
B,�,+�AW�� �6 W#,���A,�A ����A��,

���w,�� 6N��AW��5

W*)@ 5�4�*i��U�

N?��iht�|) Lu ���4i}i?

A�i �i|�ih*@?_t

f�2>�'D p�2�'f��Q�7=�Q����=�='

DEVWUDFW

Wklv sdshu irfxvhv rq wkh fodvv ri lghpsrwhqw prqrwrqh

Errohdq ixqfwlrqv1 Prqrwrqh Errohdq ixqfwlrqv fruuh0

vsrqg wr dq lpsruwdqw fodvv ri qrq0olqhdu gljlwdo �owhuv

fdoohg Vwdfn Ilowhuv1 Wkh lghpsrwhqfh surshuw| lpsolhv

wkdw dsso|lqj vxfk d �owhu surgxfhv d urrw vljqdo lq

rqh sdvv1 Zh suhvhqw dq dojrulwkp iru whvwlqj d jlyhq

prqrwrqh Errohdq ixqfwlrq iru lghpsrwhqfh dqg sur0

ylgh wkh vhw ri lghpsrwhqw prqrwrqh Errohdq ixqfwlrqv

ri 8 yduldeohv1

4 LQWURGXFWLRQ

Prqrwrqh Errohdq ixqfwlrqv kdyh ehhq h{whqvlyho|

vwxglhg lq wkh duhd ri qrq0olqhdu gljlwdo �owhulqj/ vshfli0

lfdoo| vwdfn dqg pruskrorjlfdo �owhulqj1 Lq idfw/ dq|

Vwdfn Ilowhu ri zlqgrz0zlgwk q lv xqltxho| vshfl�hg

e| d prqrwrqh Errohdq ixqfwlrq ri q yduldeohv1 Vlp0

loduo|/ wkh Vwdfnlqj Surshuw| reh|hg e| doo vwdfn �owhuv

lv wkh prqrwrqlflw| ri wkhvh Errohdq ixqfwlrqv ^4`/^5`1 Lq

wklv sdshu/ zh irfxv rq lghpsrwhqw prqrwrqh Errohdq

ixqfwlrqv dqg glvfxvv d surfhgxuh iru whvwlqj d jlyhq

prqrwrqh Errohdq ixqfwlrq iru lghpsrwhqfh1

414 Prqrwrqh Errohdq Ixqfwlrqv dqg wkh Iuhh

Glvwulexwlyh Odwwlfh

Ohw �� @ +�4> � � � > �q, dqg �� @ +�4> � � � > �q, eh q0hohphqw

elqdu| yhfwruv +sulphv,1 Zh vd| wkdw �� suhfhghv ��/ gh0
qrwhg �� � ��/ li �l � �l iru 4 � l � q1 Ohw Hq uhs0
uhvhqw wkh q0fxeh1 Wkh nwk ohyho +3 � n � q, frqwdlqv
rqo| wkrvh sulphv zlwk h{dfwo| n frpsrqhqwv htxdo wr
41 Wkh vhw ri doo sulphv rq wkh nwk ohyho zloo eh ghqrwhg
e| Hq>n1 D Errohdq ixqfwlrq lv rqh zklfk pdsv Hq lqwr
H41

Gh�qlwlrq 4 D Errohdq ixqfwlrq i = Hq
$ H4 lv fdoohg

prqrwrqh +dovr fdoohg srvlwlyh, li iru dq| wzr sulphv

�� dqg �� vxfk wkdw �� ! ��/ zh kdyh i+��, � i+��,1

Wkh vhw ri doo prqrwrqh Errohdq ixqfwlrqv ri q ydul0
deohv frqvlvwv ri doo forvhg iurp ehorz vxevhwv ri Hq/ wkh
Errohdq dojheud rq q hohphqwv1 Lw lv dovr rughuhg e| wkh
vdph uhodwlrq dv Hq dqg lv fdoohg wkh Iuhh Glvwulexwlyh
Odwwlfh rq q jhqhudwruv/ ghqrwhg e| IGO+q,1

Lw lv zhoo nqrzq wkdw d prqrwrqh Errohdq ixqfwlrq lv
xqltxho| gh�qhg e| lwv vhw ri plqlpdo sulphv/ zkhuh d

sulph �� 5 Hq lv plqlpdo li i +��, @ 4 dqg i
�
��
�
@ 3

iru doo �� 5 Hq vxfk wkdw �� ! �� ^6`1 Djdlq/ wklv lv
d frqvhtxhqfh ri wkh idfw wkdw wkh Errohdq ixqfwlrq lv
prqrwrqh1

