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ABSTRACT require integration over a given channel probability density

We present universal bit-error rate (BER) performance}cuncuon (pdf), without which no conclusion can be made.

ordering for different receive antenna sizes in Multiple- Indepth theoretical study of MIMO systems which in-
Input Multiple-Output (MIMO) wireless systems with linear cludes Vertical Bell Laboratories Layered Space-Time (V-
equalizations, which hold for all SNR. We show that whenBLAST), has also been reported in [9] which focuses on
the number of transmit antennas is fixed, BER of each synthe tradeoff between the multiplexing gain and diversity
bol degrades with a decrease in the number of receive antegain based on an approximate outage probability expression
nas even if the received SNR is kept constant. This is due tthat is satisfied only asymptotically at high SNR. Diversity-
the convexity property of the BER functions. Then for anymultiplexing tradeoff with regard to group detection for
i.i.d. channels, we show that the BER averaged over randoMIMO at high SNR has been done in [10]. The insights
channels also degrades with a decrease in the number of igimpsed from these analysis are important and beneficial.
ceive antennas. These highlight the advantage and the limtitowever, the common shortcoming of these works is that

of MIMO with linear equalizations. they are approximations or bounds in the high/low SNR
regimes which may be obsolete at practical range of SNR.
1. INTRODUCTION We also bring attention to the fact that diversity gain at

high SNR does not necessarily mean BER or diversity gain
Multiple-Input Multiple-Output (or the so-called MIMO) at a particular value of SNR. Furthermore, diversity gain
system, which employs multiple antennas at both ends aichieved for Rayleigh channels may not be achieved for other
the receiver and transmitter terminals, has been the subjeiytpes of channels.
of intensive research efforts in the past decade with poten- In thi devel | ht vze th
tial application in future high speed wireless communications n (IS paper, we develop a Novel approach 1o analyze the

network. This is motivated by the benefits of 1) diversityfarmr'rate performance in MIMO system with linear equal-

gain, which can be achieved by averaging over multiple patff%?tgl)lnfart]h&g cl)sf g(lj\ltR“”I]:]teda:tci)ctur}grsv,\\/lsfgégs?r?stht()euitmapa[\)cg/
gains to combat fading, to improve bit-error rate (BER); 2)of receivegantenna size %n the BER performance Aspsu -
the fading-induced spatial multiplexing gain, which makes dqf he di ; d hi ﬁSNR ‘ © L hg
use of the degrees of freedom in communication system b§eSted from the diversity order at hig , Increasing the
umber of receive antennas should enhance the BER perfor-

transmitting independent symbol streams in parallel throug ance since the receive SNR increases, while decreasing the

spatial channels, to improve capacity and/or BER (see e.d. .
[1, 2, 3, 4, 5] and references therein). gﬂﬂhmber of transmit antennas should do the same, because

It has been shown that the diversity order of MIMO trans_the symbols transmitted from other antennas can be regarded

issions with, transmit anc, receive antennas over i.i.d as interferences. However, it is not obvious that these still
m m o\, id. X VS . ;
Rayleigh channels i, — N, + 1 at full multiplexing [6]. The hold after linear equalization which stimulates the need for

diversity order is usually measured by the slope of the BE ur theoretical analysis. Especially for the former case, un-
curve at high SNR. From this we can infer that the diver- er the condition that the receive SNR is kept constant, i.e.,

sity order is improved by increasing the numiérof re- without power gain/loss due to the increase/decrease of the
ity IS Improvea by Increasing um number of receive antennas, it will be interesting to analyze

ceive antennas, whereas the diversity order is degraded %w the BER will be affected by the change in the number

increasing the numbéd of transmit antennas (which also of receive antennas. We explicitly show that when the num-

cpntributes to multiplexing gain). In [1], gains induced by er of transmit antennas is fixed, the BER degrades with a
different schemes of MIMO systems were analytically an(ﬁecrease in the number of receive antennas, even if the re-

numerically compared. For a fix number of receive antencgieq SNR is fixed. This receive diversity loss or BER loss
nas, numerical simulations show a loss in signal-to-nois

ratio (SNR) with an increase in the number of transmit an?S due to the inherent convexity property of BER functions.

