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ABSTRACT
A novel ESPRIT based algorithm is proposed to jointly estimate
2-dimensional direction-of-arrivals (2-D DOAs) and frequencies
of the incoming superimposed complex sinusoidal signals using a
sparse uniform linear array of electromagnetic vector-sensors. The
proposed method is based on a matrix pencil pair of temporally dis-
placed data sets that are collected from the electromagnetic vector
sensor array, where the DOA and frequency estimates can be es-
timated unambiguously from the eigenvectors and eigenvalues of
the matrix pencil even when the interelement spacing is more than
half wavelength. A second algorithm is proposed to resolve the
ambiguity problem in the frequency estimates when the temporal
sampling rate is less than half of the Nyquist rate of the signal, i.e.
the sampling rate is less than the maximum frequency of the signal.
Simulation results support the proposed algorithms and show that
the 2-D DOA and frequency estimates are asymptotically unbiased
and have a low variance.

1. INTRODUCTION

Joint two-dimensional (elevation and azimuth angle) direction-of-
arrival (2-D DOA) and frequency estimation of multiple superim-
posed complex sinusoidal signals has applications in many areas
such as wireless communications [1], radio astronomy, ultrasound
imaging, sonar and radar. Much work has been reported on joint es-
timation of 2-D DOA and frequency parameters using scalar-sensor
array [2, 3] and vector-sensor array [4, 5, 6, 7]. In narrowband sys-
tems, a sub-Nyquist temporal or spatial sampling rate can improve
the accuracy of the frequency or angle estimates, but lead to fre-
quency or spatial aliasing, thus, causing ambiguity in the frequency
or spatial estimates [2, 3]. It is thus advantageous to be able to es-
timate these parameters using an array of sensors that are aliased
either spatially, temporally or both. A multiresolution ESPRIT al-
gorithm was proposed in [3] where two different sensor spacings
were used, i.e. Δx ≤ λ

2 and Δx > λ
2 , where Δx denotes the inter-

sensor spacing, and λ is the wavelength of the signal. Its results
have shown that using two different spatial resolutions can improve
accuracy of the estimates. [5] and [6] have shown that using multi-
ple or a single electromagnetic vector sensors can improve estima-
tion performance over scalar-sensors because 1) one vector-sensor
measurements results in a 6×1 steering vector which is equivalent
to having a six-element array of sensor, 2) the array manifolds of
vector-sensor are independent of the impinging signals’ frequency
spectra, and 3) signals having identical DOAs but different polar-
ization can be distinguished by exploiting the polarization diversity
property of an uni-vector-sensor.

In this paper, a novel ESPRIT based algorithm is proposed to
jointly estimate 2-D DOA and frequency of the incoming multiple
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ence Council Grant 96-2221-E-009-053; City University Strategic Grant
7001955 and Competitive Earmark Research Grant PolyU 5133/02E.

superimposed complex sinusoidal signal using a sparse uniform ar-
ray of electromagnetic vector-sensors. The 2-D DOA and frequency
estimates are estimated unambiguously from the eigenvectors and
eigenvalues of the matrix pencil given arbitrary interelement spac-
ing and when the temporal sampling is at half the Nyquist rate. This
has applications in distributed sensor array where the sensors can be
located sparsely over a wide region of space.

Since the frequencies of the impinging signal have to be esti-
mated, it is possible the signal will be insufficiently sampled tem-
porally at the sensor array, which causes ambiguity in the frequency
estimates. Therefore, another algorithm is proposed to allow unam-
biguous estimation of 2-D DOA and frequency when the received
signal is temporally undersampled. We will show this is possible
if the interelement spacing is confined to be equal to or less than
half the signal’s wavelength (the shortest one). Since the frequency
of the impinging signal is unknown, this method will guarantee the
frequency can be estimated unambiguously as long as the receiver
has knowledge about the upper bound of the incoming signal’s fre-
quency, the interelement constraint is satisfied and the SNR is high
enough. The proposed frequency disambiguation algorithm makes
use of the unambiguous DOA information embedded in the imping-
ing electromagnetic field components. Simulation results of the pro-
posed algorithms show that the 2-D DOA and frequency estimates
are asymptotically unbiased and have low variance.

The proposed algorithms are described in the next section, fol-
lowed by the simulation results in Section 3. The paper will be
concluded in Section 4.

