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ABSTRACT e.g., [2], and the references therein, for a more general dis-
The linearly constrained minimum variance (LCMV) methodcussion on LCMV and on different typical constraints).
is an extension of the classical minimum variance distor- In general, both the MVDR and the LCMV beamformers
tionless response (MVDR) filter, allowing for multiple lin- suffer from being computationally cumbersome, especially
ear constraints. Depending on the spatial filter length anébr large data sets, large arrays and/or for evaluation over
the desired frequency grid, a direct computation of the rea fine frequency grid; this as both methods suffer from re-
sulting spatial beampattern may be prohibitive. In this papemquiring the evaluation of a vector-matrix product containing
we exploit the rich structure of the LCMV expression to find the inverse of the possibly large dimensional data covariance
a non-recursive computationally efficient implementation ofmatrix, sayRy, for each frequency grid point of interest. For
the LCMV beamformer with fixed constraints. We then ex-this reason, there has been a substantial interest in finding
tend this implementation by means of its time-varying dis-efficientrecursiveimplementations of the LCMV and the re-
placement structure to derive an efficient time-updating algolated generalized sidelobe canceller (see, e.g., [4-9] and the
rithm of the spatial spectral estimate. Numerical simulationseferences therein). However, given the recursive nature of
indicate a dramatic computational gain, especially for largghese algorithms, one often needs to consider step-size selec-

arrays and fine frequency grids. tion, internal error propagation and convergence rate. Fur-
thermore, in several applications, only a limited amount of
1. INTRODUCTION data is available for a particular setup; in such cases, often

Th f ianal ina h ved only the resulting spatial spectral estimate is of interest.
nearea or sensor array signal processing has received a Con-', hjs paper, we propose a non-recursive efficient im-
siderable interest in the recent literature, and numerous 3)

h dd ing diff f1h ic h b )lementation of the LCMV beamformer with fixed non-
gorithms addressing different aspects of the topic have begfy,,,ency dependent constraints exploiting the rich structure

proposed (see, e.g,, [1,2] and the references therein). TYRiz the | CMV expression. Via the use of the matrix inver-

cally, these algorithms exploits the difference in propagationjs, |emma, the LCMV structure allows for the evaluation of
delay recorded at the different sensor array elements to forfe peamformer using the fast Fourier transform (FFT), dra-
a parametric or non-parametric spatial spectral estimate. Rgsagically reducing the required computational complexity.
cently, non-parametric spatial spectrum estimators have r'eyierent from the above mentioned recursive algorithms

ceived r_er_lewed interest, mainly as these have the benefit gf, proposed method provides aractimplementation of '
not explicitly assuming aa priori known signal model, and e | My beamformer. The presented implementation, to-
as a result tend to be more robust to variations in the meagaher with its time-variant displacement (TVD) structure, is
sured signal than parametric counterparts. A traditional oy, ey expoited to derive an efficient forward-backward av-
parametric method for spatial spectral estimation is to app')éraged (FBA) sliding-window time-updating of the LCMV

the simple beamformer for all directions of interest and US&natial spectrum (we refer the reader to [10, 11] for a further

€fiscussion on displacement theory). The algorithm has the

benefit of not requiring any step-size selection and offers the

exact LCMV spatial spectrum over the examined time win-
ow.

tral distribution. However, as is well-known, suchnan-
adaptivebeamformer suffers from either low resolution or
high leakage, or both [2,3]. Another common approach is th
minimum variance distortionless response (MVDR) beam-

for_mer. The.MVDR beamformer has. severalldeswable_prop— 2 THE LCMV BEAMEORMER

erties, and is often applied when high spatial resolution is

desired. It is a filterbank method that formslaa-adaptive Consider a uniform linear sensor array consistingroél-
weight vector for each direction of interest, weighting theements, measuring signals impinging on the array with ap-
array elements in an adaptive manner so as to minimize thgroximately planar wavefronts. Let, fort =1,... N, de-
beamformer output power while passing signals from a givemote the measureat-dimensional data vectors. The LCMV
direction of interest undistorted. This effectively places deefppeamformer can, for givenspatial frequencyy;, be found
nulls cancelling interference from sources in directions otheas them-tap spatial finite impulse response (FIR) filtag,, ,
than the one of interest, resulting in a very high resolutiorminimizing (see, e.g., [2])

spatial estimate. The linearly constrained minimum variance

(LCMV) beamformer is a generalized form of the MVDR  hg, = argminhg, Ryh,, subjectto Cyhg, =f, (1)
beamformer, allowing for additional constraints, for exam- by

ple to counter the influence of known jamming signals (SeeWhere(~)* denotes the conjugate transpose, rid a d-

