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ABSTRACT

This paper analysis the problem of constellation shaping for
degraded broadcast channels using a finite dimension con-
stellation, where a single source communicates simultane-
ously with two receivers. We are interested in a particu-
lar situation where the private message to be sent to each
user is limited to unity. This corresponds to a very practi-
cal situation, and hierarchical modulation is a special case
of this framework. We investigate if higher achievable rates
can be obtained by using non uniform constellations follow-
ing a nonequiprobable distribution. Achievable rates regions
are derived for Additive White Gaussian Noise (AWGN)
and for finite input Pulse Amplitude Modulation (PAM) con-
stellations. A noticeable shaping gain (compared with the
equiprobable case) is observed with 4 PAM symbols, when
achievable rates are maximized over the probability distribu-
tion of the input signals, the shape of the constellation, and
the labeling.

1. INTRODUCTION

Current communication systems usually make use of or-
thogonal schemes (either in time and/or frequency) in order
to address several receivers. However, it is well known since
Cover [1] that if a sender wants to send information simulta-
neously to several receivers, given specific broadcast channel
conditions, superimposing high-rate information and low-
rate information may achieve higher bandwidth efficiency
than the time-sharing strategy. Superposition coding has
been shown to reach the theoretical capacity limit for two-
users AWGN broadcast channel using an infinite Gaussian
input alphabet [1]. These results mainly deal with theoretical
limits and do not straightforwardly apply in practical situa-
tions. A practical implementation of superposition coding is
known as Hierarchical Modulation (or layered modulation),
that enables the transmission of two independent streams on
a single frequency channel, with different transmission qual-
ities (SNR scalability). It has been included in various stan-
dards, such as DVB-T for digital terrestrial television [2] and
DVB-H/SH for mobile digital TV transmission [3] in order
to broadcast scalable digital media [4].

In fact, practical implementation constraints impose the
use of finite input alphabets which are usually fed with
equiprobable symbols. These restrictions contribute to in-
crease the gap between the capacity region achieved with in-
finite Gaussian inputs (for AWGN channel) and the through-
put obtained in practical situations. This gap can be reduced
using constellation shaping. For AWGN channel, an ap-
proach to obtain a shaping gain is to arrange the points in
such a way that the channel input distribution is closer to a
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Gaussian shape, i.e., using more points at the lower power
levels and less at higher. Another approach is to transmit
finite-size uniformly spaced symbols with low energy more
frequently (near origin) than the ones with high energy (far
from origin). In fact, most available results dealing with
optimal constellation shape or optimal probability consider
only unicast transmission, where one transmitter communi-
cates with one receiver. For example, [5] and [6] investigate
the design of optimal non-uniform constellation using sig-
nals with equal probability but unequal spacing. In [7], it is
shown that using nonuniform signal sets in high order mod-
ulation schemes could result in gains of about 1 dB over an
AWGN channel. In [8] and [9] the authors obtain a shaping
gain by arranging points in such a way that the emitted sig-
nal is closer to a Gaussian distribution. In [10], the authors
investigate the effects of the nonequiprobable distribution of
a high bandwidth efficiency M-ary QAM signal constellation
on the error performance for nonlinear channels. Simulations
for binary turbo coded modulation show a 3 dB improve-
ment over equiprobable symbols. In [11], the authors studied
the achievable rates in a two users AWGN broadcast channel
when superposition techniques are applied, assuming a uni-
form pdf over the finite input set. To our knowledge, no work
investigated the achievable rates maximization for broadcast
systems considering optimization over both the probability
density and constellation symbols locations. Since this was
shown useful in a unicast situation, this paper intends to eval-
uate its impact in a broadcast context.

This paper investigates if higher achievable rates are at-
tainable with finite-size input alphabets for two users broad-
cast systems over a Gaussian channel. The achievable
rates are derived using the mutual information for two-user
AWGN broadcast channel and 4-PAM constellation. A dis-
cussion about the labeling schemes and the joint probabil-
ity distribution schemes highlights the fact that the well-
known hierarchical modulation is a special case of super-
position coding. The maximization of the achievable rates
is done considering all possible labelings when transmit sig-
nals are modulated with 4 PAM constellation, in the specific
case where the weakest each can decode at most two sym-
bols, which corresponds to a practical constraint for simple
receivers. The improvement is measured in terms of SNR
savings for target achievable rates.