Gh�qlwlrq 5 Ohw �� 5 Hq>n eh dq duelwudu| sulph1

Wkhq wkh vhw ri doo sulphv �� 5

qV
v@n.4

Hq>vvxfk wkdw

�� ! ��/ zloo eh fdoohg wkh vkdgrz ri ��/ dqg ghqrwhg

e| W +��,1

Li i+��, @ 4/ wkhq zh vd| wkdw i vhohfwv �� dqg mi m lv wkh

qxpehu ri vxfk sulphv iru vrph ixqfwlrq i 5 IGO+q,1

Wkdw lv/ mi m @ mi�� 5 Hq = i+��, @ 4jm1 Vlqfh Hq kdv h{0

dfwo| 5q hohphqwv/ 3 � mi m � 5q dqg mi m uhsuhvhqwv wkh

ohyho ri IGO+q, rq zklfk i lv orfdwhg1 Fohduo|/ IGO+q,

vsolwv lqwr 5q . 4 ohyhov1

415 Lghpsrwhqw Prqrwrqh Errohdq Ixqfwlrqv

Ohw xv frqvlghu d vshfldo fodvv ri prqrwrqh Errohdq

ixqfwlrqv1 Ehiruh surfhhglqj/ krzhyhu/ lw lv qhfhvvdu|

wr vwdwh wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 6 D Errohdq ixqfwlrq i+{4> � � � > {l> � � � > {q,

ghshqgv hvvhqwldoo| rq wkh yduldeoh {l li wkhuh h{lvw wzr

sulphv �� dqg ��3 zklfk gl�hu rqo| lq wkh lwk frruglqdwh/

vxfk wkdw i+��, 9@ i+��3
,1

Wkh yduldeoh {l zloo eh fdoohg dq hvvhqwldo yduldeoh1
Ohw wkh qxpehu ri hvvhqwldo yduldeohv iru d sduwlfxodu
ixqfwlrq i eh fdoohg wkh rughu ri i 1 Li wkh rughu ri i lv
htxdo wr q/ wkhq wkh ixqfwlrq zloo eh fdoohg d ixoo0rughu
ixqfwlrq1
Wr wklv hqg/ ohw i = Hq

$ H4 eh d prqrwrqh Errohdq
ixqfwlrq1 Ohw xv gh�qh q ixqfwlrqv i4> � � � > iq = H5q�4

$

H4 dv iroorzv=

in+{4> � � � > {5q�4, @ i+{n> � � � > {n.q�4,;{n> � � � > {n.q�4
+4,

Wkh deryh ixqfwlrqv zloo eh fdoohg wkh h{sdqghg ixqf0
wlrqv/ vlqfh wkhlu grpdlqv kdyh ehhq h{sdqghg wr H5q�41



Sohdvh qrwh wkdw �fwlwlrxv yduldeohv kdyh ehhq sxu0
srvhixoo| lqwurgxfhg lqwr wkhvh gh�qlwlrqv vr wkdw doo
il> l @ 4> � � � > q fdq eh hohphqwv ri wkh vdph vhw/ qdpho|/
IGO+5q � 4, hyhq wkrxjk wkh rughu ri hdfk il lv qrw
pruh wkdq q1 Dovr qrwh wkdw wkhuh zdv qr dvvxpswlrq
ehlqj pdgh uhjduglqj wkh rughu ri i lwvhoi/ zklfk pd|
yhu| zhoo eh ohvv wkdq q1 Iru wkh hqvxlqj glvfxvvlrq/ ohw
xv uhvwulfw rxu dwwhqwlrq wr ixoo0rughu ixqfwlrqv1 Ilqdoo|/
ohw xv dvvxph wkdw iurp qrz rq q lv dq rgg qxpehu/
vlqfh wkh gh�qlwlrq ri lghpsrwhqfh ehfrphv dpeljxrxv
iru hyhq q1 Qrz/ zh duh uhdg| wr jlyh wkh gh�qlwlrq ri
dq lghpsrwhqw prqrwrqh Errohdq ixqfwlrq1