This work was supported in part by the Royal Society, UK. dimensional constraint vector, witth < m. Furthermore,
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Ry = E{ytyt }, with E{-} denoting expectation, By again using the matrix inversion lemma to rewrite the fac-
tor (Gg — u(;llvwvw*)*l, (10) can be expressed as
Co = [ay As] 2)
aw = [1 & .. dom | ®) Qo [ a 223} (14)
where(-)T denotes the transpose aAg, represents the con- h
straint matrix (see, e.g., [2] for further details on how to selectV"er®
the constraints and the constraint matrix). Herein, we will fo- R @3
cus on the common case when the (d — 1) constraint ma- 2 = Hey +Hoy Qot —— (15)
trix, A, does not depend on the frequency of interest, MGy (Hen — o)
this is, for instance, the case when the constraints are used to - _ylgily.— &) G:lv, (16)
cancel known jammer directions. Further, the constraint cor- 72 = THo o Voo b Ve
X ; . w ~ Fa
responding to the frequency of interes, € [—11/2, 11/2], is 1
typically selected equal to unity to pass this frequency undis- Zs = Gg)l + 7(;51\;@\/2)(;51 (17)
torted, i.e.,f; = 1, where Hay, — P
f— [ fi 7 ]T' (4) with @, = v*wa?lew. Thus, assuming that the frequency of

interest is passed undistortefg{c ) in (6) can be expressed
As is well known, the beamformer minimizing (1) is found as
as [2,3] i i
h(A)l _ R;le (CZ)R;le)flf (5) ¢y(wl) =7 + 2Re(f ZZ) +i Z3L (18)

yielding the spatial spectral estimate where Rex) denotes the real part &f It is worth noting that
. the LC_:MV beamformer is often used_ to null known _jammer
dy(wr) £ hi, Ryh,, = (CR,1C,) f. (6) directions; in such a casé= 0, allowing the evaluation of
V() e (CoRy™Ca) ¢y(wr) to be simplified topy(wr) = z:. We proceed to note
Commonly,Ry in (6) is unknown, and is replaced by a con- that for a Hermitian matrix\ € C™™, it holds that [13]
sistent estimate; herein, we use the FBA covariance matrix

estimate as it is known to yield preferable spectral estimates . m1 o
[12], i.e., ag, Nag, = 2Re Z) A€ | — Ao, (19)
Ry = S (RS +IRITS 7 ”
y=75 Ry +JRy'J), (7)
where
whereJ denotes the exchange matrix, and 3 mil/\ 20)
s= kk—ss
~ 1 N k=s
R == . 8 .
YT N t;y“" ®  With A denoting thek, p)th index ofA. Thus, giveriR; %,

both the quadratic formg,, andg,, and thusz, can be ef-
We note that the computational cost of evaluatiygw),  ficiently evaluatedbver all P frequency grid points simulta-
with thed x d matrix neouslyusing the FFT. Similarlyi*G v, can be computed
Qu2C: R-1C ©) for all P frequencies using the FFT. Further, we note that
@7 ety e the (d — 1) x (d — 1) matrix Gz only needs to be evaluated
might well be prohibitive for largem, especially agh,(w) ©ONCe for all frequencies. Thus, the evaluatiozn of (18) requires
often needs to be evaluated over a very fine frequency grig’ (NI + 1T 4 PlogP -+ m?(d — 1) + m(d — 1)?) operations.
requiring Q. to be computed ove? frequency grid points, We note that in cases when only a narrow band, or a subset,
with typically P > N; a brute-force evaluation @,,, usin of the spatial spectrum is of interest, the complexity can be
(7), for P frequencies, requireg(m+ (N+dP)n2+d2mp)  Significantly reduced by exploiting a local Fourier transform
operations. Here, we will for simplicity assume that the fre-(Se€€, €.9., [14,15]) in place of the FFT in (19). In the follow-
quency grid covers the full frequency range, remarking thatg section, we will proceed to examine how to update the
frequencies such tha, loses rank should be omitted from LCMV beamformer as additional data becomes available.

