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ABSTRACT computational cost. This is achieved by considering a clas-

sical joint quadratic criterion. The proposed optimizatio

The problem of joint decomposition of sets of complex ma glgorithm is an optimal step-size gradient algorithm with a

trices arises in many problems in signal processing. In thi Ultinlicative update
paper, we address the problem for the general case whelrd Tﬁe aper i'; or énized as follows: the aeneral problem
the matrices can be Hermitian and/or complex symmetric. . . pape 9 - : general p

As such, complete statistical information in the complex do of joint matrix decompositions of sets of Hermitian and/or

main can be taken into account for the given signal processYMMetric complex matrices is stated in Section 2. In Sec-
ing problem. The proposed algorithm is based on an optim on 3, the suggested approach based on a(n) (optimal step

step size relative gradient approach and computer simul&i2€) "elative gradient approach is detailed. Computeusim
tions are provided to illustrate the behavior of this altjori ations are provided to illustrate the good performancéef t

in different contexts and to establish a comparison witiepth Sug9ested method and to compare it with other “state-of-the
algorithms. art” approaches. The purpose of Section 4 is to enhance the

usefulness of the suggested algorithm. Finally, in Sedion

conclusions are drawn.
1. INTRODUCTION

Joint decomposition of sets of complex matrices provides 2. JOINT MATRIX DECOMPOSITIONS

an important tool for a number of signal processing prob- 1 problem statement

lems, seee.g, [2-5,9,11,13]. In [2], joint diagonalization : .

of a particular cumulant matrix has been used for the blind € Problem that we consider is stated as follows. We
beamforming problem, which has led to the popular jointcOnsider two sets#j for j = 1,2 of N square matrices
approximate diagonalization of eigenmatrices (JADE) algoMi(J) e CM*M for all i € {1,...,Nj}. TheN; matrices in
rithm. Note that this algorithm is also useful for source-sep.; all admit the following decomposition:

aration and array processing. A generalization of the -crite

rion to any order cumulant can be found in [9]. In this ap- MY = ADMAH (1)
proach, the searched joint diagonalizer happens to be a uni- ! ! ’

tary matrix. Thus, in practice, first a projection (oftenledl while theN, matrices in.#, all admit the following decom-
prewhitening) stage is required. However, this first stage i position:

duces a bound on the attainable performance and this is why, M? — AD@AT @)
recently, joint diagonalization algorithms for the “noniun L ! ’
tary” case have been suggested, seg[3, 5,11, 12]. where (-)" stands for the transpose conjugate operator and

Besides, when noncircular complex signals are consid
ered [10], one can exploit additional matrix decomposgion 1,2, foralli = 1,...,N;, are complex diagonal matrices. We

seeg.g, [8,11,13]. Noncircular signals can arise in many ap,iher assume thaa. is full column rank and belongs to
plications such as communications, radar, and medicaHmag-mMxN \ith M > N (Assumption Ag). For all j = 1,2, the

ing [1]. For example, in order to account for second-order . () NxN i
noncircularity, both the covariance matrix, which is Hermi S€t Of theN; square matriceB; ~ € C™* " is denoted;.

tian, and the pseudo-covariance matrix, which is compleX h& general joint matrix decompositions problem that we
symmetric, need to be taken into account. consider consists of estimating the mat#ixand the two di-

The goal of this paper is to provide an algorithm for joint 2@g0onal matrices set; and 7, from only the matrix sets
decompositions of complex matrices for this most generafZ1 and.#. We finally remark that when only the first of
casej.e, including the presence of Hermitian as well as com-N€S€ o sets is considered (see (1)), the treated problem
plex symmetric matrices. Hence, in the application in quesSiMPlifies into a well-known joint-diagonalization probie
tion, we can expect improved performance by taking the full2, 3, 71-{12].
statistical information in the complex domain into account Lo
We can also expect an increase in robustness due to a furtifef AN optimization problem
use of the available diversity in signal statistics. Moregv In what follows, the pseudo-inverse (Moore-Penrose gener-
the diagonalization we propose is introduced through a conalized matrix inverseA™ of A is denoted byB. Due to
mon framework in order to not to significantly increase thethe matrix factorization, a rather classical way to solve th

()T for the transpose operator. The matri@@, for j =
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given problem minimizes a positive cost function. Thus, weThis updating relation is followed by a normalization of ma-
suggest to use: trix B to unit norm at each iteration. In what follows, the
resulting algorithm will be denoted bjMDgg.

