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Abstract - The filters of the finite-length minimum mean-squae
error decision-feedbaclequalizer(MMSE-DFE) canbecomputed
by assumingperfect knowledgeof the channelimpulse response
and the input and noise second-orderstatistics. In practice, we
estimatethe unknown quantities and thus inevitable estimation
errors arise. In this work, we model the estimation errors as
small perturbations and we derive a second-orderapproxima-
tion to the excesMSE. Then, assumingthat the input and noise
SOSare perfectly known, we derive an expressionfor the mean
excesMSE in terms of the channelestimation error covariance
matrix. Analogousexpressionsnvolving the noiseandinput SOS
estimation error covariance matrices appearon [1].

1. INTRODUCTION

The finite-length MMSE-DFE hasproved to be an efficient struc-
turetowardintersymbolinterferenc€lSI) mitigationin paclet-based
communicatiorsystemgdz2]. It is determinedy two optimalfilters,
namely the feedforward and the feedbackfilter. Thesefilters, as
well asrelatedperformanceneasuresganbe computedby assum-
ing perfectknowledgeof the channelimpulseresponsendthein-
put andadditive channelnoisesecond-ordestatistics(SOS)[2]. In
practice we estimatethe unknavn quantitiesandthusinevitable es-
timation errorsarise. Consequentlythe analysisof the robustness
of thefinite-lengthMMSE-DFE with respecto mismatchis of great
importance.

This problemwasfirst consideredn [3], wherethe authorsde-
velopedclosed-formexpressiondor the perturbedVIMSE-DFE fil-
tersandthe correspondingerformancemeasuresin this work, we
presenta detailedsecond-ordeperturbatioranalysis that explicitly
revealsthe factorsthat govern the performanceof the MMSE-DFE
undermismatch.

2. FINITE-LENGTH MMSE-DFE

In this section,we recall known resultsconcerningthe finite-length
MMSE-DFE[2]. We assuméhatthe channeimpulseresponsand
theinputandnoiseSOSareperfectlyknown.

2.1. Channelmodel

Let us considera basebandliscrete-timefractionally-spacedhoisy
communicatiorchannelmodeledby the v-th order 1-inputp-output
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Fig. 1. Channemodel.

lineartime-invariantsystemdepictedn Fig. 1. Its input-outputrela-
tion is given by the corvolutiony,, = E;’zo h;z,_; + n,, where
x, denotegheinputsequencandthep-dimensionalectorsy,,, n,,
andh; denoterespectiely, thetermsof the output,noiseandchan-
nel finite impulseresponsesequencesThe impulseresponsderms
h; arevectorscomposedf the samplesof the continuous-timem-
pulseresponsemodelingthe combinedeffect of the transmitfilter,
the physical channeland the recever filter [2]. By groupingthe
impulseresponsderms,we constructthe impulseresponsevector

H, 2 [hy - hf]T,wheresuperscripf” denotedranspose.
By stacking/Vy successie outputsamplesye constructhedata

A T .
VECIOr yn in-n,41 = [¥a * y,f_NfH] , which can be ex-
pressedsyn:n-n;+1 = HXpin-N;—vt+1 + Dy n—n, 41 Where

thepNy x (v + Ny) filtering matrix H is definedas

hg --- --- h,

ho -+ --- h,

andthe definitionsof x,, in—Nj—vt1 andn,, in—Nj+1 areobvious.

2.2. Finite-length MMSE-DFE

Our aim is to recover (a delayedversionof) the input sequence:,,
by passingthe noisy outputdatay,, throughan equalizerstructure.
To thisend,we emplg thefinite-lengthDFE depictedn Fig. 2. The
DFE is determinedy thefollowing parameterectors:

1. w2 [wg - wh ,1]T,Whichdenoteshep-inputll-output

lengthV; feedforvardfilter;

2.b2 [1b1 --- ba, ]*, whichdetermineshe1-input/1-output
length4V, strictly causalfeedbackfilter. The settingsof the
feedbacKilter are{—b1,...,—bn, }.