the resulting estimate. We note that should only a limited
frequency region be of interest, the algorithm can easily be4- TIME-UPDATING THE LCMV BEAMFORMER

modified accordingly. Given the centrohermitian structuref;, one may form the

3. PROPOSED EFEICIENT IMPLEMENTATION decompositioRy = KBK* [16], whereK can be selected

to be column conjugate symmetriand unitary. In particu-
Using the block-matrix inversion lemma (see, e.g., [61);* R

, lar, for even dimensiolRy,
can be expressed as (10), given at the top of next page, where

I denotes the identity matrix (of appropriate dimension), and K 1 { I il } 1)
- — AT TP
Mo, = agyRy 1awl (12) V2
Vo = ALR )713001 (12)  whereK is a square matrix with the same dimensioné@s
Gy = A} R glAg, (13) 1A matrix K is said to be column conjugate symmetridif= JK*.
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Figure 1: Average complexity gain as a function of the arrayFigure 2: Average complexity gain as a function of the size
size,m, for varying number of constraintd, Here, the data of the frequency gridP, for varying array sizesn. Here,
size isN = 3m andP is selected as the next power of two d = 3 andN = 3m.

larger than N.

11 i1
Similarly, for odd dimensiomRy, V= 2 [ I —il } : (28)
I 0 il It should be noted that the transforms in (27) imply tdat
K= V2 F]) '\[(2) ? : (22)  andZ, are real-valued. Here, we are interested in updating
_I A~

R, 1(t) instead oif{y(t); such an update can be formed using

For this choice oK, B is a real symmetric matrix. As shown 1€ TVD structure of (26). A time-variant Toeplitz-likax
in [16], this decomposition offers a significant complexity re- T Matrix By is said to have a TVD structure if the matrix
duction for the most common operations on FBA covariancéj'ﬁerenceDB" defined by [10,11]

matrices, such as the time-updatingRy. Let the FBA co- OB = B; — F{B(_,F;, (29)
variance matrix estimate at tintebe denoted®y(t). Then,

an efficientsliding windowtime-update oRy(t), such that  has lowrank, sayr (t), wherer (t) < m, for some lower tri-
angular matrixF;. The TVD rank,r(t), provides a measure

Ry(t) = Ry(t — 1) + Yy Y; — Vi Y7, (23)  of the degree of structure present, with lower rank indicating
R . stronger structure. Thus, ift) is close tom, there is little
whereY; andY; are the updating and downdating data ma-point in pursuing the displacement framework. Combining

trices, i.e., (29) with (26) implies that
Yo = [y Jyi] (24) OB = ZZ] — ZiZ7, (30)

Yo = [y~ Iy ], (25) .
whereA =1, F; =1, and them x r(t) generatommatricesZ;
with N denoting the length of the sliding window, can prefer- g q Zt are each used in turn to upddBe. Further, it can

ably? be formed aRy(t) = KB{K*, where be seen that(t) = 2 for both update and downdating gen-
AT 5 HT erator matrices. We note that the positive-definite nature of
Bt =Bt +ZiZ —ZiZy (26) Ry(t) guarantees the existence of a unique lower triangular

Cholesky factorL, such thaB; = LtLtT, which, exploiting

with thecompactupdating and downdating data matrices
paclp g g (30), can be expressed in two stages as [11]

Z:=K'Y;V and Z=K'Y{V (27) .
i L] _(py 2[00 ][k
whereK is determined from (21) or (22), and [Li 0] 0 =[ L1 Z ] 0 In VAl

2The time-updating using (26) requires only about half the number of ~ .
operations compared to the update in (23). whereL; represents the updatedly Cholesky factor which
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Figure 3: Average complexity gain as a function of the num-Figure 4: Average complexity gain for time-updating as a
ber of constraintsd. Here, the data size Il = 3m and function of the number of sensors.
P=512

the form
is then followed by the downdating process M oIkk)  2(kD) 1(kK)2(k2)
B« ay ay B
R - 2(k,1 Ikl 2(kD)2(k2
[ Lt 0][LtT]_[£ Z][In 0}[11?} F{(: Ziﬁk) _(“k) Z('aigk) (33)
=t 4 0 -I K 2k2) Y
0 m Zy L B 0 B
in order to effect both the up- and downdating (i.e., to form '(';’Kk) 72(';1) 7I(k.,|)2§((k,2)
the sliding window) of the Cholesky factors of the compact Ik — k1) (kK #(k,1)7(k,2) (34)
form of the FBA covariance estimatB;. Hence, it follows LI T Y ek
that there existswo [I, @ I]-unitary rotation matrices, T'; - z(g,(z) 0 ¥

andTI, such that [11] A
t wherel (k, ¢), 1(k,£), 2(k,£) andZ(k,¢) denote thek, /)th el-

