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ABSTRACT

In this paper we propose a frequency-domain IQ-imbalance and
carrier frequency offset (CFO) compensation and equalization for
OFDM transmission over doubly selective channels. IQ-imbalance
and CFO arise due to imperfections in the receiver and/or transmit-
ter analog front-end, whereas user mobility and CFO give rise to
channel time-variation. In addition to IQ-imbalance and the chan-
nel time-variation, the cyclic prefix (CP) length may be shorter than
the channel impulse response length, which in turn gives rise to
inter-block interference (IBI). While IQ-imbalance results in a mir-
roring effect, the channel time-variation results in inter-carrier in-
terference (ICI). The frequency-domain equalizer is proposed to
compensate for the IQ-imbalance taking into account ICI andIBI.
The frequency-domain equalizer is obtained by transferring a time-
domain equalizer to the frequency-domain resulting in the so-called
per-tone equalizer (PTEQ).

1. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) has been
adopted for digital audio and video broadcasting [1] and chosen by
the IEEE 802.11 standard [2] as well as by the HIPERLAN-2 stan-
dard [3] for wireless local area networks (WLAN). This is dueto
its robustness against multi-path fading channels and its simple im-
plementation. But OFDM is sensitive to analog front-end imperfec-
tions; mainly the amplitude- and phase- imbalances (IQ-imbalance)
and the carrier frequency offset (CFO). In OFDM a cyclic prefix
(CP) with a length equal to or longer than the channel delay spread
is required to maintain orthogonality between sub-carriers. This is
depending on the fact that ideal conditions are satisfied such as:
no IQ-imbalance is present, zero CFO, and the channel is time-
invariant (TI) over the OFDM block period. In practice it is difficult
to satisfy all of these conditions. On the one hand, IQ-imbalance
and CFO are present due to the analog front end imperfections, in
particular when low complexity low cost receivers/transmitter are
sought. On the other hand, the channel time-variation arises due to
user mobility and CFO.

Different approaches have been proposed to overcome the ana-
log front-end problems for OFDM transmission. In [4] a training
based-technique for CFO estimation is proposed assuming perfect
IQ-balance. A maximum likelihood (ML) CFO estimation is pro-
posed in [5], also assuming perfect IQ-balance. The IQ-imbalance
only problem is treated in [6, 7, 8] assuming zero CFO. Joint com-
pensation of IQ-imbalance and CFO is treated in [9, 10]. In [9] it
is assumed that the CFO is corrected based on perfect knowledge
of the IQ-imbalance parameters, and the IQ-imbalance parameters
can be estimated correctly in the presence of CFO. The assumption
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here is valid only for small CFO and small IQ-imbalance parame-
ters, and so these algorithms are unable to achieve the desired accu-
racy for moderate to large IQ-imbalance parameters and large CFO
values. In [10], nulled sub-carriers are used to estimate the CFO
by maximizing the energy on the designated sub-carrier and its im-
age. In an earlier work [11] the authors proposed frequency-domain
IQ-imbalance and CFO compensation for OFDM transmission over
time-invariant channels. There the CP-length was also assumed to
be shorter than the channel impulse response length.However, in
the above mentioned works, the channel is assumed to be TI, and
the CP length is consistently assumed to be longer than or equal to
the channel impulse response length.

In this paper we propose a frequency-domain per-tone equal-
izer (PTEQ) to equalize the channel and compensate for the IQ-
imbalance. The channel is assumed to be time-varying due to user
mobility and/or CFO, and the CP-length may be shorter than the
channel impulse response length. The PTEQ is obtained by trans-
ferring a time-domain equalizer to the frequency-domain. The re-
sulting PTEQ combines adjacent sub-carriers and their mirrors to
combat the effect of ICI/IBI and to compensate for IQ-imbalance.

This paper is organized as follows. In Section 2, we introduce
the system model. In Section 3, the per-tone equalizer is proposed.
Our simulations are introduced in Section 4. Finally, our conclu-
sions are drawn in Section 5.