tennas but no analytical explanation for this phenomenon is Albeit we do not evaluate how much gains there actually
given. On the other hand, the exact expressions for the synare, which require the knowledge of the channel coefficients
bol error-rate (SER) of MIMO with minimum mean squared or the associated channel pdf, our results are universal in the
error (MMSE) equalization is rigorously derived in [7], while sense that performance ordering with the number of receive
an approximate BER expression of MIMO with zero-forcing antennas holds true at all SNR irrespective of channel pdf.
(ZF) equalization is derived in [8]. However, these analy-Simulations to corroborate our theoretical analysis are pre-
sis are heavily dependent on the specific channel pdf. Thesented.
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2. PRELIMINARIES AND SYSTEM MODEL On the other hand, the MMSE equalizer is giveny=

We consider a MIMO transmission witk transmit and\; \/ﬁHH(ﬁHHH +1)~1. The equalized output is thus ex-

receive antennad\{ > N;) over flat-fading channels. Let us pressed ag = Gx. We define theith entry of the equalized
definep/N: as the transmit power at each transmit antenngutput as§, = pns, + Vi, Wherev, is the effective noise con-
for the Ny x Ne MIMO system. Denote the path gain from taminating thenth symbol. Then, we can show that the co-
transmit antenna (n € [1,N]) to receive antennen (M€ variance of the effective noise me&$|vy|2} = pn(1— pn).
[1,Nr]) ashmn. The path gains are assumed to be perfectlyrhe received signal-to-interference noise ratio (SINR) of
known at the receiver but unknown at the transmitter. Atsymboln after MMSE equalization is then expressed as

the receiver, thé\, received samplex = [x1 ... xN,}T,
is expressed as 1
P SINRynn= 2 = -1, @)
0 o Nt én
X = \/>Hs +w, 1)
Nt whereé&, is thenth diagonal entry of HHH + %I]‘l.
where the\; x 1 combined data vectarhaving i.i.d. entries We remark that SNRs or SINRs are fundamental param-

with unit variance, thé\, x 1 vectorw of zero mean circular eters of system performances. If a symbol-by-symbol detec-
complex additive white Gaussian noise (AWGN) entries withtion is employed, the BER or symbol-error rate (SER) func-
unit variance and th#l, x Ny channel matrixH are respec- tion can usually be described by SNR or SINR. Suppose that
tively given by we draw symbols from a fixed digital modulation with finite
constellation. For the constellation, let us denbte as a
function in SNR or SINR to describe the bit-error probabil-
ity of the transmitted symbols. It is obvious thif) is a

hip ... hiy h; decreasing function in SNR or SINR. Take for example, the

, W = [W]_ WNr]T

7

H=1| : . : - : - [hl hNJ , symbol—b_y—symbol hard detection of QPSK constellation and
h ’ ' h i h' ZF equalization. Then, the BER of symbofor N; x N; sys-
Nedooee TN Ne tem is expressed as
such that themth row (which corresponds to theth receive
antenna) of the channel matH is hy, for me [1,N,], and BERN, non = T(SNRy, nn) = Q(+/SNRy, ) (5)
the nth column (which corresponds to tmh transmit an- ' o
tenna) of the channel matrH is hy, for n € [1,N;]. where Q(x) denotes the Gaussian-Q functioQ(x) =
The signal-to-noise ratio (SNR) at receive anterm& (1 /,/27) [ e t*/2gt.
found to bep|[hu|[?/N:, wherel| - || is the 2-norm of avector, " | the sequel, we focus our attention on ZF equalization.

while the overall receive power of the symbol transmittedthe same results as SNR of ZF equalization can be devel-
from antennan, i.e., the sum of power for symbsh at all  gped for SINR of MMSE equalization. However, since the
receive antennas, | hy|[?/N;. effective noises of MMSE equalization are in general non-
Mathematical capacity analysis reveals that the channebaussian and depend on the channel structure, e.g., the num-
capacity scales with the minimum of the number of transmiber of transmit and receive antennas, we cannot describe the
antennas and the number of receive antennas [3], while trBER function of MMSE equalized symbols by one function.
analysis of the diversity gain, which is fully achieved by non-|f BER of any antenna size can be approximated as one func-
linear Maximum Likelihood (ML) equalization, shows that tion of SINR, then the discussion on BER in the rest of the
there is a tradeoff between the number of transmit antenngsaper will also hold for BER with MMSE equalization.
and diversity advantage [9]. In this paper, we consider more
practical linear equalizations and analyze their performance 3 DECREASING THE NUMBER OF RECEIVE
with respect to antenna size. ANTENNAS
Let us review linear equalizations for MIMO systems.
The output of a zero-forcing (ZF) equalizer is obtained byNow, let us study the BER performance of MIMO system