Assumingthatthe pastdecisionsare correctandconsideringhe de-
lay A, the error betweenthe desiredoutputz, A andtheinput to
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Fig. 2. Finite-lengthDFE.

thedecisiondevice D is givenby

Ny—1 Ny
A T
en = Tn-A — E W; Yn—i — E biZn-—n—i
=0

i=1
— b7 T
- xan:anbe — W yn:n—Nf+1

.T T
b Xn:n—Ny—v+1 — W Yn:n—Ng+1 (l)

wherewe definedb = [01xa b” 01xs ]T, with 0;x; denotingthe
1 X j zeromatrix and s 2 Ny +v —A— Ny — 1. Inorderto
simplify notation,we shallomit the subscriptfrom x, . n— v, — 41,
Yn in—Ng+1 andnn in—Ng41-
TheMMSE-DFEsettingsarecomputeddy minimizingthemean
squareerror(MSE) £ [e, ], which canbe expresseds

MSE 2 ¢ [(ETX - wTy) (xTE - yTW)]
= ETRMB — ETRWW - wTRyzS + wTRyyw 2)
where

R.. = £[xx7], Roy 2 €[xy"] =R..HT =RT,  (3)

R,, = €lyy”] = HR.oH” + Roun, Ry = E[nn”].  (4)
At theoptimalsettingstheerrore,, is uncorrelateavith thedatavec-
tory,i.e..€ [eay”| = O1xpn,, yielding[2] w = Ry Ryzb. Sub-
stituting this expressiorfor w into (2), we obtainMSE = b’Rb,
where
A —
R = R.. — RoyR;, Rye. (5)
If we define

Iny+1

0ax (N, +1) ]
Osx(Vy+1)

A
Ra = [Ov,+1)xa Ing+1 0wy 11)xs | R l

wherel; denoteghes x i identity matrix, thenthe MSE is given by
MSE = b”Rab andit canbe shavn [2] thatit is minimizedfor
:R,_1 e ~
bo=—2 " w,=R,!R,zbo 6

eg RZI =) vy T ©)
whereey is thevectorwith 1 atits first positionandzeroselsavhere.
The correspondingninimum MSE, M, is derived by puttingin (2)
b = b, andw = w,. Alternative expressiongre

1

M=b'Rb, =b Rab, = —————.
4 el R, eo

@)

3. MMSE-DFE: PERFORMANCE ANALY SIS UNDER MISMATCH

3.1. The framework

Let us assumethat an estimationprocedurehas furnishedthe es-
timates {}Ali};-’zo, leadingto the impulse responsevector estimate
H, 2 [ﬂOT < bt ]¥. We considerthe case? < v, thatis, the
estimatecchannelordery is lessthanthetrue channelorderv. The
caseir > v is analogous.For the purposesf analysis,we have to

comparethe true and estimatedmpulseresponsevectors,#, and
7/-2,;. Since? < v, we take into accountthe fact that, dueto pulse
shapingand dispersie effectsin the transmissiormedium, 4, is

usuallycomposeaf tails of smallleadingandtrgiling terms,andwe

augmentheestimatedmpulseresponse&ectorH ; with leadingand
trailing zeros obtainingthe vector

77m1 A T T
Hu = I:lepml Hﬁ lep(u—ﬁ—ml)]
whoselengthequalsthelengthof #, . Then,we define
* é : Aml
m}] = arg min ||H, — H't |2,
mi

where|| - ||2 denotesdependingn the agumentthe matrix or vec-
tor 2-norm. Thatis, pmj is the numberof leadingzeroswe must
insertin front of H,, sothattheaugmentedmpulseresponseector
estimatebecome<losestto H,. In the sequelwe shall work with
H, 2 HI. We notethatworking with #,, insteadof 7, amounts
toinsertionof anextradelayof mi timeunits. We consideiour chan-
nel estimateasbeinggoodif H, and#, arecloseto eachother In
termsof the associatediltering matrices we expressthis condition
as:
A~

AH=H -H, |AH]|: < |H]|:.

Theerrorsin theinputandnoiseSOScanbe expresseds:

ARus = Raw — Rus,  [|ARuallz < |[Raoll2

3.2. MMSE-DFE: Perturbation analysis

Undermismatch efforts toward computatiorof Rz, Ry. andR,
leadto: R,y 2 Re.H” = RZ,, Ryy = HR,oH” + Roy.! The
correspondindirst-orderperturbationsarecomputecdas:

AR.y = ARy.H” + R, AHT = AR], (8)

ARy, = AHR,,H” + HAR,,H" + HR,,AH" 4+ AR,,,,.
9)

~ A~ ~ o~
=Res — RwRyy Ry.

Efforts for computingR andRa yield R

INb+1

OAx(Ny+1) ]
Osx (Ny+1)

~ A ~
Ra = [O(Nb+1)><A Ing+1 0(ny+1)xs :| R [

Thefirst-orderperturbationAR is given by [1]

AR = AR.; — R;yR,, ARy, — AR, R, Ry,

+R.yR;, AR, R;, Ryo. (10)

1Anotherwayto estimateR ,,, is throughthe outputdatasamples.