2. METHODOLOGY

Since the notations used in this paper are identical to the ones in
[6], therefore, for the sake of space, the reader should refer to [6]
for a complete clarification on all of the notations. The impinging
K signals are assumed to be uncorrelated, narrowband and are com-
pletely polarized transverse electromagnetic plane waves with dif-
ferent baseband modulated frequencies. The signals travel through
a homogeneous isotropic medium, incident on a linear array of
equally spaced and identical electromagnetic vector-sensors. The
kth signal is characterized by its six component electromagnetic
field vector

gk �

⎡⎢⎢⎢⎢⎢⎣
sinγk cosθk cosφke jηk −cos γk sinφk
sinγk cosθk sinφke jηk +cosγk cosφk

−sinγk sinθke jηk

−cos γk cosθk cosφk − sinγk sinφke jηk

−cos γk cosθk sinφk + sinγk cosφke jηk

cosγk sinθk

⎤⎥⎥⎥⎥⎥⎦ ,

where 0 ≤ θk < π is the signal’s elevation angle measured from the
vertical z-axis, 0 ≤ φk < 2π is the azimuth angle, 0 ≤ γk < π/2
is the auxiliary polarization angle, and −π ≤ ηk < π is the polar-
ization phase difference. Note that gk is independent of the signal
frequency. Defining ek �

[
exk eyk ezk

]T and hk �
[
hxk hyk hzk

]T as
the electric and magnetic field vector for the kth signal, respectively,
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the kth source’s direction of propagation can be expressed using the
Poynting vector

pk =
ek

‖ek‖
× h∗

k

‖hk‖
=

[
uk
vk
wk

]
=

[
sinθk cosφk
sinθk sinφk

cosθk

]
,

where ∗ denotes complex conjugation and uk,vk,wk denotes the di-
rection cosine along the x−, y− and z−axis, respectively. To ac-
count for the phase difference between the impinging signal arriving
at different sensors, we define a spatial phase factor

qm (θk,φk) = e j2π fk(m−1)Δxuk/c

= e j2π fk(m−1)Δx sinθ cosφk/c

for the kth signal at the mth vector sensor located at (m− 1)Δx,
where fk is the frequency of the kth signal, c is the speed of
light and m = 1,2, . . . ,M. Therefore, the mth vector sensor output,
zm(t) ∈ C6×1, which is composed of a sum of K narrowband far-
field signals corrupted by additive white noise, nm(t) ∈ C6×1, can
be written as

zm(t) =
K

∑
k=1

gksk(t, fk)qm(θk,φk)+nm(t), (1)

where sk(t, fk) =
√

Pke
j(2π fkt+ϕk) is the impinging signal, Pk is the

kth source’s energy, and ϕk is the random phase of the kth signal,
which is uniformly distributed. A time-delayed version of zm(t)
can be defined similarly as

zm(t +ΔT ) =
K

∑
k=1

gksk(t +ΔT, fk)qm(θk,φk)+nm(t +ΔT )

=
K

∑
k=1

gksk(t, fk)qm(θk,φk)e j2π fkΔT +nm(t +ΔT ).

(2)

Using (1) and (2), a 12M×N temporal-spatial matrix

Z =

[
X
−−
Y

]
=

[
x(t1) . . . x(tN)
−−−−−−−
y(t1) . . . y(tN)

]
(3)

can be formed, where

x(t) =
[
zT

1 (t) zT
2 (t) · · · zT

M(t)
]T

= As+n1

y(t) =
[
zT

1 (t +ΔT ) zT
2 (t +ΔT ) · · · zT

M(t +ΔT )
]T

= AΦs+n2,

A = [a1 a2 · · · aK ]

= [q(θ1,φ1)⊗g1 · · · q(θK ,φK)⊗gK ] ,

qm(θk,φk) =
[
1 e j2π fkΔxuk/c · · · e j2π fk(M−1)Δxuk/c

]T
,

s = [s1(t, f1) s2(t, f2) · · · sK(t, fK)]T ,

Φ = diag
(
e j2π f1ΔT , . . . ,e j2π fKΔT

)
,

n1 =
[
nT

1 (t) nT
2 (t) . . . nT

M(t)
]T

,

n2 =
[
nT

1 (t +ΔT ) nT
2 (t +ΔT ) · · · nT

M(t +ΔT )
]T

,

and ⊗ denotes the Kronecker product. From (3), it is clear that
the columns of X and Y are combination of the columns of A

and AΦ, respectively. Thus, the signal subspace of X is spanned
by the columns of A, and similarly, the signal subspace of Y
is spanned by the columns of AΦ. Define E1 and E2 as the
signal subspace matrix for X and Y, respectively. Assuming
K < 6M < N, where N is the number of snapshots taken, E1 and
E2 can be obtained by performing the singular value decomposi-
tion (SVD) on X and Y such that E1 = first K columns of UX
and E2 = first K columns of UY , where X = UXΣXVH