Notation: We use upper (lower) bold face letters to denote ma-
trices (column vectors). Superscripts∗, T , and H represent con-
jugate, transpose, and Hermitian, respectively. We denotethe ex-
pectation asE {·} and the Kronecker product as⊗. We denote the
N ×N identity matrix asIN , the M ×N all-zero matrix as0M×N .
The kth element of vectorx is denoted by[x]k. Finally, diag{x}
denotes the diagonal matrix with vectorx on the diagonal.

2. SYSTEM MODEL

We consider an OFDM transmission over a time-varying frequency-
selective channel. We assume a single-input single-output(SISO)
system, but the results can be easily extended to single-input
multiple-output (SIMO) or multiple-input multiple-output (MIMO)
systems. At the transmitter the information-bearing symbols are
parsed into blocks ofN frequency-domain QAM symbols. Each
block is then transformed to the time-domain by the inverse dis-
crete Fourier transform (IDFT). A cyclic prefix (CP) of length ν is
added to the head of each block. The time-domain blocks are then
serially transmitted over the time-varying channel. When no IQ-
imbalance is present, the discrete time-domain baseband equivalent
description of the received signal at time indexn is given by:

y[n] =
L

∑
l=0

g[n; l]x[n− l]+v[n],

whereg[n;θ ] is the discrete time equivalent baseband representation
of the time-varying frequency-selective channel taking into account



the multi-path physical channel and the transmitter and receiver
pulse shaping filters as well as the effect of CFO (viewed as part of
the channel time-variation).L is the channel orderL = ⌊τmax/T⌋+1
with τmax the channel maximum delay spread.v[n] is the discrete
time additive white noise (AWN), andx[n] is the discrete time-
domain sequence transmitted at a rate of 1/T symbols per sec-
ond. AssumingSk[i] is the QAM symbol transmitted on thekth
sub-carrier of theith OFDM block,x[n] can be written as:

x[n] =
1√
N

N−1

∑
k=0

Sk[i]e
j2π(m−ν)k/N ,

wherei = ⌊n/(N + ν)⌋ and m = n− i(N + ν). Note that this de-
scription includes the transmission of a CP of lengthν.

In the presence of IQ-imbalance, namely an amplitude-
imbalance of∆a and phase-imbalance of∆φ , the baseband equiva-
lent received sequence at time indexn is given by:

r[n] = αy[n]+βy∗[n]. (1)

where the parametersα andβ are given by [12]:

α = cos(∆φ)+ j∆asin(∆φ)

β = ∆acos(∆φ)− j sin(∆φ).

3. PER-TONE EQUALIZER

In general a per-tone equalizer (PTEQ) is obtained by transferring
a time-domain equalizer (TEQ) to the frequency-domain. Forthe
case of IQ-imbalance, the conventional TEQ is not enough to com-
pensate for IQ-imbalance and reduce or eliminate IBI/ICI. For this
purpose, two TEQs are applied, where one is used to filter the re-
ceived sequence and the other one is used to filter a conjugated ver-
sion of the received sequence. The purpose of the TEQs is to com-
pensate for IQ-imbalance, equalize the time-varying channel and
possibly eliminate IBI. In other words, the purpose of the TEQs
is to shorten the time-varying channel impulse response length to
fit within the CP-length, eliminate the channel time-variation and
finally compensate for the mirroring effect induced by the IQ-
imbalance. Assuming the time-varying TEQsw1[n;θ ] andw2[n;θ ]
are applied to the received sequence in the fashion described above,
the output of the TEQ subject to some decision delayd can be writ-
ten as:

z[n−d] =
L′

∑
l′=0

w∗
1[n; l′]r[n− l′]+

L′

∑
l′=0

w∗
2[n; l′]r∗[n− l′], (2)

whereL′ is the order of the time-varying TEQs. It was shown in
[13, 14] that modeling the TEQ using the basis expansion model
(BEM) is an efficient way to tackle the problem of IBI/ICI for
OFDM systems. Using the BEM to modelw1[n; l′] and w2[n; l′],
the BEM equivalent ofw1[n; l′] andw2[n; l′] can be written as:

