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ABSTRACT

In this paper, we de�ne and analyse some proper-

ties of a class of order �lters. These �lters can be

regarded as adaptive L-Filters which can be tuned

by setting only one parameter instead of N , where

N is the �lter size. Deterministic and statistical

properties are discussed. Experimental results ob-

tained on both synthetic and real images show that

the noise reduction e�ect of the new �lter is similar

to that of optimal L-Filters and optimal Lp-Filters

whereas the edge preservation is improved.

1 INTRODUCTION

The Lp norm approach to image �ltering provides

alternatives to the least square (L2) technique.

Furthermore, the Lp norm method (p 6= 2) per-

forms better than the least square method for all

non-Gaussian noise distributions [1, 2, 4]. However,

some di�culties arise in the computation when pa-

rameter p is not an integer value. We have shown

[5] that an appropriate linearization with respect

to the order statistics means provides an easy way

to evaluate the Lp-�lter performances. Close to

the optimal p, the Lp-�lter and its L-Filter ap-

proximation give similar output and have similar

output variances. The corresponding L-Filter does

not only depend on p but also on the order statis-

tics expected values. In this paper, we use the same

structure and apply it to design a new operator for

signal or image processing. Unlike the correspond-

ing L-Filter, the proposed �lter coe�cients depend

only on the parameter p and do not require the

computation of the order statistics expected values.

It is well-known that the parameter p of Lp-�lters is

basically related to the noise distribution. The new

operator preserves this property. The new operator

can then be adapted to various noise distributions

by tuning only one parameter (namely p). Deter-

ministic and statistical properties of the new �lter

are analyzed and simulation results are given. Ex-

perimental results obtained on both synthetic and

real images are shown.

2 THE NEW FILTER

2.1 De�nition

Let xk (resp. yk) be the input signal sample (resp.

output) at location k. We consider a window hav-

ing size N=2n+1 centered at location k. The �lter

output yk is de�ned by:

yk =
NX

i=1

cix(i) (1)

where x(i) is the i
th order statistic

and

cj =
j�(p)�

jw(j)j

jw(1)j
jp�2

PN
i=1 j�(p)�

jw(i)j

jw(1)j
jp�2

(2)

w(i) = x(N�i+1)� x(i) is the i
th quasi-range, w(1) is

the range, �(p) = 0:01 tanh(2(p� 1)).

The proposed �lter depends on a single parame-

ter. It should be noticed that for p = 2, the �lter

is linear (Mean Filter).

2.2 Filter Analysis

The new �lter can be regarded as a L-Filter ap-

proximation of the Lp-Filter [5].

In fact, the Lp-Filter output yk is:



yk = argmin �(y) with �(y) =
NX
i=1

jy�x(i)j
p

p � 1

(3)

By linearizing with respect to the order statistics

expected values, we have: yk �
PN

i=1 aix(i)

and

aj =
j�x(j)j

p�2

PN
i=1 j�x(i)j

p�2
(4)

where �xj is the i
th order statistic expected value.

For (1 < p < 2), this equation presents discontinu-

ities in the distribution of coe�cients aj . To cope

with this di�culty, an o�set �(p) is introduced (see

equation (2), more details are given in [5]). The

computation of (4) or (5) requires the probability

density function of the ith order statistic. The noise

probability density function must be known or es-

timated.

Moreover, we have shown that the performances of

this L-Filter are close to the optimal Lp-Filter and

the optimal L-Filter [3].

Using the new �lter is equivalent to estimate the

noise order statistics expected values by the half of

the quasi-range.

3 DETERMINISTIC PROPERTIES

In this section, we examine the e�ects of the new

�lter along a step edge and a ramp edge. The pro-

posed �lter is :

� Shift-invariant

� Scale-invariant

These properties are a direct consequence of

equation (2).

