element (the first element of the array response), 
which is obtained by exciting the first element while all 
other elements are terminated in their own characteristic 
impedances. In this antenna array, not only the isolated 
element patterns are the same (rotated by ), but also 
the embedded element patterns are identical due to sym-
metry: 

      (11) 

 
5. CALIBRATION RESULTS 

 
Using data from the QHA array, this section shows the 
calibration results of the three methods detailed in Section 
3. According to symmetry of the antenna array, we just 
compare the calibration results for one of the elements. 
Note that our antenna array simulation uses a 1 degree 
grid size in both   and . The precision of interpolation 
can be described with the average root mean square error 
(RMSE) 

         
(a) element components            (b) array geometry  
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(c) Isolated element far-field pattern 
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(d) First embedded element far-field pattern 

Fig. 1.  Antenna simulation results. 
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    (20) 

where  is the total number of test polar angles ,  is the 
total number of test azimuth angles  in each ,  
is the actual value, and  is the estimated value. 

The resulting RMSEs of the three interpolation methods 
of the array response  for one of the elements 
are shown in Fig. 2. as a function of the interpolation grid 
size. For an increasing grid size of LLI  (i.e. fewer calibra-
tion points), the array response estimation error of the 
three methods is increasing. For a given interpolation grid 
size , it is obvious that Method 3 performs the 
best, which is to be expected, where , 
and  is the number of measured calibration points. Also, 
it is shows that the interpolation errors in Method 3 has 
the smallest magnitude, since the correction vector 

 of the Method 3 is much smoother than the cor-
rection vector  of the Method 2, and  is 
much smoother than the array response  of the 
Method 1. The general conclusion is that including the 
ideal array geometry  and the mutual coupling 
matrix leads to that the correction vector  is a 
smoother function compared to  and hence 
easier to interpolate with fewer grid points. 
 

6. DOA ESTIMATION WITH MUSIC 
 
Now, we have three models of array response interpola-
tion for DOA estimation. The first model is presented in 
Section 3.1, which just needs the measured array response 

at given DOAs. The second model is explained in Section 
3.2, which needs to know the elements location. The third 
model is presented in 3.3, which also needs the mutual 
coupling matrix. Next, we will show some examples of 
how the different methods affect the DOA estimation with 
MUSIC on two closely located uncorrelated sources, 
where the number of snapshots is 100 and the input SNR 
is 10 dB. A total of 500 trials are conducted for each ex-
ample. We only show the performance of azimuth angle 
estimation, since the polar angle estimation presents simi-
lar results. The DOA separation  is defined as 

, where the polar angle is fixed at . 

Cases where an algorithm fails to resolve the sources 
(only one local extremum within  of the true value), 
or where the DOA estimation error is larger than half the 
DOA separation, , are declared failures, and these are 
not included in the RMSE calculation. If the empirical 
failure rate exceeds 40%, the corresponding RMSE value 
is not included in the plot. 

In the first case, the two sources are fixed at ( , 
) and ( , ). Figure 3 shows 

the MUSIC pseudo-spectrum of the DOA estimation us-
ing the three interpolation methods for an interpolation 
grid size of 20 degrees. In Fig. 3, it is clearly seen that the 
interpolation Method 3 shows the best performance, espe-
cially for the location of the pseudo-spectrum peaks. In 
this scenario, there is only one significant peak in the 
MUSIC pseudo-spectrum for interpolation Method 1, 
which directly interpolates the array response, so this 
method fails to resolve the sources. 

In the second case, the azimuth angle  of the first 
source is fixed at  and the second varied between 

 and . Here, we use 21 degrees grid 
size in the three interpolation methods. The performance 

of MUSIC with the empirical resulting RMSE of the three 
interpolation methods is plotted in Fig. 4. It is clearly seen 
that the three methods ameliorate significantly with in-
creasing DOA separation , and interpolation Method 3 
again shows the best performance for a given source sepa-
ration. It is interesting to note that Method 1 fails, when 
the source separation is smaller than 9 degrees separation. 
However, Method 2 and Method 3 break down at 7 de-
grees and 5 degrees source separation, respectively, since 
the correction vectors  and  are smoother 
than . This clearly shows that the third interpo-
lation method not only improves the DOA estimation 
accuracy, but also can be used in scenarios with smaller 
source separation. 

In the third case, the source separation  is fixed at 
, the azimuth angle  of the first source is varied from 

 to . Fig. 5 displays measured perfor-
mance of the three interpolation methods with MUSIC 
versus the grid size. The three methods deteriorate signifi-
cantly with increasing the grid size. For a given grid size 
of LLI, it is clearly seen that Method 1 performs the worst 
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among the interpolation techniques in this scenario. We 
also note that Method 1 will fail, when the grid size of 
LLI is larger than the source separation ( ). In 
contrast, when we include models of the ideal array re-
sponse and mutual coupling as in Method 2 and Method 3, 
a larger grid size of LLI can be used. Method 2 breaks 
down at 20 degrees grid size and Method 3 breaks down 
at 33 degrees grid size. It is clear that the interpolation 
grid size can be more sparse using Method 3 for a given 
performance requirement. 
 

7. CONCLUSION 
 
This paper presents a new method for array calibration 
combining a model of the ideal response, a mutual coupl-
ing matrix and a correction vector based on linear interpo-
lation. This method combines interpolation techniques 
with parametric modeling. Since parts of the phase varia-
tion in one embedded element of the array response is due 
to the mutual coupling and the ideal array steering vector, 
interpolation of the correction vector yields a much more 
accurate model for each element separately, which is then 
used to update the array response.  

The method is tested using a real antenna array and it is 
shown to improve the calibration performance significant-
ly. We can easily apply the interpolation of the correction 
vector with an estimated mutual coupling matrix and a 
measured array response for array calibration. The results 
also show that the method with correction vector interpo-
lation and mutual coupling estimation outperforms the 
direct interpolation method that only uses the measured 
array response for a given grid. The improved array re-
sponse interpolation is also shown to lead to improved 
DOA estimation performance for a given interpolation 
grid size. 
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