2. TWO-USER AWGN BROADCAST CHANNEL

In a two user broadcast channel (BC), the transmitted sig-
nal X (drawn from the alphabet 2) is sent to the user 1 and
the user 2, which receive, respectively , the signals ¥; and
Y, belonging to the alphabets %] and %;. A broadcast chan-

96



X . n ) V]
- a

‘ M [ Nz

Figure 1: Model of a two-user physical degraded AWGN BC
where Ny ~ 4 (0,0%) and N5 ~ A4 (0,05 — 63).

nel is said to be physically degraded if X — Y| — Y, form a
Markov chain, i.e., ¥, is a ”degraded” version of the signal
Y;. Consider a two-user AWGN BC with:

Vi =X+N (1)
Y =X+N> 2)

where N; and N, are zero-mean Gaussian variables whose
respective variances satisfy (712 < 622. A physical degraded
BC can be constructed equivalently to the AWGN BC bg/ in-
troducing a new independent noise N3 ~ .4 (0,07 — 07) as
shown in Fig. 1.

The set of achievable rate pairs (R, Ry) satisfies

R <I1(X;11|U) (&)
Ry <I(U;12) 4)

for some joint distribution Pyxy,y, = Pux “Pyx - Pryx on
{U x X x % x %Y. 1(U;Ya), I(X;Y1|U) denote respec-
tively the mutual information (MI) between the auxiliary ran-
dom variable U and the received signal ¥,, and MI between
the transmit signal X and the received signal Y; after U is
observed. Pyy is the joint probability distribution of U and
X. Py,x and Py, x are the conditional distributions that de-
pend on the nature of the channel. From the inequality (4),
I(U;Y») is the maximal rate achievable by the user 2. Hence
the second receiver can only distinguish U, where % has car-
dinality bounded by |% | < min{|Z |, |%|,|%5]}.

The theoretical limit of the capacity region of the two
users Gaussian broadcast channel is achieved using super-
position coding of two Gaussian signals intended for the two
users. Superposition coding (SC) is realized here through the
addition of both signals X = X; 4+ U, where X] is the “private”
message for the user 1 and U is the message for the user 2.

The message U is always decoded first, and in the case
of the user 1, it is also subtracted from the received signal Y;
which eliminates (cancels) the interference so the message
X can be then detected.

3. SUPERPOSITION CODING WITH FINITE-SIZE
CONSTELLATIONS

Since for practical systems, messages are usually trans-
mitted by means of finite signaling constellations, we assume
X € & = {x0,x1,x%,x3}. The received signals ¥, and Y,
by user 1 and user 2 respectively are continuous in case of
AWGN channel, thus |%]| = |#4| = . As a consequence,
|% | is bounded by min{| 2 |}. For the transmission with 4-
PAM constellation | 2| =4, thus |% | < 4. First consider the
case |% | = 2. Thus user 2 can receive at most 1 bit/channel
use since it can distinguish only U. The joint distribution is
represented in Fig. 3.a where p;; = Pr{U = u;,X = x;}. In
the case of discrete constellations we have to optimize the
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Figure 2: Labeling in 4-PAM when using modulation super-
position (MS) and hierarchical modulation (HM) : (a) label-
ing favoring user 2 - (b) labeling favoring user 1 - (c) HM
with [ =d; /d;

distribution Pyx (u,x) and, what is important to note, is that
there is no guarantee that the optimization results will cor-
respond to the addition of two random variables (as it is the
case for continuous variables we mentioned above). Since
we want:

e the sum of the joint probabilities p;; be equal to 1,

e the transmitted signal have zero mean : E[X] =0,

e the power of the transmitter signal be limited : E[X?] =P,
the constraints on the values of the signals in 2~ and the
distribution Pyx (u,x) are given by

ZPU =1, Zpij x; =0,
I’J

S pijxi=P (5
i, iJ

3.1 Superposition coding by adding the users signals:
Modulation superposition

This section derives achievable rates in the case of finite
alphabet inputs, in the case where the signals intended for
each user are binary, and simply added: X = X; + X,. This
is indeed very simple as X; and X, = U can be interpreted
as the variables that convey information, respectively, to the
user 1 and the user 2. In this paper, this is denoted as mod-
ulation superposition (MS) and such an approach is known
as hierarchical modulation (HM). Obviously, this is not the
general case, but this situation allows to work with simple
receivers.