X and
Y = UYΣYVH

Y . Since the columns of E1 and A span the same
K-dimensional subspace, and the columns of E2 and AΦ span the
same K-dimensional subspace, they are related by an arbitrary non-
singular K×K matrix, T, such that[

E1
E2

]
=

[
A

AΦ

]
T. (4)

To obtain the frequency estimates f1, f2, . . . , fK , we need to solve
for Φ. Note that E1 and E2 have full column rank and they span
their respective K-dimensional subspaces of X and Y. Since X and
Y are related by a subspace rotation matrix Φ, therefore, E1 and
E2 must also be related by a similar, but different, full rank K×K
rotation matrix Ψ, i.e.

E1Ψ = E2. (5)

Substitute (4) into (5), we have

AT︸︷︷︸
E1

Ψ = AΦT︸ ︷︷ ︸
E2

.

Multiply both sides by (AT)H and solving for Φ, we get

THAHATΨ = THAHAΦT

=⇒Ψ = (THAHAT)−1THAHAΦT

= T−1ΦT

=⇒Φ = TΨT−1. (6)

Thus, Φ is the eigenvalue matrix of Ψ with T as its eigenvector
matrix. Using Φ and T, the estimates of θk and φk can be obtained
by computing A. This can be done by noting from (4) that

Â = E1T
−1 = E2T

−1Φ−1

= 0.5
(
E1T

−1 +E2T
−1Φ−1

)
. (7)

The factor Φ−1 in (7) is to ensure coherent addition of the two sets
of signal subspace eigenvectors, E1 and E2, and it is crucial to de-
termining the best estimate for A [6].

2.1 Unambiguous frequency estimation for arbitrary Δx

From (7), the array manifold estimate is written as

âk = q̂(θk,φk)⊗ ĝk = q̂(θk,φk)⊗
[

êk

ĥk

]

=

⎡⎢⎢⎢⎢⎢⎣
q̂1 (θk,φk) êk

q̂1 (θk,φk) ĥk
...

q̂M (θk,φk) êk

q̂M (θk,φk) ĥk

⎤⎥⎥⎥⎥⎥⎦ .

Defining

bi(k) � q̂i (θk,φk) êk and (8)

ci(k) � q̂i (θk,φk) ĥk (9)
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and noting that

bi(k)
‖bi(k)‖ × c∗i (k)

‖ci(k)‖ =
q̂i (θk,φk) êk

‖q̂i (θk,φk) êk‖
× q̂∗i (θk,φk) ĥk

‖q̂i (θk,φk) ĥk‖

=
êk

‖êk‖
× ĥ∗

k

‖ĥk‖
,

then the estimates for the three direction-cosines are written as
p̂k = [ûk v̂k ŵk]

T = 1
M ∑M

i=1
bi(k)
‖bi(k)‖ ×

c∗
i (k)

‖ci(k)‖ . The azimuth and el-
evation angle estimates are all automatically matched without any
additional processing. Note that 2-D azimuth-elevation direction
finding has been performed without any a priori knowledge about
the signal frequencies and the array element spacing Δx is not
needed.

From (6), the estimate of the frequency, fk, can be estimated
unambiguously given arbitrary interelement spacing, that is, Δx can
be larger than λmin/2, where λmin corresponds to the smallest wave-
length. Denote ψk, for k = 1,2, . . . ,K, as the eigvenvalue of Ψ such

that ψk = e j2π f̂kΔT . ΔT is then chosen as

2π fmaxΔT ≤ 2π =⇒ ΔT ≤ 1
fmax

,

where fmax is the maximum signal frequency. Then the unambigu-
ous frequency estimates can be obtained as

f̂k0 =

{
Arg{ψk}

2πΔT , for Arg{ψk} > 0
2π+Arg{ψk}

2πΔT , for Arg{ψk} ≤ 0
, (10)

where Arg{z} is the principle argument of the complex number z
between −π and π . ΔT can be expressed as ΔT � NT /Fs, where NT
is a positive integer and Fs is the sampling frequency at the sensor
array. Given the maximum signal frequency fmax, then the Nyquist
temporal sampling rate FNyq = 2 fmax. If NT = 1, then ΔT = 1/ fmax,
such that Fs = fmax, which is the minimum sampling frequency we
can choose.