- /N erH D - 1ppH . . when we decrease the number of receive antennas, while
multiplying G = Ve (H"H)™"H" to x, which gives us fixing the number of transmit antennas. As the number of

8 =s+ Gw, where(-)" stands for complex conjugate trans- receive antennas decreases, the overall receive power of a
position. To enable ZF equalization, we require that the chartransmitted symbol decreases. Thus, it may be obvious that

nel matrix is tall and has column full rank. the BER performance degrades due to the power loss. How-
The covariance oGw is given by(£H"H) . Letus  ever, under the condition that the overall receive power of
define each symbol is kept constant even if the number of receive

antennas decreases, it is not clear if the same conclusion can
also be made. We investigate how the BER performance is
affected by the number of receive antennas when the overall
receive power of each symbol is fixed.

and denote thath diagonal entry oR !, asn, n.n. Then, Let us assume that: —1 > Ni. We fix the number of

it follows from§ = s+ Gw that the (post-processing) receive ransmit tantenngs & anvt\j/hdecreasg the ?U”.‘b'“f of re-d
SNR of symboks, after ZF equalization is expressed as Ceve antennas by one. €n receive antgnmaremoved

from theN; x N; system, the corresponding channel matrix is
p

P denoted a#1("), which is assumed to have column full rank.
Nt /\Nr,l\h.n

Nr
Ry.n =H'H= 3 hiihm, )
m=1

SNRy, Nen = , for ne [L,N]. 3)

The (N; — 1) x Ny channel matrixH®) yields theN; x N
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matrixRﬁ\,‘r‘)_l’Nt, corresponding to (2), expressed as where Nirzl'\l';lsNF{\,‘r‘)_l’N“n denotes the average symbol
N SNR of symbols, when one receive antenna is randomly
R — HOH|gW — - hh 6 dropped. This shows that the average SNR of syrshde-
Nr—1,Ne ™ o mem: 6) grades when we randomly remove one receive antenna even
m= m#li

if the average overall receive symbol power remains con-

stant.

N ) Similar to (5), we denote the BER of symbs| for

lated asy ;' ; Ry~ = (Ne — )Ry, - Then, we can ex- (N, — 1) x N; system when receive antenpais removed

press SNR, n.n in (3) as as BER!" ,  n = f(SNRE., ). Then, its BER averaged

with respect to random receive antenna dropping is simpl
SNRu an :% 1 — % p pping ply
(Ne= D[N R 1)

where][ - |mn denotes thém, n)th entry of a matrix.
To compare theNr x N; system with the(N; — 1) x N
system, it is reasonable to uniformly remove one amennﬂlthoughfrom (11), SNR, pn > ,\} zN SNI#\,“) Lrgne this

amongN; antennas, i.e., the selection of any one receive an 5 i i v that B | th
tenna has the same probabﬂllyNr If receive antennau oes not necessarily imply that BRR.n is lower than

is removed from thé\, x N; system then the overall receive BERN,—1nn- TO show this, we require that

power of symbok, reduces tq zm Lm#u [rn[/Ne. Thus, Assumption 3.1 f(-) is a convex function in SNR.

for (N; — 1) x N; system, the average overall receive power of

symbols, with respect to random receive antenna droppingl his is quite a reasonable assumption. For example, the

is given by Gaussian-Q functio®(./x) is convex inx > 0. The BER
functions of most digital modulations are expressed (at least

1N ki |hinn|2 Ny — thII2 approximately) as a Gaussian-Q function or a linear combi-

N ; PN Ne ( Ny > Ne (8 nation of Gaussian-Q functions. For such a digital modula-

m=1m7~u tion, the BER function is invariably convex in all SNR.