Consider alphabets 27 and 2, with average powers P
and P, corresponding to user 1 and 2 respectively. The en-
coded bit stream k is modulated using 2} with k = {1,2}
and generates symbols, which is a sequence of 2 signal points
{x1;} where xi; € 2. The messages for both users are en-
coded separately and added before transmission: the signal
on the channel reads x = xy,, + x2, € £, where [,m,n €
{0,1}.

The addition of two binary alphabets results in a 4-PAM
constellation with only two possible labelings (see Fig.2). In
both configurations user 2 is always mapped to the Most Sig-
nificant Bit (MSB) and user 1 is always mapped to the Least
Significant Bit (LSB). Both schemes differ in the mapping
of the codewords 01’ and *10’ over the symbols x; and x;.
They are swapped in the two configurations. In Fig.2.a the
codewords {’00’,01’} and {’11°,10’} with the same MSB
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Figure 3: Joint distribution Pyx (u,x) of U (|%|=2) and X
(|2 |=4): a) a general case is characterized by eight values
pij> b) a particular case of MS which corresponds to the hi-
erarchical constellation (if pog = po1 = p12 = p13 = 0.25).
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Figure 4: Joint distribution Pyx (u,x) of U (|%|=2) and X
(|Z'|=4): a) a particular case which can be obtained from
MS, and b) a case that cannot be obtained from the MS.

is mapped over the symbols located in the same half plane. In
this configuration the half plane carries information of users
2 while the dots inside the half plane carry data of user 1.
Clearly, this labeling of Fig.2.a favors the detection of the
information of user 2 since the clouds are more protected
again the channel noise. In Fig.2.b the codewords with the
same LSB are located in the same region. The labeling of
this figure favors the detection of the information of userl.
In the following we describe the composition of
the achievable rates when modulation superposition using
equiprobable symbols (MS eq.) is used as transmission
method. Consider two alphabets 27 = {xj0,x11} and 23 =
{x20,%21}, Where x;; = —xz0. Symbols are taken equiprob-
ably from these two alphabets so their average powers is
given by P = x%o and P, = x%o. We now add the symbols
from these two binary alphabets which results in a 4-PAM
constellation whose symbols {xp,x;,x;,x3} are equiproba-
ble and symmetric ( xp = —x3 and x; = —x,) and verify
X0 = x10 + x20 and x3 = x1; +xp7 where xp > x1 > xo > x3.
The total transmission power P is split between both users so
that a power P; = o - P, with o € [0, 1] is allocated to user 1
and P, = (1 — ) - P to user 2. Then [12], xo is expressed as

Vo-P+4/(1—a)-Pand

xi=vVo-P—y/(1-a)P
x1=—Va-P+/(1-a)-P

ifa>0.5
if o <0.5.

Obviously, this is not the general case because the distri-
bution Pyx(u,x) is limited to the cases poy = po1 = pi2 =
p13 = 0.25 when a < 0.5 (this case is shown in Fig. 3b and is
known as HM shown in Fig.2.c ) which yields to the labeling
scheme shown in Fig.2.a or to pgg = po2 = p11 = p13 = 0.25
when a > 0.5 (this case is shown in Fig. 4a) which yields
to the labeling scheme shown in Fig.2.b, and o becomes the

only parameter which affects the form of the region of the
achievable rates. This is indeed the approach adopted by the
industry standard because it is easy to see, for example, that
when o < 0.5, the positive values of the received signal Y,
may be directly related to X, = x»¢, and the negative ones to
X, = x71; consequently the detection is simplified.

According to Pyy schemes and the constellation symbols
expressions, the mutual informations 7(X; Y;|U) of user 1 and
I(U;Y2) of user 2 are derived as a function of ¢. The achiev-
able rates region is obtained by varying o from O to 1.