wa[n; l′] =
Q′

∑
q′=−Q′

wa,q′,l′ [i]e
− j2πq′n/K , for a = 1,2, (3)

where 2Q′ +1 is the number of basis functions,K is the BEM res-
olution of the time-varying TEQs taken as integer multiple of the
block sizeK = PN, whereP is an integer≥ 1. wa,q′,l′ is theq′th
basis of thel′th tap of theath TEQ, which is kept fixed over a win-
dow length ofN + L′, and may change from window to window
independently. Substituting (3) in (2), and by using a blocklevel
formulation, we arrive at

z[i] =
Q′

∑
q′=−Q′

Dq′ [i]W
H
1,q′ [i]r[i]+

Q′

∑
q′=−Q′

Dq′ [i]W
H
2,q′ [i]r

∗[i], (4)

where z[i] = [z[i(N + ν) + ν], . . . ,z[(i + 1)(N + ν) − 1]]T , r[i]
is the received block in theith OFDM block after removing
the CP and taking into account the time-domain filter span
and the decision delay defined asr[i] = [r[i(N + ν) + ν + d −
L′], . . . ,r[(i+1)(N +ν)+d −1]]T , Dq′ [i] is a diagonal matrix with
the q′th time-varying basis components on its diagonalDq′ [i] =

diag{[e j2πq′(i(N+ν)+ν+d)/K, . . . ,e j2πq′((i+1)(N+ν)+d−1)/K]T}, and
Wa,q[i] is an (N + L′)×N Toeplitz matrix with the first column
equal to[wa,q,L′ [i], . . . ,wa,q,0[i],01×(N−1)]

T and the first row equal
to [wa,q,L′ [i],01×(N−1)]. Since we are only interested in theith block
(without loss of generality), and for the sake of a simple notation
the block indexi will be dropped form now on. By means of a 1-tap
frequency-domain equalizer, an estimate of the transmitted symbol
on thekth sub-carrier in theith OFDM block can be written as:

Sk =
1
γk

F (k)z, (5)

whereγk is the 1-tap frequency-domain equalizer on thekth sub-
carrier in theith OFDM block, andF (k) is the(k +1)st row of the
unitary discrete Fourier transform (DFT) matrixF .

Transferring the TEQ to the frequency-domain, the estimateof
the transmitted QAM symbol on thekth sub-carrier in theith OFDM
symbol can be written as:

Ŝk =
P−1

∑
p=0

K ′

∑
k′=−K ′

F (k−k′)DpRD̂∗
pw

(k−k′)∗
1,p

+
P−1

∑
p=0

K ′

∑
k′=−K ′

F (k−k′)D−pR
∗D̂pw

(k−k′)∗
2,p , (6)

where 2K′ + 1 is the span of adjacent sub-carriers involved in

the equalization process,̂Dp = diag{[1, . . . ,e j2π pL′/K ]T}, w
(k)
a,p =

[w(k)
a,p,0, . . . ,w

(k)
a,p,L′ ]T , andR is anN × (L′ +1) Toeplitz matrix with

first column [r[i(N + ν) + ν + d], . . . ,r[(i + 1)(N + ν) + d − 1]]T ,
and first row[r[i(N +ν)+ν +d], . . . ,r[i(N +ν)+ν +d−L′]]. For
more details about the last step the reader is referred to [13]. The
estimate in (6) corresponds to the so-called PTEQ in the frequency-
domain. Note that, we defined the second filter differently than the
first filter and at the same time we unified the span of the different
PTEQs to serve our purpose and simplify the forthcoming analysis.
The estimate in (6) can now be equivalently written as:

Ŝk =
P−1

∑
p=0

K ′

∑
k′=−K ′

w
(k−k′)H
1,p F̃(k−k′)rp

+
P−1

∑
p=0

K ′

∑
k′=−K ′

w
(k−k′)H
2,p F̃(k−k′)r∗p, (7)

where the(L′ +1)× (N +L′) matrix F̃(k) is given by:

F̃(k) =










0 · · · 0 F (k)

... 0 F (k) 0

0 . .
.

