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1. ABSTRACT

In this paper we addresghe problemof estimatingthein-
stantaneoufrequengy (IF) of an FM modulatedsignalin

the presenc®f multiplicative andadditive noiseprocesses.

In particular we considerthe estimationof theIF of there-
ceived signalat the mobile unit antenna.We show thatthe
existing non-parametrienethodsasedn the WignerVille
spectrum(WVS) fail to extractthe desiredsignal. Instead,
thefirst momentof the WignerVille distribution (WVD) of
the signalcanbe usedto estimatethe IF of the signalun-
derconsiderationThe estimatoris unbiasecandanalytical
expressiongor the varianceof the estimatorin theabsence
andpresenc®f additive noisearegiven.

2. INTRODUCTION

In mary applicationsuchassonarradar andtelecommuni-
cations,the instantaneoufrequeng (IF) carriesthe useful
information[1, 2]. It is, thereforeof greatimportanceto
have accurateandeffective IF estimationmethods Most of
theexisting IF estimationtechniqguesissumehatthe signal
underconsideratiorhasa constantamplitude. While this
is an acceptableassumptiorin mary casesjn somesitua-
tions the signalis subjectedo a randomamplitudemodu-
lation which canbe modelledas multiplicative noise. One
of suchsituationsis fadingin wirelesscommunicatiorsys-
temswheretheinformationbearingsignalsarefadedby the
time-varying propagatiormedium[3, chapter6].
Existingmethoddor estimatingthe IF of agivensignal
in the presenc®f multiplicative noisecanbe classifiednto
two classes.Thefirst classconsistsof parametrianethods
which usea modelfor the IF of the signalandtry to esti-
matethe parametersf the model[4, 5]. The secondclass
consistsof non-parametrianethodswhich do not require
thefull knowledgeof the signal. A well-known subclasof
non-parametrienethodsfor IF estimation,is basedon the

time-frequeny distribution (TFD) of the signal[1].

In [6, 7, 8, 9] the peakof the WignerVille spectrum
(WVS) is proposedasan estimatorfor the IF of frequeny
modulatedsignalsin the presenceof multiplicative noise.
Althoughthe estimatordasedon the time-frequeng spec-
trum areusefulin someapplicationsye show thatthey fail
to estimatethe IF of the receved signalat the mobile unit
antenna. Instead,in this paper we proposeanothernon-
parametriestimatobasedn thefirst-ordermomentof the
WignerVille distribution (WVD) of the signal. Statistical
performancef theestimatoiis evaluatedn the presencef
additive andmultiplicative noise.

Theremaindeof this papelis organisedasfollows. Sec-
tion 3 describeshemodelof thesignalrecevedby the mo-
bile unitantennaln sectior4, thelF estimatoibasednthe
WVS of thesignalis reviewedbriefly. We show thatthis es-
timatorwould have asignificanterrorin estimatinghelF of
thereceivedsignalby themobileunit. In sections, we shav
thatthefirst-ordermomentof the WignerVille distribution
(WVD) of thereceivedsignalcanextractthedesiredsignal.
Expressiondor the varianceof the WVD-basedestimator
aregivenin section6. Section7 concludeshe paper

3. SIGNAL MODEL

Therecevvedsignalat the mobile unit antennacanbe mod-
elledasan FM modulatedsignalwith time-varyingampli-
tudeas|3, page:272]

y(t) = m(t)x(t) + n(t) 1)

wherem(t) is the resultof a constructve and destructve
superpositiorof planewavesat the recever input, referred
to as multi-path component,n(t) representshe additive
bandpas$Gaussiamoise centredat the carrier frequeng,
fe, with two-sidedpower spectradensity(PSD).S,,,.(f) =



No/2,and

z(t) = exp{j2n(f.t + fA/O s(r)dr)} . (2)

In (2), fa is the frequeny deviation, and s(t) is the ac-
tual messageThe multi-pathcomponentn(t), canalsobe
written as[3, page:241]

m(t) = r(t) exp{j¢r(t)} 3)

wherer(t) is Rayleighdistributed,and,(¢) is uniformly

distributedover [0, 27). Theaimis to recorerthe message

signals(t), givenonerealisationof thereceivedsignaly ().
ThelF of thesignalz(t) is givenby [10]

fiw(t) = fe+ fas(?) . (4)

Sincethe messagesignalis clearly in the IF of the signal
z(t), to be ableto to recover the messageignals(t) from

therecevedsignaly(t), we needto solve the problemof es-
timatingtheIF of thesignalz(t) in the presencef additive

andmultiplicative noise.In the next section,we review the

currently existing solutionto this problem,which is based
onthe WVS.