To be able to derive this algorithm, the complex gradient ma-
trix a_# (B) has to be evaluated. Using (3), we have:

Ny
J(B)= aznoffoiaaBMf”B“)H%
=

%(B) Oa 7 (B) = a0a%(B) + (1— a)0.2(B). (6)

Np . .
+(1-a) ZiHofFDiag(BMi(Z)BT)H?:, 3) In [7], it has been demonstrated thaj{¢'(B) equals:
1=

il 1 pH
7(B) 0a?(B) =2 21 [offDiag{BMf ‘B BMY
i=
where a € [0,1], |- || stands for the Frobenius norm. . DgH M 0
offDiag{M} = M — Diag{M}, i.e, theoffDiag{-} opera- + (offDmg{BMi B }) BM,; } -

tor sets to zero all the diagonal elements of the matrix in

argument while theDiag{-} operator sets to zero all the gocysing now, on the second tefaZ(B), it was shown
off-diagonal elements of the matrix in argument. When[l3] that it equals:

a =1, 7(B)=%(B) which is the cost function used in

[2,3,7]-[12]. The caser = 0.5, with an additional third Ny .

term log|detB)| (def-) is the determinant of a square ma-  [J,2(B) = 42 [ofFDiag{BMfz)BT}B*Mi(2> } . (8
trix) was studied in [13]. Even if the purpose of this addi- i

tional “constraint” term is to insure th& does not become . .

singular, it has two drawbacks: first, it implies the search3.2 Seek of the optimal step size

for a square matri¥3, and second, the I¢g functionis not 1o eliminate the difficult problem of the choice of the step
bounded which may induce numerical problems too. Finallysjze, while decreasing the total number of iteratidvs

in order to avoid the trivial zero matrix SOIUtion, a normal- needed by the previous a|gorithm to reach convergence, it
ization haS to be imposed. ThIS will be done in COI’lStrainings possib'e to Compute |tS 0pt|ma| Step Sh@)t at each |t-
the norm of the searched matrix to be equal to one. erationk which means that the algebraical calculation of the

following quantity:
3. PROPOSED RELATIVE GRADIENT

ALGORITHM 7 (B(k)) —a¥ (B(k)) . a)9<B<k>)
To estimate the matri € CN*M, the cost function 7 (B) ) ’ )
given in (3) has to be minimized. To that aim, we propose, =7 <B< Vo, g (B*Y)B! _1)) , (9)

as in [5], to use a relative gradient algorithm. The main in-

terest of such an approach is that for small enough step siz@gs to be performed to be minimized with respectitoTo

the invertibility of the matrixB can be guaranteed which is simplify, we opt to omit the dependency with respect to the
not the case with the standard gradient algorithm, ee, iterationk in what follows. The quantity defined in (9) is

[12]. We also provide an alternative algorithm in which thefound to be a fourth order polynomial whose expression is
step size is no more fixed but computed algebraically at eacfiven by:

iteration.
. . . . J (B—ulk 7(B)B)
3.1 Fixed step sizerelative gradient approach —a% (B - ub;_# (B)B)+ (1—a)2(B — ul,_7 (B)B)
We consider a relative gradient approach writterd8 = _ 2 3 4
—0;_# (B)B since_# (B) has to be minimized versi®. Cot HCL+ HC2+ HTCs+ Cs

pr is a positive small enough number called the step size or= a(ag+ pay + pulay + plag+ pas)
adaptation coefficient arid; ¢ (-) is defined as: + (1= a)(bo+ by + u20p+ pbs + 11ba), (10)

Or 7(B) = szH — Da/(B)BH, (4)  Where the coefficient, vk=0,...,4,by, Vk=0,...,4 (and

oB* consequentlgy, Yk =0, ...,4), are defined below:
whereB* stands for the complex conjugate of the complex N 1 1
matrix B, d is the partial derivative operator aiig_# (B) = a = (—1)* 31 (vec{ M} Agvec{MV},  (12)

25{<?) is the complex gradient matrix of the real-valued gpg:
scallglr cost function given in (3). Subsequently, the sugges

relative gradient-based algorithm can be deriBds then Ag =PT gP"
updated at each iteratidn(for all k= 1,2,...) according to H H
the following scheme: A1=PTor Q" + QTogP

A; =PTogR" + RT P + QT Q"
0 _ glk-1) _ (k-1)y g(k-1)
BY =BT -uh 7 (BT )B As = QTogR" + RToQ"