[Li 0]=[Li1 Z ]f‘t (31) ementofL, L, Z; andZ;, respectively, and

and subsequently ax = \/|I(k, K)2+]2(k,1)[2  Bc=+/lak?+|2(k,2)|?
(Lo 0]=[L % ]T. G2 =ikl -2k D &= /nf?- 2k 2

Note thatl; andT; have the effect of rotating the updating zﬁssosciz\;\(ljntlr?ei[r%\}(]a’régl(s: r?(;ltzacsek(ilufr:cfgrr-] ?ﬁz”i}; giﬁ;g\?gg%‘; to
generator matrice&; andZy, onto the expressiorls_ and augmenting (31) and (32) by appending the inverse Cholesky
L; respectively to produce the up- and down-dated Cholesky " dina to 1111 B iriE d sub "

factorL; and block zero entries in the left-hand sides of bot actors according to [ ]_' BY app ying: (an subsequently
(31) and (32). Both the rotational transfordigandI; are  Lt), we thus find an efficient time-updating of the inverse
typically implemented as a sequence of elementary tran&zholesky factor also, yielding one column vector per itera-
forms, having the general for; = 1TZ... '™, wherelX tion. Using the updated inverse Cholesky factor, we form the

annihilates théth row of a given generator matrix. The ro- time-updated LCMV estimate in (18), using

tation matriced’; andI'; can be formed in numerous differ- R, () = (KLt_ll) (KLt_ll)*’ (35)
ent ways. Generally, however, Givens rotations are used for Y - _

updating and Householder rotations for down-dating. Oneeplacing (12) and (13) witkr,(t) = (KL, %) L, " a4, and
should note that in practice it is more efficient for each COI'G(;,(t) _ (RLtill) (RLtill)*a whereK — ALK; the other

umn of the Cholesky factor to be concatenated with the gerny . :

) ; omponents are evaluated accordingly. The time-updated
erator matrix to make afm-— K+ 1} x {r(t)+1} matrix, and version of (18) is then obtained using the FFT technique
as each vector is updated, this process is repeated whilst e cribed above. Finally, we note that the above proposed

row of the generator matrix is annihilated until all the Commnsliding-window time-updating can, if desired, be reformu-

vectors of the new Cholesky factor are produced. Thus, thgiaq to form an updating employing an exponential forget-

appropriate rotation matriceb; andI't are3 x 3matrices of  ting factor (which then obviates the down-dating and instead
SHere, aJ-unitary mati® s defined as any matri@ such tha®Jo" — removes the influence of old data components by multiplica-

. _1 .
J. Further,a b denotes a matrix with the sub-matricas{n x n} and  tion of the Cholesky factod, -3, by a suitable factor close
b {mx m} concatenated to produce a matrix of s{Zen+n) x (m+n)}. to unity).
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5. NUMERICAL EXAMPLES

In this section, we briefly examine the computational gain of
the proposed methods, initially examining the non-recursive
implementation introduced in Section 3. Simulation data

(7]

(8]

has been generated to contain a signal of interest imping-

ing on the array from broadside, white— 1 known jam-

ming sources, each being ten times stronger than the signal

of interest, are evenly spread over the anghés [50°]. The

measured signal is corrupted by an additive white circularly

symmetric Gaussian noise, and the constraint vettdras

9]

been selected to damp the jamming signals with a factor 0.01.
Figure 1 illustrates the complexity gain factor (estimated a$10]

the average execution time of 500 iterations using Matlab) of
evaluatinggy () using (18), as compared to using the tra-
ditional approach in (6), as a function of the array size,

The data size is selected Bls= 3m. In the figure, the size

of the frequency gridR, is selected as the next power of two
larger than N. Figures 2 and 3 illustrate the computational
gain, for varying array sizes, as a function of the size of th
frequency grid and the number of constraints, respectivel

Here,P =512 In these figures, the cost of evaluatiRg *

[11]

y2

has been omitted as both the proposed and the brute-force im-

plementations require this evaluation. As is clear from these

Figures, the proposed non-recursive implementation offers @3l

significant computational gain, especially for larger arrays.
We stress that the implementation in (18) will yield the same
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