3.2 Maximum private-message achievable rates by a 4-
PAM constellation

The main idea in this work is to extend the analysis to
a case that is more general than MS eq. and we want to
optimize the distribution Pyx (#,x). This is a highly non-
linear problem with many optimization variables so we con-
sider only a particular subset of solutions. For full generality,
we consider all labeling schemes with 4-PAM constellation
when each user can receive 2 symbols by associating two
values of X for each value of U. Pyy is thus described com-
pletely by the three schemes of joint distribution (Fig.3b and
Fig.4). The first ones are similar to those obtained for mod-
ulation superposition, as shown on Fig.3b and Fig.4a, but
the probabilities are unknown. The third possible scheme
is given in Fig.4b. It corresponds to the remaining possible
labeling of the 4-PAM, where each user can receive a maxi-
mum of two symbols. Clearly, this case does not correspond
to the addition of two signals X| and X, carrying information
to the corresponding user. This is also practical because, in
such a case the information is conveyed to the user 1 using
the constellation that does not change the size, which will
ease the eventual implementation.

The private-message region of achievable rates for the
two-user degraded broadcast channel is composed of all con-
vex combinations 0 - Ry + (1 — 6) - R, [13], where 6 € [0, 1].
Since right hand side inequalities of (3) and (4) are achiev-
able, the evaluation of 0 - I(X;Y;|U) + (1 — 0) - I(U;Y,) for
0 € [0,1] is sufficient to determine the region of achievable
rates.

Now, we determine if higher rates are achievable using
constellation shaping technique. Therefore, the maximiza-
tion has to be performed over the location of the transmit
symbols x; € 2" and over the joint pdf Pyx (three possible
assignments discussed before are considered) . The maxi-
mum achievable rates are obtained by maximizing the multi-
dimensional

max  0-I:;V|U)+(1—0)-1(UYs)  (6)

Pyx ,x0,X1,%2,%3

subject to 6 € [0, 1] and to the constraints defined in (5).

This is a nonconvex optimization problem, which we
solved using simulated annealing which provides a good ap-
proximation to the global optimum of a given function in a
large search space. Applying this algorithm, good approxi-
mation of optimal Pyy and the module of {x¢,x1,x,,x3} are
found for the three labeling schemes considered.

3.3 Simulation results and discussion

This section compares numerically the achievable rates, R
for the user 1 (high SNR;) and R, for the user 2 (low SNR,
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Figure 5: Maximum achievable rates for users 1 and 2 at SNR| =6 dB & SNR, =4 dB : a) for MS eq. o € [0,0.5] w.r.t optimal
SC-1(SC opt. case]) - b) for MS eq. o € [0.5, 1] w.r.t optimal SC-II (SC opt. case II) - ¢) SC opt. case I & case II w.r.t optimal

SC-III (SC opt. case III)

OPTIMAL PROBABILITY DENSITIES OF 4 SYMBOLS VS. THETA
T T T T T T

T T
—e— SC opt. case | : p00 = p13
==0-1= SC opt. case | : p01 = p12
—+— SC opt. case Il : p00 = p03||
=== SC opt. case lll: p11 = p12
SC opt. case Il : p00 = p13 |
SC opt. case Il pi1 = p02

£
%050 o
a °"'~o.._
oA °"‘°~.° bt
“Ong.
~e
03
02t
01/ ——
. . . . . . . . .
04 02 03 04 05 06 07 08 09 1
USER 2: SNR2 = 4 dB <--—--THETA—-—-> USER 1: SNR1 = 6 dB

Figure 6: Optimal joint probabilities values versus 0 at SNR;
=6 dB & SNR, =4 dB obtained by optimizing SC-I, SC-II,
and SC-IIL.

for the case of modulation superposition with equiproba-
ble symbols and the optimal broadcast setup with optimized
probabilities considering all possible labellings. The im-
provement will be characterized in terms of attainable rate
and in terms on SNR improvement. For our analyze we con-
sider the following cases in which the symbol probabilities
have been optimized:

e SC-I: Pyx corresponds to Fig. 3b .

e SC-II: Pyy corresponds to Fig. 4a.

e SC-III: Pyx corresponds to Fig. 4b.

The convex closure of the regions obtained in these three SC
cases (denoted as general case) is the final result. The two
first cases are compared with the configuration of equiprob-
able probabilities presenting the same scheme of joint prob-
ability distribution. The comparisons are done in the same
reception conditions, SNR|= 6 dB and SNR,= 4 dB.

