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DEVWUDFW

D qhz dssurdfk wr eolqg vrxufh vhsdudwlrq +EVV, lq
wkh zdyhohw grpdlq lv lqwurgxfhg1 Wkh whfkqltxh lp0
suryhv wkh vshhg ri frqyhujhqfh ri wkh qdwxudo judglhqw
dojrulwkp +QJD,/ dqg ryhufrphv wkh sureohp ri kdylqj
wr vhohfw wkh qrq0olqhdulwlhv uhtxluhg wr vhsdudwh pl{hg
vxe0 dqg vxshu0Jdxvvldq vljqdov1 Wkh glvwulexwlrq ri
wkh zdyhohw frh�flhqwv ri fhuwdlq qdwxudo vrxufh vljqdov
lv prghohg e| d Odsodfldq ghqvlw|/ dqg wkhuhiruh lq wkh
wlph0vfdoh grpdlq wkh sureohp ri vhohfwlqj dq dssur0
suldwh dfwlydwlrq ixqfwlrq lv ryhufrph1 H{shulphqwdo
uhvxowv vkrz wkh ydolglw| ri wklv phwkrg1

4 Lqwurgxfwlrq

Wkh uhfryhu| ri d qxpehu ri vrxufh vljqdov iurp revhu0
ydwlrqv zklfk frqwdlq rqo| pl{wxuhv ri wkhvh vljqdov lv
wkh hvvhqfh ri eolqg vrxufh vhsdudwlrq1 Rqh ri wkh dv0
vxpswlrqv dw wkh khduw ri EVV lv wkdw dw prvw rqh vrxufh
kdv d Jdxvvldq glvwulexwlrq1 Lq sudfwlfh/ krzhyhu/ wkh
shuirupdqfh ri EVV dojrulwkpv lpsuryhv dv wkh sured0
elolw| ghqvlw| ixqfwlrqv +sgiv, ri wkh vrxufhv ehfrph ohvv
Jdxvvldq/ d skhqrphqrq wkdw kdv ehhq revhuyhg zkhq
pdsslqj fhuwdlq vljqdov iurp wkh wlph grpdlq wr wkh
iuhtxhqf| grpdlq1 Lq wklv sdshu zh dgguhvv wkh EVV
sureohp lq wkh zdyhohw grpdlq/ dqg pdnh xvh ri dq lp0
djh surfhvvlqj uhvxow wr rewdlq d prgho iru wkh vdpsoh
glvwulexwlrq ri wkh zdyhohw frh�flhqwv ri wkh vrxufhv1
Wkh sursrvhg phwkrg doorzv wkh vhsdudwlrq ri pl{wxuhv
ri erwk vxe0 dqg vxshu0Jdxvvldq vljqdov zlwkrxw kdylqj
wr xvh gl�huhqw qrq0olqhdulwlhv/ dv lv vkrzq e| frpsxwhu
vlpxodwlrq1

5 Sureohp vwdwhphqw

Zkhq q uhdo vrxufhv duh pl{hg e| d wlph0lqyduldqw lq0
vwdqwdqhrxv fkdqqho/ dqg qr qrlvh lv suhvhqw/ wkh p re0
vhuyhg vljqdov duh jlyhq e| ^4`

{+n, @ Dv+n, +4,

zkhuh {+n, 5 Up lv wkh yhfwru ri revhuyhg vljqdov/ dqg
v+n, 5 Uq lv wkh yhfwru ri vrxufh vljqdov/ dvvxphg wr
eh }hur0phdq dqg pxwxdoo| lqghshqghqw1 D 5 Up{q
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Iljxuh 4= Pdwhuqdo dqg irhwdo hohfwurfduglrjudp +HFJ,
frpsrqhqwv h{wudfwhg zlwk wkh MDGH dojrulwkp/ dqg
gh0qrlvhg zlwk ZW1

lv dq xqnqrzq/ ixoo froxpq udqn/ pl{lqj pdwul{/ dqg
w|slfdoo| lw lv dvvxphg wkdw wkhuh duh dw ohdvw dv pdq|
vhqvruv dv vrxufhv/ wkdw lv p � q/ dqg wkdw dw prvw
rqh vrxufh kdv Jdxvvldq glvwulexwlrq1 Wkh vrxufhv duh
uhfryhuhg xvlqj wkh iroorzlqj olqhdu vhsdudwlqj v|vwhp