To ensure that the average overall receive power of each sym- Coupled with Assumption 3.1, sindd-) is a decreasing

bol remains constant even when the number of receive afunction in SNR, we have

tennas reduce by one, we increase the transmit power of the

It is easy to see that the matricBs, n, andRﬁ\,‘r‘)_LNt are re-

1N U
BER‘\Irfl,Nt,n = N leERg\Ir)—l,Nt,n' 12)
u:

N &

Nr—1 tem by a factor of N, i.e., |
.( ; )x’\ll\l[ system by a a_cororh i.e., we replace f(SNRy Nn) < ZSNR(VH s
in (8) by NP Then, for this(N; — 1) x N; system, the re- Nr p=1

PHhmH

ceive SNR at receive antennancreases tqﬁ and
hence the average overall receive power of(me— 1) x N
system is equal to the overall receive power of khe< Ny

system. . for n € [1,N]. This reveals that removing one receive an-
Let us define the symbol SNR for symbeh after tenna randomly degrades the average BER of each symbol

ZF equalization when receive antenpais removed as eyen if we increase the transmit power to keep the average

SNI%[LNI_n for n € [1,N]. Then, similar to (3), the sym- overall receive symbol power equal to the overall receive

bol SNR for symbok, of the (N, — 1) x N system becomes Symbol power of the original: x N system. We summa-
rize this result in the following theorem:

) N p 1 T
SN'#\lrfl,NT,n N — 1@ ) R 9 Theorem 3.1 Suppose ZF equalization in &h x Ny MIMO
' [(RNr*]-?Nl) Jnn transmission over a fixed static channel. We randomly re-
To compare theN; — 1) x N, system with the original move one receive antenna but increase the transmit power by

" ; . a factor ofN; /(N; — 1), If the channel matrices are column
;\I&rzl[\)krosggtem, we utilize the following lemma: (See [11] full rank, then for all SNR, we have

Lemma 3.1 For a given channel matrix, EL(*) has column BERN, n.n < BERY, 18 (14)
full rank for p € [1,N;], then for ne [1,N], .
provided thatN; — 1 > N.

1 Ny
< W z f(SNRQIL:)fl,Nt,n% (13)
r u=1

1 i 1 , .
> Z ™ (10) Theorem 3.1 clearly states the BER gain of a symbol in
[(z RNr i) Hnn SRy ) s MIMO transmission over éixed staticchannel from the re-

ceive diversity acquired by simply increasing the number of

From (7) and Lemma 3.1, we obtain receive antennas. Remember that the effect of power loss

N P 1 is eliminated. It has already been shown that at high SNR,
SNRy, N > z m the diversity order o, x N; systems over i.i.d. Rayleigh
e (N = N, (R 15) Y distributed channels il — N; + 1 [6] at full multiplexing,
Ne ' which implies that BER gain resulted from the receive diver-
_ 1 z SNF?,(\,“) (11)  sity is obtained by increasiny;. Unlike [6], we embraced
Ny F—LNo a more pragmatic approach where no approximation is made
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and no fading is assumed. Theorem 3.1 can be applied fbheorem 3.1), Theorem 3.2 states that decreasing the num-
all digital modulations satisfying Assumption 3.1, regard-ber of receive antennas also degrades the BER performance
less of the underlying channel pdf. Importantly, it states averaged over random channels (or equivalently, increasing
universal and deterministic characteristics of the BER perthe number of receive antennas improves the average BER
formance of MIMO systems that is contributed in large partperformance). The BER gain attributed to an increase in the
by the convexityproperty of the BER function. For a given number of receive antennas comes from the convexity of the
channel environment and at all SNR, if a receive antenna iBER function irrespective of channel pdf and SNR. The im-
randomly dropped, the average BER performance deteriglication is that receive diversity gain is always available for
rates. To know how much the exact deterioration is, one haany channel pdf and at any value of SNR. To further empha-
to evaluate using the channel coefficients. Indeed, the avesize the importance of the convexity property, let us suppose
age symbol BER depends on the number of receive antennttgat the BER function is concave (which is of course impos-
and a fortiori deteriorates as the number of receive antensible in practice). Then, all the inequality signs in the equa-
nas is lessened. This highlights the advantage/disadvantagiens are reversed. In this case, all the results derived so far
of MIMO system upon increasing/decreasing the number oWill also be reversed, and we gBERN, n.n > BERN,—1.n n-»
receive antennas. i.e., BER gain will only be achieved with a decrease in the
So far, we have not specified any channel pdf. To gaimumber of receive antennas.
more insights, let us denote the channel pdf of chakhabk