. .
.

0
...

F (k) 0 · · · 0










,

and rp = D̄pr where D̄p is the pth phase-
shift matrix in the time-domain given by D̄p =

diag{[e j2π p(i(N+ν)+ν+d−L′)/K , . . . ,e j2π p((i+1)(N+ν)+d−1)/K ]T}. In
(7), the estimate of the transmitted symbol on thekth sub-carrier
of the ith OFDM block is obtained by performing a sliding DFT



on the received sequence, i.e. by performing anN-point DFT
within a sliding-window of sizeL′. The outputs of the sliding DFT
(L′+1 outputs) are fed to the PTEQ equalizer. The implementation
complexity of the sliding DFT can be significantly reduced by
performing only one DFT and compensate for the other sliding
DFTs by means ofL′ difference terms, as explained in the following
properties [15]:

F̃(k)rp = T(k)
[

R(k)
p

∆rp

]
l 1 ×1
l L′×1 , (8a)

and

F̃(k)r∗p = T(k)

[

R(N−k)∗
p
∆r∗p

]

l 1 ×1
l L′×1 , (8b)

whereR(k)
p is thekth sub-carrier frequency response of the received

sequence on thepth branch defined asR(k)
p = F (k)

[
rp[i(N + ν)+

ν + d], . . . ,rp[(i + 1)(N + ν) + d − 1]
]T , andT(k) is the circulant

shift matrix corresponding to thekth sub-carrier, which is an(L′ +
1)× (L′ +1) lower triangular Toeplitz matrix given by:

T(k) =









1 0 · · · 0

δk
. . .

. . .
...

...
. . .

. . . 0
δ L′

k · · · δk 1









, (9)

with δk = e− j2πk/N . The difference terms vector∆r is given by:

∆rp =






[rp]L′ − [rp]N+L′

...
[rp]1− [rp]N+1




 .

Definingv
(k)H
a,p = w

(k)H
a,p T(k), (7) can be written as:

Ŝk =∑
p,k′

(

v
(k−k′)H
1,p

[

R(k−k′)
p
∆rp

]

+v
(k−k′)H
2,p

[

R(N−k′)∗
p
∆r∗p

])

. (10)

Notice that the difference terms are common to all sub-carriers
which allows for a further reduction in complexity. To do so,

we first collect the first element of the vectorsv(k−k′)
a,p , for k′ ∈

{−K′, . . . ,K′} in the vectorũ(k)
a,p, i.e. ũ(k)

a,p = [v(k−K ′)
a,p,0 , . . . ,v(k+K ′)

a,p,0 ]T .
Second, we sum over the remaining elements that correspond to the

difference terms as ¯u
(k)
a,p =

K ′

∑
k′=−K ′

[v(k−k′)
a,p,1 , . . . ,v(k−k′)

a,p,L′ ]T . Collecting

these two vectors in one vector asu
(k)
a,p = [ũ

(k)T
a,p , ū

(k)T
a,p ]T , (10) can

now be written as:

Ŝk =
P−1

∑
p=0

(

u
(k)H
1,p









R(k−K ′)
p

...

R(k+K ′)
p
∆rp









+u
(k)H
2,p









R(N−k−K ′)∗
p

...

R(N−k+K ′)∗
p

∆r∗p









)

. (11)

The implementation of (11) is shown in Figure 1. Defineu
(k)
a =

[u
(k)T
a,0 , . . . ,u

(k)T
a,P−1]

T , (11) can be written in a compact form as:

Ŝk = u
(k)H
1 A(k)r+u

(k)H
2 A(N−k)∗r∗, (12)
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Figure 1: PTEQ for OFDM over doubly selective channel with IQ-
imbalance

whereA(k) = [F
(k)T
0 , . . . ,F

(k)T
P−1]

T , with

F
(k)
p =








01×L′ F (k−K ′)

...
...