2.2 Unambiguous frequency estimation using sub-Nyquist
sampling

Since the frequencies of the impinging signal have to be estimated,
it is possible the signal will be undersampled temporally at the sen-
sor array, which causes ambiguity in the frequency estimates. Be-
low, we proposed another algorithm for our joint 2-D DOA and
frequency estimation problem such that the temporal sampling fre-
quency Fs can be further reduced without introducing ambiguity in
the frequency estimates, i.e. Fs < fmax. We shall show that this can
be done only when the interelement spacing is equal to or less than
λmin/2. This can be shown by setting Fs < FNyq/2 and NT ≥ 1, so
that 2π fmaxΔT > 2π , which leads to cyclic ambiguity in the fre-
quency estimates, i.e.

f̂k
(
n f

)
= f̂k0 +

n f

ΔT
, 1 ≤ n f ≤

⌊(
fmax − f̂k0

)
ΔT

⌋
, (11)

where 
x� is the largest integer not greater than x. Decomposing (8)
and (9) into three components,

bi(k) =

[
bix(k)
biy(k)
biz(k)

]
= q̂i (θk,φk)

[
êxk
êyk
êzk

]
and

ci(k) =

[
cix(k)
ciy(k)
ciz(k)

]
= q̂i (θk,φk)

⎡⎣ ĥxk

ĥyk

ĥzk

⎤⎦ ,

the estimates for the spatial phase factor become

q̂(θk,φk) = 1
5(M−1) ∑

M−1
i=1

(
b(i+1)x

bix
+ b(i+1)y

biy
+

c(i+1)x
cix

+ c(i+1)y
ciy

+ c(i+1)z
ciz

)
.

The term
b(i+1)z

biz
does not have to be included in the above equation

because when γk = 0, ezk will be equal to 0. n f can be estimated by
noting that since Δx ≤ λmin/2, then −π ≤ Arg(q̂(θk,φk)) < π , so
that

n̂ f = argmin
nf

∣∣∣∣e j2π
(

f̂k0+
n f
ΔT

)
Δxûk/c − q̂(θk,φk)

∣∣∣∣ . (12)

As a result, the disambiguated frequency estimates can be obtained
as

f̂k = f̂k0 + n̂ f /ΔT.

It can be seen from (12) that the estimation accuracy of n̂ f depends

on the estimation accuracy of f̂k0, ûk and q̂(θk,φk). According to
[8], the accuracy of Â in (7) is adversely affected when the SNR is
low. Since estimates ûk and q̂(θk,φk) are deduced from Â, thus, in
low SNR condition, the estimate for fk can be adversely affected.
The same situation applies to n̂ f as well so that the disambiguation
algorithm for the frequency estimate is influenced by the SNR and
under low SNR, it can fail if the number of snapshots N does not
lead to consistent sample averages in the estimation of the signal
subspaces E1 and E1.

3. RESULTS

The performance of the proposed algorithms is illustrated by the
following three simulations which show the standard deviation and
bias of the 2-D DOA and frequency estimates. The K signal sources
are monochromatic uncorrelated sources with energy Pk normalized
to 1, for k = 1,2, . . . ,K. The integer NT is set to 1. The total least-
squares ESPRIT algorithm [8] is used in all the simulations. A total
of 400 snapshots and 400 trials were utilized for all the simulations.

In the first simulation, we show the case for unambiguous
frequency estimates by setting the temporal sampling frequency
to half the Nyquist rate. K and M are set to 3 and 4, respec-
tively. The parameters for the three signals are: {θ1,θ2,θ3} =
{100◦,30◦,76.7◦}, {φ1,φ2,φ3}= {60◦,335◦,69.1◦}, {γ1,γ2,γ3}=
{0◦,45◦,45◦}, {η1,η2,η3} = {0◦,0◦,90◦}, and { f1, f2, f3} =
{6.9,7.1,7.3}. Figure 1 shows the results for standard deviation of
the the direction cosine estimates, frequency estimates and the bias
for the direction cosine estimate and frequency estimates for the 3
sources. The temporal sampling frequency is set to Fs = FNyp/2 =
fmax = 7.3. The sensor spacing Δx = 7.3c

2 fmax
. As the figures show,

the accuracy of the estimates improves as the SNR increases. In
addition, all the estimates are asymptotically unbiased.