- (IN — el /(B(kin)) Bl ®) Ay =RT.gR"
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Signal-to- Noise Ratio (SNR) is then defined as: SNR
b= (-1 Y (vec{M{"})"Brvec{M{’},  (12) g (SNR)
= 10log;o( = b) (in dB).
We use the Performance Index defined in [4] as:

and
r r
Bo = LTy LM (G zl _IGijlE
H H max||Gi, 12
B =LT,gM" +MT.gL
By = LTogN" + NTogL" + MTogM" o e N1 @)
B3 = MTogN" + NTogM" Z 21 max||G| il ’
By = NTogN" :
4 fr where G = BA is the so-called global matrix. Next, the
where: proposed algorithniMDgg is illustrated and compared to
_RT H the extendedFAJD one which was introduced in [8] in the
* P :ETQQBD Z(BWH + (0.2(B)T & BH square case. In order to consider the rectangular casegor th
e Q=B ok T( )"+ (Cr H( ) ® method, a dimension reduction by projection is first realize
e R=(0,%(B)) @ (Le(B)) in order to come back to the square case. For the two algo-
e L=B"HgBH rithms, the initial guess is fixed in using the above proj&cti
e M=B"® (0;2B)" + (0,2B))" « BH that corresponds to the range space of mafrix
e N=(0:72(B))"®(0;2(B)" .
® is the Kronecker productec{-} includes all the columns o IMD, Optimal Stepsize
of matrix given in argumentinto a column vector dligg is \ ~ = ~ extendedFAJD
a matrix defined as: 20
Tost = Iz — diag{vec{In}} = Tog", (13) @
~ -40
x
whereI. is the N? x N? identity matrix, Iy is theN x N é
identity matrix matrixdiag{-} is a square matrix containing g -l
the elements of the vector given in argument on its diagona §
The derivative of (10) with respect jo leads to: %
= -80r
]
0 7(B—uld B)B &
S (B-p /(B)B) = Acapu® + 3cap® 4 204 + €1
du -100
(14)

The optimal step size is obtained in two steps: after findin¢ % 10 20 3 20 50 60 70 80
all the roots of (14), they are inserted into (10). The roatth SNR (dB)
provides the minimum value is the optimal step size.
Figure 1: Influence of noise level on the Performance Index
4. COMPUTER SIMULATIONS for square case

In this section, computer simulations are presented te-illu In Figure 1, the square case is considered Wit N = 3
trate the performance and robustness of the proposed alggnagn, — N, = 20. The mean performance index over 100
rithm in comparison with the (adapted) one givenin [8].  \jonte Carlo trials is plotted w.rt. the SNR in the square
We consider aiM x N complex matrixA built from a  case. We can see that th¥IDrg algorithm nearly reaches
normal distribution with zero mean and unit variance. Thhe same performancesasendedFAJD in the square case.
diagonals of thé\ x N matricesD!"” andD{? are generated In Figure 2, the rectangular case is considered With:
with a complex Gaussian process with zero mean and varg, N = 2 andN; = N, = 20. 100 Monte Carlo trials are per-
ancecr2 Now the matncegM( ) andM< ) are then built as  formed. We notice that for low SNR values (between 0 and
defmed in (1) and (2). 20 dB), algorithmextendedFAJD has better performances
To test the robustness of the algorithm, different levelgvhile for higher SNR it is the converse. This is certainly
of additive noise is considered. Then, (1) and (2) have to bgue to the projection stage which reduces the noise influ-

modified, taking into account perturbations: ence onto considered matrices. Remark for SNR greater than
40dB, JMDg¢ the performance index becomes infinite im-
Mi(l> _ ADi(l)AH + Bi(l>7 (15) plying that the sought matrix is perfectly estimated.
and Y , , 5. DISCUSSION
Mi( = ADi( AT +Bi( ) (16) In this article, we present a new approach for joint decom-

(s ) MM ] position of matrices. Using potentially different matrie-d
whereB; V] = 1,2 are matricess C"*™ generated with  compositions, the approach allows the use of more statisti-
a Gaussian process with zero mean and variafce The  cal information in the complex domain. Relative gradient
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Figure 2: Influence of noise level on the Performance Index
for rectangular case [5]

search procedure helps improve the conditioning of the esti
mated matrix and a search procedure for the optimal step size
(instead of fixing the step size) increases the overall aenve
gence speed. Computer simulations highlights potential a
vantage of the proposed algorithm for high SNR in the rect-
angular case while preserving the performance gain in the
square case. 7]
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