� Step edge response

Figure 1 shows a 1D step edge. Let q be the number

of pixels of intensity h in the �lter window.

q = 0 for k < �(n+ 1)

q = N for k � n

q = n+ k + 1 for k 2 [�n;+n]

The �lter output, at location k, is given by:

y =

8>>>>><
>>>>>:

u (�(p)+h)p�2

2u (�(p)+h)p�2+(1�2u)p�2

for q < N+1
2

(2 u�1) �(p)p�2+(1�u) (�(p)+h)p�2

2 (1�u) (�(p)+h)p�2+(2u�1) �(p)p�2

for q � N+1
2

(5)
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Figure 1: Step Edge

with u = q
N
.

Figure 2 shows the response of the new �lter and

of the Lp-Filter for two values of parameter p. We
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Figure 2: Filter response to a step edge.

can notice that for p ranging for 1:0 to 1:5 there is

a good edge preservation. In these conditions, the

new �lter is better than the classical Lp-Filter.

� Ramp edge response

Figure 3 shows the response of the new �lter and

of the Lp-Filter for two values of parameter p. The
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Figure 3: Filter response to a ramp edge.

new �lter behavior in the presence of ramp edge is

better than classical Lp-Filter.



4 STATISTICAL PROPERTIES

In this section, we consider the noise reduction ef-

fect which can be evaluated by means of the �lter

output variance, when the input is a noisy signal.

We consider a constant signal s corrupted by a zero-

mean white noise. Performances of the new �lter

are compared with those of the optimal Lp-Filter

and of the optimal L-Filter (See Figure 4).

We remark that the proposed operator is close to
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Figure 4: Output variance as a function of param-

eter p, Lp-Filter, Optimal L-Filter and the new �l-

ter.

the Lp-Filter. We can also notice that the output

variance of the optimal L-�lter and of the proposed

�lter are similar for each noise distribution. This

study points out the fact that, for heavy tailed noise

distributions, the noise reduction e�ect of the new

�lter is the same as that of the optimal L-Filter

and of the optimal Lp-Filter whilst its behaviour

near the edges is better. This property is no longer

true for shallow-tailed distribution for which the

parameter p is set to a value greater than 2.

5 EXPERIMENTAL RESULTS

In this section we present results obtained with syn-

thetic and real images. They are compared with

those obtained with the standard Lp-�lter. Origi-

nal, �ltered and coutour images are displayed.

� Synthetic images

Figure 5 shows the results obtained with a synthetic

image from the CNRS database (SAVOISE.gdr).

This image is corrupted by an exponential noise.

In this case, the optimal p value is 1:2 for a 5x5

�lter size.

The new �lter and the Lp-Filter have similar per-

formances in terms of noise reduction. This result

con�rms the simulation study presented in the pre-

vious section.

� Real images

Figure 6 shows the results obtained with a real im-

age from the CNRS database (MRI.gdr).

The e�ect of the new �lter can be analysed in term

of noise reduction and edge preservation. Image

details are preserved and the noise is smoothed.

Because of its better edge preservation property,

the new �lter yields a better edge map than the

Lp-Filter. (see Figure 6d-6f).

6 CONCLUSION

A new operator for image pre-processing is intro-

duced. The main interest of this �lter is that it can

be adapted to various noise distributions by tuning

only one parameter (namely p) instead of N for a L-

�lter [3]. This �lter preserves edges rather well for a

large range of values of p (1 � p < 1:5). This allows

to design �lters adapted to various noise statistics.

Moreover, the �lter requires few operations, making

it attractive for applications in image processing.
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Figure 5:

(a) Original image SAVOISE.gdr corrupted by additive

white exponential noise, �2=100;

(b) Deriche edge detector output of (a), � = 1:9;

(c) Output of the new �lter, size=5x5, p = 1:2;

(d) Deriche edge detector output of (c), � = 1:9;

(e) Output of the Lp-�lter,size=5x5, p = 1:2;

(f) Deriche edge detector output of (e), � = 1:9.
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(c) (d)
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Figure 6:

(a) Original image MRI.gdr;

(b) Deriche edge detector output of (a), � = 2:1;

(c) Output of the new �lter, size=7x7, p = 1:5;

(d) Deriche edge detector output of (c), � = 2:1;

(e) Output of the Lp-�lter,size=7x7, p = 1:5;

(f) Deriche edge detector output of (e), � = 2:1.