AR canbe easily derived from the definitions of Ra andAR.
Theresulting“optimal” filters aregiven by
~ R A~ =
bo= —2C & =R, Ryubo (11)
el’'Ri'eg
Whereﬁo is theappropriatelyzero-paddedersionof B(,. Assuming
correctpastdecisionsthe correspondindSE canbe expresseds

—~ =T =
M2¢ [(bo X — v’\\r?;y) (beo — yT\'a\vo)]

~

~T
=b, Rzzbo

=T =
—b, RayWo — We Ryzb, + W, RyyWo. (12)

By inspectionof (2) and (12), we deducethat M is the value of
~T

the constrainedjuadraticfunction MSE at the point [ b, w2 |©

whichis “close” to the optimalpoint[ b wZ ]7. If we denotewith

AEO andAw, thefirst-orderperturbationsn quantitiesgo andw,,
respectrely, we obtainthe second-ordeapproximation
Aw,

s )

Thesummandf.o.t” (first-orderterms)is zerodueto the optimality
of the point [ bY wZ ]T. Thus, the excessMSE is approximated
by the second-ordeerror terms. We must note that an expression
analogoudo (13) hasappearedn [3]. However, expression(13) is
not very informative becausét doesnot explicitly revealthefactors
which governthe sizeof the excessMSE. This is our subjectin the
sequel. At first, we derive first-orderapproximationdo the pertur
bationson b, andw,. Then,theseexpressionwill be usedfor the
derivation of the second-ordeapproximatiorto the excessSMSE.

Result1[1]: LetAb, and Aw, bethefirst-oder perturbations
in quantitiesb, andw,, respectivelyThen

Rie — Rmy

—~ ~ AE
M=M+fot+ [Ab,? Aw? ] o |
_Ryx Ryy

Ab, = (b, ARab,) Ry'e0 — Ry'ARab, (14)

Aw, =R, (RWAEO + ARy.b — AR”w,,) (15)

whee Ab, is theappmopriately zeo-paddedrersionof Ab,.
Result 2 [1]: Let SOT denotethe second-ader error termsin
(13). Then

SOT = (EOT ARy, —w’ ARM) R,
x (ARWEO - Awao) +ABTRAD,.  (16)

Using (14) andtherelation AbYR Ab, = AbZRa Ab,, we de-
rive analternatve expressiorfor the secondermof (16), as[1]:

(bTARab,)”

AbTR Ab, = bYARAR:'ARAb, — o

. @17

4. MEAN EXCESS MSE: CHANNEL ESTIMATION ERRORS

In this section,we assumethat the input and noise SOS are per
fectly knovn andwe derive an analyticexpressiorfor the meanex-
cessMSE in termsof the channekestimatiorerrorcovariancematrix

Ran, = € [AH, AHT], with AH, 2 #, —H,,. Wesimplify the

resultsby makingthe assumptiorthat Rz = In,+.,. Then,from
(3), (5), (8) and(10), we obtain
R., =H" =R,,, R=1In,4, —

H'R,H (18)

AR,, = AH” = AR,

YT

AR,, =HAH" + AHH" (19)
AR = -R,, R;; AHR - RAH"R,/R,,.  (20)

In the sequelwe shallusethefollowing relationsanddefinitions:
1. The productw? H expresseshe corvolution of the multi-
channel?{, andthe feed-forvard filter w, and, dueto the
commutatvity propertyof thecorvolution,is equalto HZ W,,

whereW, isthep (v + 1) x (Ny + v) filtering matrix con-
structedby theblock vectorw,. Thus:

wiH = H W,. (21)

2. We definethe combinedimpulseresponsed, 2 H”w, and
theresidualimpulseresponse

g 2b, —f, (22)
with elementsy, ;, fori = 1,..., Ny + v. It is easyto shav
thatundertheabove assumptiong, = R b,.

3. Simplecalculationsshav that
glH' =H]G, (23)

whereg, is the block Hankel matrix definedas

go,11p go,2Ip go,N;Ip
A 9o,21p 9o,3Ip go,N;+11p
go = . . .
Go,v+1lp  go,vt2Ip go,Ns+vIp

Now, we considereachtermof SOT separately
A) Term SOT1: Let us considerthe first term of SOT in (16),
denotedSOT1. Using(19), (21), (22) and(23), we obtain[1]

bl AR,y — wI ARy, = AHT (G, — W,HT).
————
Ay

Thus,thetermSOT'1 canbe expresseds

SOT1 = AH, A1 Ry, Al A#H,. (24)
B) Term SOT2;: The first term of th(iright-handside~of a7,
denotedSOT2,, is expresse@sSOT2; = bl ARM AR b,, with

A

M= In,+1

l Ovy+1)xA
O(ny+1)xs

] RZI [O(Nb+1)><A Iny+1 0(N,,+1)><s ] .