|+n, @ Z+n,{+n, @ Z+n,Dv+n, +5,

zkhuh |+n, 5 Uq hvwlpdwhv v+n,/ Z+n,5 Uq{p

lv wkh vhsdudwlqj pdwul{/ dqg wkh surgxfw
S +n, @ Z +n, D 5 Uq{q lv nqrzq dv wkh joredo
pl{lqj0vhsdudwlqj pdwul{1 Wkh shuirupdqfh ri d EVV
phwkrg fdq eh dvvhvvhg e| sorwwlqj wkh shuirupdqfh
lqgh{ +SL,/ zklfk lv d phdvxuh ri wkh forvhqhvv ehwzhhq
Z+n, dqg wkh svhxgr0lqyhuvh ri wkh pl{lqj pdwul{/
wdnlqj lqwr dffrxqw wkh vfdolqj dqg rughulqj dpeljxlwlhv1

6 Wkh Zdyhohw wudqvirup

Wkh zdyhohw wudqvirup +ZW, pdsv d vljqdo iurp
wkh wlph grpdlq wr wkh wlph0vfdoh grpdlq1 Glvfuhwh
zdyhohwv duh gh�qhg dv

#m>t +n, @ 5�m@5#
�
5�mn � t

�
+6,

zkhuh m> t 5 ]1 Wkh uhvxowlqj ixqfwlrqv irup d vhw ri glv0
fuhwh zdyhohw edvlv ixqfwlrqv ^5`/ dqg wkh zdyhohw wudqv0
irup ri d vljqdo { +n, lv jlyhq e| wkh lqqhu surgxfw ri
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Iljxuh 5= Vdpsoh sgiv iru wkh vrxufhv vkrzq lq Ilj1 4
+xsshu sorwv,/ vdpsoh sgiv ri fruuhvsrqglqj zdyhohw fr0
h�flhqwv +plggoh sorwv/ vrolg olqhv,/ �wwhg glvwulexwlrqv
+plggoh sorwv/ grwwhg olqhv, dqg uhvlgxdo huuru +orzhu
sorwv,1

wkh vljqdo zlwk hdfk zdyhohw=

fm>t @
�
{ +n, > #m>t +n,

�
+7,

zkhuh fm>n ghqrwhv wkh wudqvirup frh�flhqwv/ dqg +�> �,
uhsuhvhqw wkh lqqhu surgxfw1 Wkh h{suhvvlrq lq htxd0
wlrq +7,/ wrjhwkhu zlwk wkh olqhdulw| surshuw| ri wkh lq0
qhu surgxfw/ ohdgv wr wkh iroorzlqj uhvxow/ xvhixo zkhq
dvvhvvlqj wkh shuirupdqfh ri EVV phwkrgv rshudwlqj lq
wkh zdyhohw grpdlq1 Zkhq wkh pl{lqj pdwul{ D lv wlph0
lqyduldqw/ wkh zdyhohw wudqvirup ri wkh l0wk revhuyhg vlj0
qdo {l +n, @

Sq
o@4

dlovo +n, lv jlyhq e|

Z i{l +n,j @
q[

o@4

dlo

�
vl +n, > #m>t +n,

�
+8,

Wkxv/ wkh zdyhohw wudqvirup ri +4, lq pdwul{ irup lv

f{@ Dfv +9,

zkhuh f{ @
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�
vp +n, > #m>t +n,