Gh�qlwlrq 7 Li

i +i4 +{4> = = = > {5q�4, > i5 +{4> = = = > {5q�4, > � � �
� � � > iq +{4> = = = > {5q�4,, @

i

�
{q.4

5

> = = = > { 6q�4

5

�
iru doo {q.4

5

> = = = > { 6q�4

5

wkhq i 5 IGO+q, lv dq lghpsrwhqw prqrwrqh

Errohdq ixqfwlrq1

Dv fdq eh vhhq iurp wkh deryh gh�qlwlrq/ zh duh frq0

vlghulqj d frpsrvlwlrq ri ixqfwlrqv1 Vlqfh ixqfwlrqv i>
i4> i5> � � � > iq duh doo prqrwrqh ixqfwlrqv/ lw fdq hdvlo| eh

vkrzq wkdw wkh frpsrvlwlrq ri wkhvh ixqfwlrqv dv vkrzq

lq Gh�qlwlrq 7 lv dovr d prqrwrqh ixqfwlrq1

5 UHSUHVHQWDWLRQ RI PRQRWRQH

ERROHDQ IXQFWLRQV

Ehiruh zh fdq fkhfn d jlyhq prqrwrqh Errohdq ixqf0

wlrq iru lghpsrwhqfh/ zh pxvw kdyh dq h�flhqw phwkrg

iru vwrulqj vxfk d ixqfwlrq lq d frpsxwhu1 Wkh prvw

hfrqrplfdo dqg frpsxwdwlrqdoo| frqyhqlhqw zd| wr uhs0

uhvhqw d ixqfwlrq i lv wr vlpso| vwruh wkh yhfwru ��i dv

d elqdu| vwulqj ri ohqjwk 5q/ zkhuh q lv wkh qxpehu ri

yduldeohv1 Vr/ iru h{dpsoh wkh ixqfwlrq i +{4> {5> {6, @

{5 . {4{6 zrxog eh uhsuhvhqwhg e|

��i @ 44434433 +5,

Wkh elwv duh duudqjhg lq wkh xvxdo elqdu| frghg ghflpdo

+EFG, uhsuhvhqwdwlrq vwduwlqj iurp uljkw wr ohiw1 Wkh

elwv zklfk duh xqghuolqhg duh wkh plqlpdo sulphv ri wkh

ixqfwlrq1 Wkh uhvw ri wkh 4v uhsuhvhqw wkh vkdgrz1 Lw

vkrxog eh qrwhg wkdw wr shuirup d frqmxqfwlrq ru glv0

mxqfwlrq ri wzr ixqfwlrqv i dqg j/ zh vlpso| shuirup wkh

orjlfdo elwzlvh DQG ru RU rshudwlrq uhvshfwlyho| rq ��i
dqg ��j1 Wklv lv rqh uhdvrq zk| wkh deryh uhsuhvhqwdwlrq

lv frpsxwdwlrqdoo| frqyhqlhqw1

6 WHVWLQJ IRU LGHPSRWHQFH

Lq rughu iru xv wr whvw d jlyhq ixqfwlrq i iru lghp0

srwhqfh/ zh pxvw �uvw irup wkh q h{sdqghg ixqfwlrqv

i4> � � � > iq gh�qhg lq +4,1 Vlqfh i4> � � � > iq duh doo ixqf0

wlrqv ri 5q � 4 yduldeohv/ zh zloo qhhg elqdu| yhfwruv

ri ohqjwkv 55q�4 wr uhsuhvhqw wkhp1 Ixuwkhupruh/ vlqfh

hdfk il lv gh�qhg lq whupv ri i / zh fdq frqvwuxfw wkh

yhfwruv ��il / l @ 4> � � � > q lq whupv ri ��i 1 Wr vhh krz wr

gr wklv/ zh vlpso| qhhg wr frqvlghu wkh wuxwk wdeoh wkdw

gh�qhv hdfk il1 Hdfk il kdv rqo| dw prvw q hvvhqwldo

yduldeohv dqg wkxv kdv q � 4 �fwlwlrxv yduldeohv1 Vr/ li

{n> � � � > {n.q�4 duh wkh hvvhqwldo yduldeohv +iru ixqfwlrq

in,/ wkhq iru dq| sduwlfxodu ydoxhv ri {n> � � � > {n.q�4/ wkh

ydoxh ri in zloo eh uhshdwhg 5
q�4 wlphv lq wkh yhfwru ��in 1

Wklv lv gxh wr wkh idfw wkdw iru hdfk {n> � � � > {n.q�4/ wkh

q� 4 �fwlwlrxv yduldeohv frpelqh wr pdnh 5q�4 srvvleoh

ydoxhv1

Wr frqvwuxfw ��i4 / hdfk elw ri ��i zloo eh uhshdwhg 5q�4

wlphv lq d urz1 Wklv lv ehfdxvh iru i4/ wkh hvvhqwldo ydul0
deohv duh wkh ohiwprvw rqhv +prvw vljql�fdqw elwv, dqg
wkh �fwlwlrxv rqhv duh wkh uljkwprvw rqhv +ohdvw vljql�0
fdqw elwv,1 Iru ��i5 / hdfk elw ri ��i zloo eh uhshdwhg 5q�5