01×L′ F (k+K ′)

ĪL′ 0L′×(N−L′) −ĪL′







D̄p,

with ĪL′ is an anti-diagonal identity matrix of sizeL′×L′.
Due to the IQ-imbalance, thekth sub-carrier and its mirror the

N −kth sub-carrier are combined to obtain an estimate of the trans-
mitted symbol on thekth sub-carrier fork ∈ {1, . . . ,N/2−1}. The
same holds for estimating the transmitted symbol on the(N − k)th
sub-carrier. This suggests, that a proper equalizer estimates the
transmitted symbol on thekth sub-carrier and the one transmitted
on the(N − k)th sub-carrier in a joint fashion. For this purpose we
can obtain the following:

[
Ŝk

Ŝ∗N−k

]

︸ ︷︷ ︸

s̃k

=

[

u
(k)H
1 u

(k)H
2

u
(N−k)T
2 u

(N−k)T
1

]

︸ ︷︷ ︸

U(k)H

[
A(k) 0

0 A(N−k)∗

]

︸ ︷︷ ︸

Ã(k)

[
r

r∗

]

(13)

At this point we may introduce a model for the received se-
quencer. Note that due to the time-domain filter span and the de-
cision delay, the received sequence is written to cover three con-
secutive OFDM blocks;i−1, i andi +1 blocks. In the absence of



IQ-imbalance, the received sequence can therefore be written as:

y = [O1,G,O2]
︸ ︷︷ ︸

G̃

(I3⊗P)
(

I3⊗F H
)





s[i−1]
s[i]

s[i+1]



+v[i], (14)

wherey is similarly defined asr, O1 = 0(N+L′)×(N+2ν+d−L−L′),
O2 = 0(N+L′)×(N+ν−d), andG is an(N +L′)× (N +L′+L) matrix
representing the time-varying channel

G =






g[n;L] . . . g[n;0] 0
. . .

. . .
0 g[n′;L] . . . g[n′;0]




 ,

wheren = i(N + ν)+ ν + d −L′, andn′ = (i + 1)(N + ν)+ d −1.
P is the CP insertion matrix given by:

P =

[
0ν×(N−ν) Iν

IN

]

,

ands[i] = [S0[i], . . . ,SN−1[i]]T is the vector of QAM symbols trans-
mitted on theith OFDM block. v is the noise vector similarly de-
fined asr. Note that, we can also approximate the channel using the
BEM with window sizeN′ ≥ N independent of the BEM resolution
of the TEQs. In this paper we restrict ourselves to the channel defi-
nition given earlier. Hence, we can write the received sequence and
its conjugate as in (15) shown at the top of next page. ThereZ1 is
anN ×N matrix defined as:

Z1 =







1 0 · · · 0
0
... ĪN−1
0







.

To obtain the PTEQ coefficients for thekth and(N − k)th sub-
carriers (i.e. solve forU(k)), we define the following mean-squared
error (MSE) cost function:

J = E

{∥
∥
∥
∥
s̃k −U(k)H

[
r

r∗

]∥
∥
∥
∥

2
}

.

The minimum MSE (MMSE) solution can then be obtained as:

U(k) = argmin
U(k)

J . (16)

The solution of (16) is obtained by solving∂J /∂U(k) = 0 and is
equal to:

U(k) =
(

Ã(k)
(

HRsH
H +Rṽ

)

Ã(k)H
)−1

Ã(k)HRs

×[e3N+k+1e4N+k+1], (17)

whereRs andRṽ are the transmitted sequence covariance matrix,
and the noise covariance matrix respectively, andek′ is a 6N long
unity vector with a 1 at thek′th position.

The proposed PTEQ unifies and extends many previously pro-
posed PTEQs for OFDM. In this context the proposed PTEQ ex-
tends and unifies:
• The PTEQ for OFDM transmission over doubly selective chan-

nels with perfect IQ-balance proposed in [16].
• The PTEQ for OFDM transmission over TI channels with IQ-

imbalance and CFO proposed in [11]. There only critically sam-
pling is used since CFO was the only source of time-variation.
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Figure 2: BER vs SNR for OFDM over doubly selective channels
ν = L.