In Fig.5 we remark an improvement of the achievable
rates region when the constellation symbols and the prob-
abilities are optimized jointly for SC-I when compared to
the case with uniform distribution of probability and oz < 0.5
(Fig.5.a). The achievable rate region is not improved with the
joint optimization when considering the case SC-1I (Fig.5.b).
The rates region for the case SC-III (which cannot be ob-
tained via MS), is compared to the convex closure of the re-
gions achievable in the case SC-I and SC-II.

MAXIMAL ACHIEVABLE RATES - BROADCAST & 2 USERS FOR (SNR1,SNR2)
4SYMBOLS CONSTELLATION
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Figure 7: Maximum achievable rates versus SNR; & SNR;
for general case w.r.t MS eq.

These results show that the achievable rates region can be
split into three parts and the achievable rates at the borders
of zones are continuous

1. For R; € (0,0.8) SC-1 should be used (0 < 8 < 0.5);

2. For R; € (0.8,0.95) SC-III should be used (0.5 < 6 <
0.7).

3. ForR; € (0.95,0.99) SC-1I should be used (0.7 < 6 < 1);

The intuition behind the first two conclusions is rather clear.
For small rates R; we should facilitate detection of the user
2 which is obtained in the case SC-I (positive symbols corre-
spond to U = ug and negative ones to Uj, so there is an ob-
vious separation of the data as a function of the symbols of
U). On the other hand, to guarantee the high rate R; the sym-
bols x; associated with the detected variable U should be well
separated, which is obtained applying the SC-II scheme. As
shown in Fig.6, the corresponding pdf is approximately uni-
form when 6 > 0.7. For these values of 0 case II achieves
the maximal rates compared to the ones obtained in the cases
SC-I or SC-III. We observed also that the rates achieved in
the case SC-II are identical to those obtained with MS eq.
(a > 0.5). Consequently, a uniform and symmetric distribu-
tion is optimal in the zone in which the data transmission of
user 1 is favored. In the two other zones the data transmis-
sion of user 2 is mainly favored. The optimal probabilities
of symbols near origin are higher than the ones of symbols
far from origin. As an example at 8 = 0.5 optimal pgg = pi3
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Figure 8: a) SNR, gain & no rate loss for user 1 versus R2 -b) SNR; gain & no rate loss for user 2 versus R1

is equal to 0.18, optimal po; = pj2 is equal to 0.32, optimal
Xo = —x3 is equal to 3.4, optimal x; = —x; is equal to 1.1,
optimal R; is equal to 0.706 and optimal R; is equal to 0.703.
The numerical results also illustrate that the optimal constel-
lation symbols are still symmetric for each theta considered
(xo = —x3 and x| = —xp).

A possible shaping gain in terms of achievable rates with
a 4-PAM constellation is illustrated for various couples of
(SNR1,SNR») in Fig.7. The achievable rates region obtained
in theses cases is consistently larger than the region obtained
with MS eq. Since we known that the constellation shaping
we designed brings improvement only for a particular range
of rates; when SNR;= 6 dB and SNR,= 4 dB, this limit is
fixed at Ry = 0.95. To evaluate the contribution of constella-
tion shaping (i.e., SC opt.) we compare it to MS eq. in terms
of SNR savings for target achievable rates. For this we fix
SNR; with i € {1,2} and the rate achieved by user i when us-
ing MS eq., RMS < g kept constant. Then we add & to SNR;
with j # i until R?AS I of user j coincides with R}? "achieved
by user j at SNR; in the optimized SC case. The SNR in-
crease yield 6°P" is the SNR gain we seek. Fig.8a summa-
rizes the gains on SNR; assuming no rate and SNR loss for
user 1 for two couples of (SNR;,SNR,). Fig. 8b illustrates
the gain values on SNR| assuming no rate and SNR loss for
user 2. In both figures a maximal gain of 2 dB is shown for
user 2 and user 1. Using the general case enables to save no-
ticeable SNR for both studied couples although small shap-
ing gain in terms of achievable rates was observed.

i

4. CONCLUSION

In this paper, we derived the achievable rates for two
broadcast transmission methods, modulation superposition
with uniformly distributed symbols and for a 4-PAM con-
stellation with fully optimized parameters. It was shown that
optimal broadcast transmission including the joint optimiza-
tion of probability density and constellation symbols position
generates slightly higher achievable rates in a 4-PAM setting.
However, this small gain is translated into SNR savings up to
2 dB.
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