��
duh/

uhvshfwlyho|/ wkh yhfwruv ri zdyhohw wudqviruphg vhqvruv
dqg vrxufhv1 Lw iroorzv wkdw wkh vrxufhv hvwlpdwhg lq wkh
zdyhohw grpdlq |Z +n, duh jlyhq e|

|Z +n, @ Z +n, f{ @ Z +n, Dfv +:,

Khqfh/ SL uhpdlqv d phdqlqjixo shuirupdqfh phdvxuh
iru EVV dojrulwkpv rshudwlqj lq wkh zdyhohw grpdlq1
Wkh zdyhohw frh�flhqwv ri qdwxudo lpdjhv kdyh ehhq uh0
sruwhg wr kdyh kljko| qrq0Jdxvvldq vwdwlvwlfv/ zklfk fdq
eh prghohg xvlqj d Odsodfldq sgi ri wkh irup ^6`

iv>s +f, @ h�mf@vm
�

@Q +v> s, +;,

zkhuh Q +v> s, @ 5v� +4@s, @s/ dqg � +o, @
U 4

3
wo�4h�wgw/

lv wkh Jdppd ixqfwlrq1 H{suhvvlrqv iru wkh yduldqfh
�5/ dqg nxuwrvlv n ri wkh glvwulexwlrq duh jlyhq lq ^6`1
Iuhtxhqf| dqg wlph0iuhtxhqf| dssurdfkhv wr EVV kdyh
ehhq prwlydwhg e| wkh revhuydwlrq wkdw fhuwdlq vljqdov
duh ohvv Jdxvvldq lq wkh iuhtxhqf| grpdlq wkdq wkh| duh
lq wkh wlph grpdlq1 Wr ghprqvwudwh wkh ydolglw| ri wkh
prgho +;,/ dssolhg wr wkh glvwulexwlrq ri wkh zdyhohw fr0
h�flhqwv ri rqh0glphqvlrqdo +40G, qdwxudo vljqdov/ zh
xvh wkh ohdvw vtxduhv fxuyh �wwlqj phwkrg/ wr �w wkh
Odsodfldq sgi lq +;, wr wkh vdpsoh sgi ri wkh zdyhohw
grpdlq uhsuhvhqwdwlrq ri wkh vljqdo1 Wkh vdpsoh sgiv ri
wkh vrxufhv lq Ilj1 4/ dqg �wwhg vdpsoh sgiv ri wkhlu
zdyhohw frh�flhqwv duh looxvwudwhg lq Ilj1 5 +plggoh
sorwv,1 Wkh orzhu sorwv vkrz wkh uhvlgxdo huuru/ jlyhq
e| h @ iv>s +fv � , � t +fv � ,/ zkhuh iv>s +fv � , lv wkh �wwhg
sgi iru wkh zdyhohw frh�flhqwv ri wkh l0wk vrxufh/ dqg
t +fv � , lv wkhlu wuxh vdpsoh sgi1 Fohduo|/ wkh Odsodfldq
glvwulexwlrq prghov wkh vwdwlvwlfv ri wkh zdyhohw frh�0
flhqwv yhu| forvho|1 Wkh nxuwrvhv ri wkh vrxufhv lq erwk
grpdlqv duh dovr frpsduhg lq Ilj1 5/ lqglfdwlqj wkdw wkh
vljqdov duh ohvv Jdxvvldq lq wkh zdyhohw grpdlq wkdq lq
wkh wlph grpdlq1

7 Qdwxudo judglhqw dojrulwkp

Wkh QJD dojrulwkp xsgdwh htxdwlrq lv jlyhq e|

Z+n . 4, @ Z+n, . �+n,^L � i+|+n,,|W +n,`Z+n, +<,

zkhuh i+ |+n,, lv dq rgg qrq0olqhdu ixqfwlrq ri wkh rxw0
sxw/ fdoohg wkh dfwlydwlrq ixqfwlrq/ zkrvh fkrlfh gh0
shqgv rq wkh vwdwlvwlfv ri wkh vrxufhv/ dqg �+n, lv d
srvlwlyh dgdswlyh ohduqlqj sdudphwhu gh�qhg lq ^4`1

8 Wlph0vfdoh dssurdfk

Wkh wlph0vfdoh dssurdfk lv dv iroorzv=

41 wkh pl{wxuhv duh glylghg lqwr eorfnv ri Q vdp0
sohv/ wkhlu zdyhohw wudqvirup lv hydoxdwhg/ dqg kdug0
wkuhvkroglqj lv dssolhg1

51 QJD vhsdudwhv vhtxhqwldoo| wkh wudqviruphg vljqdov
lq wkh zdyhohw grpdlq/ ohdglqj wr |Z � +n,

61 wkh lqyhuvh zdyhohw wudqvirup jlyhv Q vdpsohv ri
wkh hvwlpdwhg vrxufhv | +n,1 Vwhsv 406 duh wkhq uh0
shdwhg iru wkh qh{w eorfn ri gdwd1