4. WVSBASED IF ESTIMATOR
TheWVS of ananalyticsignalz(¢) is definedas|[1]
W (t, f) = E{W.(t, f)} (5)

whereE{ } standdor theexpectatioroperatoandW, (¢, f)
is theWVD of z(t) whichis definedas

o0

w.t.n)= [

—00

2(t+ %)z*(t - %)e_ﬂ”deT. (6)

It followsthatfor anon-stationaryandomsignalz(¢) which
is the productof a comple-valuedstationaryrandompro-
cessz(t) multiplied by adeterministicmon-stationarngignal
h(t), namely

z(t) = a(t)h(t) ()

theWVS is givenby

W, (t7 f) = Saa(f) *f Wh, (t, f) (8)

whereS,,(f) isthePSDof a(t), ands; standdor thecon-
volution operatorwith respecto f. It hasbeenshavn that
the peakof the W, (t, f) is an optimal estimatorfor the IF
when z(t) is a linear FM signal. In the caseof polyno-
mial phasesignalstheuseof thepolynomialWVS hasbeen
shawvn to give optimalestimatiorof thelF [7, 11]. Weshav
thatthis claim is true only when S, (f) hasits maximum
at f = 0. Supposehatthesignalh(t) in (7) is alinearFM

signal, h(t) = exp{j2n (Bt + at?/2)}. ThelF of h(t) is
givenby [10]

fit) =B +at )
andbecauséVy, (¢, f) = 6(f — fi(t)) ([12]), we obtain

Wz(taf) = Saa(f - fz(t)) .

From(10),it is clearthatW., (¢, f) hasa peakalongthe IF
of h(¢), if andonly if S,,(f) hasits maximumat f = 0.
Otherwisethe peakof the WVS cannot beusedto estimate
thelF of alinearFM signal.

Now considertherecevedsignalat the mobile unit an-
tenna. The PSD of the multiplicative noisem(t) in (3) is
givenby [3, page:246]

(10)

_ 3f?
22 fR - P2

where f,, = % (wherew is the velocity of the mobile unit
and ) is the wavelengthof the recevved signal)is the max-
imum Dopplerfrequeng shift. The PSDof m(t) is showvn
in Fig. 1. Clearly, the maximumof S,,,,(f) occursat

[fl = fm.

Smm(f) (11)
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Fig. 1. Pawver spectraldensityof the multiplicative noisem(t) in

(D).

It followsthat,evenin theabsencef additive noise the
peakof the WVS cannot be usedto recover the message
signals(t) from therecevedsignaly(t).

5. WVD-BASED IF ESTIMATOR

The first-ordermomentof the WVD of the signal z(¢) is
definedas[1]

W D
[SRIACH

Q.(t) (12)



Basedon the above definition, we canderive thefirst-order
momentof theWVD of z(t) = a(t) exp{jo(t)} as[12]

0.0 = 5-d(0) (13

whichis exactly the IF of the signalexp{j#(t)}. This sug-
gestghatthefirst-ordermomentof theWVD canbeusedto
estimatethe IF of a signalin the presencef multiplicative
noise. In the next section,basedon the first-ordermoment
of theWVD of y(¢) in (1), we proposeanestimatorfor the
messagsignalas

4(t) = @)~ fe (14)

fa
andevaluateits performanceén theabsencandpresencef
additive white Gaussiamoise(AWGN).