P(H) and of H(®) asP(H(M). To see the BER of symbs} 4. NUMERICAL SIMULATIONS
averaged over random channels, we consider the following
channel characteristics: To validate our theoretical findings, we test the MIMO sys-
tem with ZF equalization for different receive antenna sizes.
Assumption 3.2 The results for MMSE equalization are also presented. The
information symbols are drawn from a QPSK constellation.
PHY)=PH?)=... = pEHMN). (15)  The average overall receive power of each symbol is kept

the same as in our theoretical analysis. In our simulations,
This implies that when any one row is removed from thewe utilize the average BER in one transmitted block, i.e., the
N x N channel matrix, the resultaN. — 1) x Ny channel BER averaged over thig symbols, as the comparison pa-
matrix has the same pdf. Clearly, if the entriedbhrei.i.d., rameter. To differentiate this with the BER of each symbol,
then (15) holds true. However, it should be remarked that ae call thisblock BER The block BER ofN, x Ny MIMO
more general class of channels which includes for examplgystem is
non i.i.d. channels having correlation between channel gains,

also meets (15). 1 M
Under Assumption 3.2, we have fare [1,N;], BERN, N = N Z f(SNRy, N n)s (29)
n=1
(H) \dHM — BER
/BERNrfl!'\‘t-r“P(H JAHFT=BERy-1nn (16) i the block BER ot (N; — 1) system without receive
L antenngu is
whereBER\, —1,n.n IS the BER of symbos, averaged over
random(N, — 1) x Ny channels. Utilizing (14) of Theorem 1 N
3.1, straightforward manipulation yields BERY 1\ = N > BERf\,ﬁ’)fl_NW (20)
=1

/BERN“N"”P(H)dH = /BER;\“‘LN“”P(H)dH' 17 we plot the block BER with respect &,/No where at each

) . Ep/No, the average receive power of each symbol is kept con-

It follows from (12) and (16) that the R.H.S of (17) is equiv- stant regardless of the antenna configuration.
alenttoBERy,—1nn. In this simulation, we send the transmitted symbols over

On the other hand, if we denote the BER of symipl 3 fix channel. Fig. 1 illustrates the result for a fix = 2
of Nr x Ny system averaged over randdipnx N channels as  andN; varying from4 to 2 for ZF equalization and MMSE
BER\, nn» then [ BERy, n nP(H)dH = BERy, N n- Since  equalization, respectively for the fix channel. We observe
the equality in (10) holds only for some special channels, wehat the block BER averaged with respect to random receive
can conclude that: antenna dropping degrades with a decrea$ it his result

L . holds not just for this fix channel but for any other channels
Theorem 3.2 Suppose alN; x N; MIMO transmission with we testedJ which confirms Theorem 3.1. y

ZF equalization. Then, for a fix number of transmit antennas, In our subsequent simulations, we average the results

the BER of symbdd, averaged over random channels is a :
decreasing function in the number of receive antennas for am\/er105 Rayleigh channels that compose of zero mean Gaus-

SNR such that sian taps with u_nit variance., and 0\@5 Rice channels with_
. Rice factor2. Fig. 2 and Fig. 3 depict the results for a fix
BER <BERy 7 18 N; = 2 andN; varying from4 to 2 for linear equalizations for
RN N RNt (18) Rayleigh channels and for Rice channels, respectively. From
providedN, — 1 > N;. both figures, the block BER averaged over random channels

degrades with a decreaseNh. This is a direct corollary of
In addition to degrading the BER of each symbol aver-Theorem 3.2 since it holds for all symbols and for any chan-
aged over random receive antenna dropping (as proven imel under Assumption 3.2 at all range of SNR.
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Figure 1: BER with respect to random receive antenna drogFigure 2: BER for a fiX\; = 2 and varying\N; over Rayleigh

ping for a fixN; = 2 and varyingN; over a fix channel.

We have demonstrated theoretically that for linear equaliza-

tion

a fix number of transmit antennas, the symbol BER averaged |

5. CONCLUSIONS

, under the condition of a fix overall received power and

0
10

over random receive antenna dropping and the symbol BER
averaged over random channels degrade with a decrease in
the number of receive antennas. The same can also be said

of the block BER. This is a direct consequence of the con- & 1072}

vexity of the BER function of each symbol. The above an-
alytical results are universal that hold true for all SNR and

for any i.i.d. channels. All these are supported by numerical

simulations.
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