Using(6), (20), (21) and(23) we obtain[1]

SOT2; = AHy (WoR + GoRyy Rye) M

[\ /

~~

Az

x (RW] + Ray Ry, G ) AH,.  (25)
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Fig. 3. Channeimpulseresponse.

C) TermSOT2,: Thesecondermof theright-handsideof (17),
denotedSOT2,, is givenby [1]

SOT2, = = AHT W, go g7 W AN, (26)
M o880 Tho,
Az

Using(24),(25) and(26), we obtainthe second-ordeapproximation

£[sOr) =& [Tr (AHT SAH,)] =Tr(SRawn,)| (27)
whereTr denoteghe matrix traceand
séAlR;;AIT+A2MAT—4Mﬁ. 28)

Usingsomesimplificationsandapproximationdt is shavn in [1] that

£[SOT] < 2 (v +1) woll3 [Raw, Ilr (29)

where|| - || » denoteghe matrix Frobeniousiorm. For theanalogous
resultsrelating€ [SOT] andthenoiseandinput SOSestimatiorerror
covariancematriceshereadeiis referredto [1].

5. SIMULATIONS

In our simulations,we usethe communicationchannelwhoseim-
pulseresponsés depictedin Fig. 3. It modelsa multipathscenario
resultingin severelSl, andis derived by oversampling by a factor
of 2, theimpulseresponséi(t) = p (t) — 0.6 p (t — 4.45T'), where
p (t) is the (truncated)pulsewith araised-cosinspectrumandroll-
off factor@ = 0.22. Thetruncationintenal is [-37, 3T, where
T denoteghe symbolperiod, andthe samplinginstantsarethe in-
teger multiples of 7/2. The vector impulseresponse{h; };2, of
the correspondind.-input/2-outputsystemis constructedy group-
ing togetherthe even andthe odd termsof this oversampledmpulse
responseTheinputis a BPSKsignal,taking,with equalprobability
the values+1, yielding Rox = In,+,. At the multi-channelout-
put, we addtemporallyandspatiallywhite Gaussiamoisewith vari-

anceo,. Hence R, = o,Ian,. We definethe SNRasSNR 2
10 log, (£[llwx|13]/£[lnx|3]), wherew,, is thenoiselesshannel
output,definedasw, 2 >iohizn .

In the sequelwe considerthe performancef the MMSE-DFE

with filter lengthsVy = 8 andV, = 6, for thedelayA = 5. Dueto
spacdimitation, we consideronly the channelestimatiorerrors.
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Fig. 4. MMSE M (dottedline), meanexcessl\/ISES[/\/Z—M] (solid
line), £[SOT] (dashedine) andbound(29)*-), versusSNR.

Thus,weassumehattheinputandadditive white Gaussiarchan-
nelnoiseSOSareperfectlyknowvn. Also, we assumehatthechannel
orderis perfectlyknown. The channelis estimatedby the applica-
tion of themaximum-likelihoodmethodo thetrainingsequenceon-
sistedof Ny = 26 consecutie training symbols(a paclet consists
of N, = 138 datasymbols)[4, Sect. 15.2]. The channelestimate
is usedfor the computationof the DFE filters. In Fig. 4, we plot
the/l\\/IMSE M (dottedline), themeanof thetheoreticalkexcessMSE
E[M — M] (solid line), £ [SOT] (dashedine) andthe bound(29).
Quantity& [/T/t\— M] is computedexperimentallyover 500indepen-
dentinputandadditive noiserealizationsasfollows:

1 500
EM—- M) = =3 (K/T —M)
i=1

whereﬂi — M istheexcessMSE of thei-th realization.Thechan-
nel estimationerror covariancematrix Ray, , usedfor the compu-
tationof £ [SOT], canbe computedy extendingresultsof [4, Sect.
15.2]to the 1-input/2-outputhanneketting.We obsere that:

1. £[SOT] provides an accuratemeasureof the meanexcess
MSE. This hasbeenobsenedin mary simulationsvalidating
the usefulnesf our second-ordeapproximation. We also
obsere thatthebound(29) is pessimistic.

2. TheexcesdMSEis largerthantheMMSE. Thesamehasbeen
obsered in simulationswith severe ISI channelswhile for
lessseverechannelst is usuallysmallerthanthe MMSE.
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