• With no IQ-imbalance, no CFO, and the channel is TI, the
proposed PTEQ boils down to the PTEQ proposed in [17] for
xDSL.

The implementation complexity of the proposed PTEQ is
P(2K′ +L′ +1) multiply-add (MA) operations per sub-carrier plus
O(PN log2N) MA operation for the FFTs. The design complexity
of the PTEQ (see (17)) on the other hand, is ofO(N3) MA opera-
tions forN ≫ 2P(2K′ +L′ +1).

4. SIMULATIONS

In this section we present some of the simulation results of the pro-
posed equalization technique for OFDM transmission over doubly
selective channels. We consider an OFDM system withN = 128
sub-carriers. The doubly selective channel is assumed to beof order
L = 6. The channel taps are simulated as i.i.d random variables with
uniform power delay profile, correlated in time according toJakes’
model with correlation functionrh(τ) = J0(2π fmaxτ), whereJ0 is
the zeroth-order Bessel function of the first kind, with maximum
Doppler spreadfmax = 100Hz and sampling timeT = 1µsec. The
IQ-imbalance parameters are assumed to be known at the receiver
with amplitude-imbalance∆a = 0.1 and phase-imbalance∆φ = 5◦.
16-QAM signaling is used in the simulations. We measure the per-
formance in terms of BER vs. SNR.

• In the first setup we assume the CP-lengthν fits within the
channel impulse response length. The oversampling factor is as-
sumed to beP = 1. The PTEQ is designed to have orderL′ = 0, and
ICI span ofK′ = 5. The simulation results are shown in Figure 2.
The IQ-imbalance (if not properly compensated for) resultsin a sig-
nificant degradation of the system performance. For this setup, the
IQ-imbalance results in a BER error floor at BER= 3×10−2. The
PTEQ with IQ-imbalance compensation enhances the performance
significantly, which roughly coincides with that of 16-QAM OFDM
transmission over TI channels, especially for low to moderate SNR
values.

• In the second setup, we assume the CP-length is shorter than
the channel impulse response length. The CP-lengthν = 3 in this
case. The PTEQ is designed to have orderL′ = 8, and the ICI span
is K′ = 2. We consider the critically sampled caseP = 1 as well as
the oversampled case with oversampling factorP = 2. As shown in
Figure 3, IQ-imbalance degrades the performance significantly for
the critically sampled as well as for the oversampled case, where a
BER error floor is again observed at BER= 3×10−2. The PTEQ
with IQ-imbalance compensation enhances the system performance
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Figure 3: BER vs SNR for OFDM over doubly selective channels
ν = 3.

significantly for both the critically sampled and the oversampled
cases and approaches the performance of that of 16-QAM OFDM
transmission over TI channels. A slight enhancement is observed
for the case of oversampling over the critically sampled case, where
an SNR gain of 1dB is observed at BER= 10−2.

5. CONCLUSIONS

In this paper we have proposed a frequency-domain per-tone equal-
izer (PTEQ) for OFDM transmission over doubly selective channels
with IQ-imbalance and CFO (viewed as part of the doubly selec-
tive channel). The PTEQ is designed to equalize the channel and
compensate for the IQ-imbalance. The channel is assumed to be
time-varying, and the CP-length may be shorter than the channel
impulse response length. The PTEQ is obtained by transferring a
time-domain equalizer to the frequency-domain. The channel and
the IQ-imbalance parameters are assumed to be known at the re-
ceiver. The resulting PTEQ combines adjacent sub-carriersand
their mirrors to combat ICI/IBI and compensate for IQ-imbalance.
While IQ-imbalance degrades the system performance significantly,
the proposed PTEQ approaches the performance of OFDM trans-
mission over TI channels with perfect IQ-balance.
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