Uhgxflqj wkh qrlvh ohyho lv h{shfwhg wr lpsuryh wkh
shuirupdqfh ri QJD ehfdxvh lqyduldeo| wuxh phdvxuh0
phqwv duh qrlv|/ zkloh wkh dojrulwkp lv ghulyhg rq wkh
dvvxpswlrq wkdw wkh vrxufhv duh pl{hg lq wkh devhqfh
ri qrlvh1 Dowkrxjk qrw vdwlvi|lqj wklv k|srwkhvlv ixoo|/
wkh pl{wxuhv rewdlqhg diwhu gh0qrlvlqj duh ehwwhu vxlwhg
iru surfhvvlqj e| QJD wkdq sulru wr qrlvh uhprydo1
QJD uhtxluhv d sulrul nqrzohgjh derxw wkh vwdwlvwlfv
ri wkh vrxufhv/ dqg gl�huhqw qrq0olqhdulwlhv duh vhohfwhg
iru wkh vhsdudwlrq ri vxe0 dqg vxshu0Jdxvvldq vrxufhv1
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Iljxuh 6= EVV lq wkh zdyhohw grpdlq1

Dovr/ wkh dojrulwkp pd| idlo zkhq pl{wxuhv ri erwk
vxe0 dqg vxshu0Jdxvvldq vljqdov duh revhuyhg1 Wr dg0
guhvv wkhvh gl�fxowlhv/ wlph0ydu|lqj qrq0olqhdulwlhv fdq
eh hpsor|hg/ dssursuldwho| vhohfwhg iru hdfk fkdqqho df0
fruglqj wr wkh vwdwlvwlfv ri wkh rxwsxw ^4`1 Wkh prvw
uhpdundeoh surshuw| ri wkh wlph0vfdoh dssurdfk lv wkdw
wkh sureohp ri vzlwfklqj ehwzhhq dfwlydwlrq ixqfwlrqv lv
ryhufrph/ ehfdxvh wkh zdyhohw frh�flhqwv ri wkh vrxufhv
fdq eh prghohg e| d Odsodfldq sgi/ dqg wkhuhiruh wkh
dfwlydwlrq ixqfwlrq qhhg qrw fkdqjh zkhq wkh vrxufhv
duh vxe0Jdxvvldq1

814 Frqyhujhqfh ri dojrulwkp

Wkh lqfuhdvh lq vrxufh nxuwrvlv lq wkh zdyhohw grpdlq
fdq eh h{suhvvhg pdwkhpdwlfdoo| dv

�Z
4

A �4 dqg �Z
5

A �5 +43,

zkhuh �l dqg �Z
l duh/ uhvshfwlyho|/ wkh nxuwrvlv ri wkh l0

wk vljqdo dqg ri lwv zdyhohw frh�flhqwv1 Srvw0pxowlso|lqj
+<, e| wkh pl{lqj pdwul{ D/ zh rewdlq dq h{suhvvlrq iru
wkh joredo pl{lqj0vhsdudwlqj v|vwhp