6. STATISTICAL PERFORMANCE EVALUATION

6.1. In the Absence of Additive Noise

In the absencef additive noise(n(t) = 0), thefirst-order
momentof the WVD of the received signal at the mobile
unitis .

Q(t) = fot fast) + 5-0: (). (15)

Thesecondermof eq. (15) is proportionalto the message
signal,but thethird termis the IF of the multi-pathcompo-
nent,m(t), which referredto asrandomFM. Thereforeeq.
(14) canbe usedto estimatethe messagesignal s(t). The
errorin estimatings(¢) usingthe estimatorin (14)is

1 .
= m%(t) . (16)

Lee[3, page:254] hasderivedthe probability densityfunc-
tion of ¢,. as

p("br) =

el(t)

I
V2Bv-  (Bv)?

where = 2Z. It follows thatthe randomFM signali), (t)
is zeromeanandits power in a frequeny band(fi, f2) is
[3, page:256]:

7] 17)

B0y =P w2 (18)
1
Using (16) andthefactthats), (t) is zeromeanwe obtain
E{ei(t)} =0. (19)

Thereforethe estimatorin (14) is unbiasedandits variance
is

1 )
mE{Vﬁf(t)}

_ Yimpa 2

= Gy (20)

Var(3t)) =

For typical values: f. = 900 MHz, f; = 300 Hz, f» =
3000 Hz, and fo = 18 KHz, the varianceof the estimator
asa function of the mobile unit velocity hasbeenshavn in
Fig. 2.
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Fig. 2. Estimatorvarianceasa function of the mobile unit veloc-
ity, in theabsencef additive noise.

Whenthe mobile unit velocity is zero,the randomFM
componentin (15) disappearsand the varianceof the es-
timator becomeszero. Sincethe power in randomFM is
proportionalto v? (eq. (18)), the varianceof the estimator
increasessthe mobile unit velocity increases.

6.2. InthePresence of AWGN

Using the ervelope-phaselescription,n(t) in (1) canbe
written as

n(t) = Ru(t) exp{j2r(fct + ¢n(t))} . (21)

Basedon the resultsin [13, section7.5], whenthe signal-
to-noiseratio at the recevver inputis morethanathreshold
level (10 dB), thefirst-ordermomentof W, (¢, f) in (1) can
bewrittenas

(1) = fo + fas(®) + 500 + 60 (22)

whereg(t) containdbothmessagandnoisewith E{£(t)} =
0 andthepower[13, page:278]

No
65,

in afrequeny band(f1, f2), wheresS,, is the power of the
signalz(t). Ontheotherhand,in the presencef n(t), the
errorin estimatings(t) using(14)is

1 . 1

m¢r (t) + f—Af(t) . (24)

E{&(t)} = o~ (f3 = 1) (23)

ex(t) =



Using the fact thatboth 4, (t) and£(t) arezeromean,we
obtain
E{es(t)} =0. (25)

It follows thatin the presenceof AWGN the estimatorin
(14)is unbiasedandits variancels

1 fma, [o No
= (22 mZ 4 0

2(fA) fi  6fXS.
Fig. 3 shaws the varianceof the estimatoras a function
of the mobile unit velocity in the presencef AWGN with
(2)r = 10 dB. Thevaluesfor f., fi, f2, and fa arethe

N - .
sameasin Fig. 2.

Var(s(t)) (f5 = 17). (26)
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Fig. 3. Estimatorvarianceas a function of the velocity of the
mobileunit, in the presencef AWGN with (£ )z = 10 dB.

Sincethe contrikbution of the additive noiseto the vari-
anceof the estimatoris independenof the mobile unit ve-
locity, Fig. 3 and2 arethe sameexceptfor a verticalshift.

7. CONCLUSION

This paperconsideredhe estimationof the IF of the re-

ceivedsignalatthemobileunit antennausingusingthefirst

momentof the WignerVille distribution (WVD) of thesig-

nal. This signal could be modelledasa frequeny modu-
lated signal affectedby complex-valuedmultiplicative and
additive noise. We shoved thatthe estimatorwasunbiased
andexpressiondor the varianceof the estimatorwere de-

rived.
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