In the second simulation, we again show the case for unambigu-
ous frequency estimates by setting the temporal sampling frequency
to half the Nyquist rate, i.e. Fs = FNyq/2 = fmax = 0.32. This time,
K = 8 and M = 2. The sensor spacing is Δx = 3.2c

2 fmax
. The param-

eters for the eight signals are: {θ1,θ2,θ3,θ4,θ5,θ6,θ7,θ8} =
{20◦,58.6◦,26.7◦,51.4◦,30◦,48.6◦,35◦,100◦},
{φ1,φ2,φ3,φ4,φ5,φ6,φ7,φ8} =
{40◦,57.4◦,69.1◦,75.3◦,106.3◦,170.8◦,18◦,70◦},
{γ1,γ2,γ3,γ4,γ5,γ6,γ7,γ8}= {70◦,0◦,90◦,145◦,45◦,45◦,45◦,80◦},
{η1,η2,η3,η4,η5,η6,η7,η8} =
{55◦,0◦,0◦,0◦,90◦,90◦,45◦,60◦},
and { f1, f2, f3, f4, f5, f6, f7, f8} =
{0.25,0.26,0.27,0.28,0.29,0.30,0.31,0.32}. Figure 2 shows
the results for standard deviation of the direction cosine estimates,
frequency estimates and the bias for the direction cosine estimates
and frequency estimates for the 8 sources. Once again, the accuracy
of the estimates improves as the SNR increases. However, the bias
of the estimates does not seem to be affected by the SNR, as in
the case for the first simulation. This is due to the fact that for
M ≥ 2 vector-sensor arrays, there exist (3M + 1) steering vectors
with distinct DOA’s that are linearly dependent [9]. This causes the
estimates for the direction-cosine and frequency to be biased.

Note that the number of source signal, K, that the proposed
algorithm can detect can be greater than the number of sensors, M.
This is different from the result in [6] where the maximum number
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Figure 1: Standard deviation and bias of direction cosine and frequency estimates for K = 3, M = 4 with temporal sampling rate of FNyq/2
(from left to right, top to bottom): standard deviation of direction estimates, bias of direction cosine estimates, standard deviation of
frequency estimates, bias of frequency estimates.
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Figure 2: Standard deviation and bias of direction cosine and frequency estimates for K = 8, M = 2 with temporal sampling rate of FNyq/2
(from left to right, top to bottom): standard deviation of direction estimates, bias of direction cosine estimates, standard deviation of
frequency estimates, bias of frequency estimates.

of signals that can be detected is less than M because vector-sensor
array offers more degree of freedom (6M−K) than the 6−K degree
of freedom one can obtain from the uni-vector-sensor.

In the third simulation, the sub-Nyquist disambiguation algo-
rithm was used for three signals impinging on four vector sensors,
i.e. K = 3 and M = 4. The parameters for the three signals are:

{θ1,θ2,θ3} = {30◦,140◦,100◦}, {φ1,φ2,φ3} = {40◦,50◦,120◦},
{γ1,γ2,γ3} = {0◦,45◦,45◦}, {η1,η2,η3} = {0◦,90◦,0◦}, and
{ f1, f2, f3}= {3,7.5,8}. The temporal sampling frequency is set to
Fs = FNyp/4 = 4. The sensor spacing is Δx = c

2 fmax
. Figure 3 shows

the results for standard deviation of the direction cosine estimates,
frequency estimates and the bias for the direction cosine estimate
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Figure 3: Standard deviation and bias of direction cosine and frequency estimates for K = 3, M = 4 with temporal sampling rate of FNyq/4
(from left to right, top to bottom): standard deviation of direction estimates, bias of direction cosine estimates, standard deviation of
frequency estimates, and bias of frequency estimates.
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Figure 4: Standard deviation of frequency estimates for K = 3, M = 4 for different temporal sampling (left to right): first source, second
source, and third source.

and frequency estimates for the 3 sources. As the figures show, the
direction cosine and frequency estimates can still be accurately (and
unambiguously) estimated even when the temporal sampling is less
than half of the Nyquist rate. Figure 4 shows the standard deviation
of all three frequency estimates when different sub-Nyquist rates
were used. The parameters used are identical to the ones in Figure
3. The figures show that all the frequencies can be unambiguously
estimated and the accuracy of the estimates increases as the SNR
goes up.

4. CONCLUSION

Two novel algorithms have been proposed to solve the frequency
ambiguity problems in ESPRIT based joint 2-D DOA and frequency
estimation when the interelement spacing is more than λmin/2 and
when the temporal sampling rate is below half of the Nyquist rate.
Our analysis and simulation results showed that when the interele-
ment spacing is more than λmin/2, it is possible to obtain 2-D DOA
and frequency estimates by restricting the temporal sampling to no
less than half of the Nyquist rate. This assumes that the receiver
has knowledge about the upper bound of the incoming signal’s fre-

quency. This has applications in distributed sensor array where the
sensors can be located sparsely over a wide region of space. In addi-
tion, if Δx≤ λmin/2, we have shown that it is still possible to obtain
unambiguous estimates when sub-Nyquist rates are used.
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