S +n . 4, @ S +n, . � +n, ^L � I| +n,` S +n, +44,

zkhuh I| +n, @ i +| +n,, |W +n,1 Fkdudfwhulvdwlrq ri wkh
wudqvlhqw ehkdylrxu ri wklv v|vwhp lv w|slfdoo| d yhu|
fkdoohqjlqj wdvn ^7`/ gxh wr wkh furvv0frxsolqj ri wkh
hohphqwv ri S +n,1 Frqyhujhqfh vshhg ghshqgv rq wkh
vhfrqg whup rq wkh uljkw0kdqg vlgh ri +44,1 Wr d �uvw
dssur{lpdwlrq/ dq lqfuhdvh lq +L � I| +n,, uhvxowv h�hf0
wlyho| lq wkh dojrulwkp wdnlqj d odujhu vwhs lq wkh gh0
vfhqw gluhfwlrq/ zklfk lv ghvludeoh gxulqj lqlwldo frqyhu0
jhqfh zkhq wkh �owhu sdudphwhuv duh dzd| iurp wkhlu
rswlpdo ydoxhv1 Frqyhuvho|/ frqyhujhqfh ri wkh phdq ri
wkh dojrulwkp lv hqvxuhg zkhq olpn�$4 H iI| +n,j @ L1
Wkxv/ vrph jurzwk lq wkh gldjrqdo hohphqwv ri �I| +n,
zloo jhqhudoo| lqfuhdvh wkh frqyhujhqfh vshhg ri wkh do0
jrulwkp/ dv zloo d pruh udslg ghfd| ri wkh r�0gldjrqdo
hohphqwv1 Dv lq ^8`/ zh dssur{lpdwh wkh dfwlydwlrq ixqf0
wlrq iru vxshu0Jdxvvldq vrxufhv wdqk +|l +n,, zlwk wkh
Pdfodxulq*v vhulhv1 Krzhyhu/ vlqfh zh vhhn wr h{suhvv
+44, lq whupv ri wkh nxuwrvhv ri wkh vrxufhv/ wkh vhulhv
lv wuxqfdwhg dw ghjuhh 61 Wkxv/ ljqrulqj wkh wlph lqgh{
iru frqyhqlhqfh/ wkh qrq0olqhdulw| lv wdqk +|l, * |l� 4
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rqo| wkh gldjrqdo hohphqwv ri I| +n,/ dqg dsso|lqj wkh
vwdwlvwlfdo h{shfwdwlrq rshudwru/ zh kdyh
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zkhuh wkh h{shfwdwlrq lv zlwk uhvshfw wr wkh hohphqwv
ri Z +n, dqg wkh vrxufhv dqg/ dv lq ^7`/ lw kdv ehhq
dvvxphg wkdw wkh hohphqwv ri Z +n, duh lqghshqghqw ri
wkh vrxufhv1 Dw wlph n @ 3 zh kdyh

H ii4 +3, |4 +3,j * E4 +3, �
4

6
+� +3, �4 . � +3, �5,

H ii5 +3, |5 +3,j * E5 +3, �
4

6
+� +3, �4 . � +3, �5,

+46,

Vhsdudwlrq lq wkh wlph0vfdoh grpdlq ohdgv wr

SZ +n . 4, @ SZ +n, . � +n,
k

L � IZ
| +n,

l

SZ +n,

+47,

Jhqhudoo|/ S +n, 9@ SZ +n,/ ehfdxvh w|slfdoo| +44, dqg
+47, zloo kdyh gl�huhqw g|qdplfdo fkdudfwhulvwlfv1 Dw
wlph n @ 3/ krzhyhu/ dvvxplqj wkdw Z +3, lv wkh vdph
lq erwk grpdlqv/ +46, ehfrphv
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Iljxuh 7= Dyhudjh ehkdylrxu ri wkh hohphqwv ri

� +n, +L � I| +n,, dqg � +n,
�

L � IZ
| +n,

�

= r�0gldjrqdo

+xsshu irxu sorwv,/ gldjrqdo hohphqwv +orzhu irxu sorwv/
vrolg olqhv, �wwhg h{srqhqwldo hqyhorshv +grwwhg olqhv,/
dqg frpsdulvrq ri frqyhujhqfh ri wkh wzr dojrulwkpv=

Wkxv/

gldj
�

L � IZ
| +3,

�

A gldj +L � I| +3,, +4;,

Lq jhqhudo/ dvvxplqj wkdw dw wlph n wkh pdwul{ S +n, kdv
wkh vdph ydoxh lq erwk grpdlqv/ +4;, ehfrphv
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kdyh ehhq ljqruhg eh0

fdxvh gxulqj lqlwldo frqyhujhqfh wkh gldjrqdo hohphqwv
duh odujh dqg grplqdwh dojrulwkp shuirupdqfh1 Wklv
lv looxvwudwhg lq Ilj1 7/ zklfk vkrzv wkh hyroxwlrq
ri wkh hohphqwv ri wkh pdwulfhv � +n, +L � I| +n,, dqg

� +n,
�

L � IZ
| +n,

�

/ dyhudjhg ryhu 63 lqghshqghqw wul0

dov/ zkhuh wkh frqwulexwlrqv ri wkh vwhs0vl}h sdudphwhuv
kdyh ehhq wdnhq lqwr dffrxqw vlqfh/ gxh wr wkhlu vhoi0
dgdswlyh qdwxuh/ wkh| sod| d uroh lq wkh ehkdylrxu ri
wkh dojrulwkp1 H{srqhqwldo hqyhorshv duh �wwhg wr wkh
zdyhirupv wr frpsduh wkh udwh ri frqyhujhqfh ri wkh
wzr dojrulwkpv/ dqg lqglfdwh wkdw QJD kdv idvwhu frq0
yhujhqfh vshhg zkhq rshudwlqj lq wkh zdyhohw grpdlq1

9 Vlpxodwlrqv

Wkh vrxufhv lq Ilj1 4 duh pl{hg e| d vwdwlrqdu| fkdqqho/
}hur phdq Jdxvvldq qrlvh dw 43gE VQU lv dgghg/ dqg
wkh qrq0olqhdulw| lv il+|l+n,, @ wdqk+|l+n,,= Wkh vljqdov
duh vhsdudwhg/ lq 63 lqghshqghqw wuldov/ zlwk frqyhq0
wlrqdo QJD/ dqg QJD lq wkh zdyhohw grpdlq1 Vlqfh SL
lq wkh wlph0vfdoh grpdlq lv d ydolg shuirupdqfh phd0
vxuh/ wkh shuirupdqfh lqglfhv rewdlqhg zlwk wkh wzr
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Iljxuh 8= SLv rewdlqhg zlwk QJD dqg QJD lq wkh
zdyhohw grpdlq zkhq wkh vhqvruv duh pl{wxuhv ri d, wzr
vxshu0Jdxvvldq vrxufhv/ dqg e, rqh vxshu0Jdxvvldq dqg
wzr vxe0Jdxvvldq vrxufhv1

phwkrgv duh frpsduhg lq Ilj1 8d1 Lw vkrzv wkdw wkh
zdyhohw grpdlq dssurdfk uhvxowv lq idvwhu frqyhujhqfh
vshhg wkdq wlph grpdlq QJD1 Iroorzlqj frqyhujhqfh/
d orzhu SL lv dovr rewdlqhg1 Lpsuryhg dojrulwkp shuiru0
pdqfh lv odujho| gxh wr wkh vdpsoh sgi ri wkh vrxufhv
ehlqj forvhu wr d Jdxvvldq glvwulexwlrq wkdq wkh sgi ri
wkhlu zdyhohw frh�flhqwv1 Ilj1 8e vkrzv wkh dyhudjh shu0
irupdqfh ri wkh wzr phwkrgv zkhq wkh irhwdo HFJ dqg
wzr vxe0Jdxvvldq vrxufhv duh pl{hg e| d wlph0lqyduldqw
lqvwdqwdqhrxv fkdqqho/ dqg wkh dfwlydwlrq ixqfwlrq lv
il+|l+n,, @ wdqk+9 � |l+n,,= Wkh uhvxowv fohduo| vkrz
wkdw zkhq rshudwlqj lq wkh wlph grpdlq QJD glyhujhv/
wkxv idlolqj wr vhsdudwh wkh vrxufhv1 Frqyhuvho|/ zkhq
vhsdudwlrq lv fduulhg rxw lq wkh wlph0vfdoh grpdlq wkh
dojrulwkp frqyhujhv txlwh txlfno| dqg wkh shuirupdqfh
lqgh{ uhpdlqv orz wkhuhdiwhu1

: Frqfoxvlrqv

QJD rshudwlqj lq wkh zdyhohw grpdlq uhvxowv lq kljkhu
frqyhujhqfh vshhg wkdq zkhq lw vhsdudwhv lq wkh wlph
grpdlq1 Ixuwkhupruh/ wklv dssurdfk vhsdudwhv pl{wxuhv
ri vxe0 dqg vxshu0Jdxvvldq vljqdov zlwkrxw wkh qhhg wr
vzlwfk ehwzhhq gl�huhqw qrq0olqhdulwlhv1
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