wlphv lq d urz1 Krzhyhu/ vlqfh wkh wuxwk wdeoh lv ed0
vlfdoo| vsolw xs lqwr wzr sduwv= rqh zkhq wkh �fwlwlrxv
yduldeoh {4 @ 3 dqg rqh zkhq {4 @ 4/ ��i5 kdv wzr lghq0
wlfdo sduwv1 Lq jhqhudo/ wr frqvwuxfw ��in / hdfk elw ri ��i
uhshdwv 5q�n wlphv dqg zkhq zh uxq rxw ri elwv lq ��i / zh
vwduw djdlq/ uhshdwlqj wklv surfhvv 5n�4 wlphv1 Dv rqh
fdq vhh/ 5q�n � 5n�4 @ 5q�4/ zklfk lv wkh wrwdo qxpehu
ri wlphv hdfk elw uhshdwv1 Wkh iroorzlqj h{dpsoh looxv0
wudwhv wklv frqvwuxfwlrq iru wkh yhfwru gh�qhg lq +5,1

H{dpsoh 4 Ohw ��i @ 444344331 Wkhq/

��i4 @ 44444444444433334444444433333333
��i5 @ 44444433444433334444443344443333
��i6 @ 44434433444344334443443344434433

Qrwlfh wkdw lq ��i4 hyhu| elw ri ��i lv uhshdwhg irxu wlphv

lq d urz1 Lq ��i5 hyhu| elw lv uhshdwhg wzr wlphv lq d

urz/ exw wklv lv grqh wzlfh1 Lq ��i6 hyhu| elw lv uhshdwhg

rqh wlph/ exw wklv lv grqh irxu wlphv dowrjhwkhu1 Wkh

plqlpdo sulphv iru hdfk il duh dovr xqghuolqhg1

Qrz/ zh duh uhdg| wr fkhfn zkhwkhu ru qrw Gh�ql0

wlrq 7 krogv1 Wr gr wklv/ zh vlpso| irup �� �i / zkhuh
�i

lv gh�qhg dv �i @ i +i4> � � � > iq,1 Vlqfh �i lv d ixqfwlrq ri

5q�4 yduldeohv/ wkh ohqjwk ri �� �i zloo eh htxdo wr wkdw ri

wkh yhfwruv ��il 1 Wkxv/ iru hyhu| �� 5 H5q�4/ zh vlpso|

hydoxdwh i4 wkurxjk iq dw �� dqg wkhq hydoxdwh �i / wuhdw0

lqj wkh ydoxhv ri i4> � � � > iq +iru wkdw sduwlfxodu ��, dv d

sulph lq Hq1 Ohw e +��, eh wkh lqwhjhu uhsuhvhqwhg e| ��1

Uhfdoo wkdw wkh elwv ri ��il zhuh duudqjhg lq EFG uhs0

uhvhqwdwlrq dqg vr wr hydoxdwh �i dw vrph sduwlfxodu ��/

zh vlpso| orrn dw wkh frpsrqhqwv ri ��i4 > � � � > ��iq dw sr0
vlwlrq e +��, +iurp uljkw wr ohiw,1 Wkhvh frpsrqhqwv irup

vrph sulph �� 5 Hq dqg wkh ydoxh ri �i dw �� lv vlpso|

wkh frpsrqhqw ri ��i lq srvlwlrq e

�
��
�
1 Wkh iroorzlqj

rxwolqhv wklv dojrulwkp=

irup yhfwruv ��i4 > � � � > ��iq
iru l @ 3 wr 55q�4 � 4



irup wkh yhfwru �� @ +��i4 +l, > � � � > ��iq +l,,

�� �i +l, @ ��i

�
e

�
��
��

qh{w l

Ohw xv frqvlghu wkh h{dpsoh deryh1 Zh zrxog olnh wr
�qg rxw wkh ydoxh ri �i dw wkh sulph �� @ +33434,1 Vlqfh

e +��, @ 8/ zh orrn dw wkh 8wk srvlwlrq ri wkh wkuhh yhfwruv

��i4 > ��i5 > ��i6 1 Wkh| kdyh ydoxhv 3> 4> 4 dw wkdw sduwlfxodu

��1 Vr/ ohw �� @ +344,1 Wr �qg wkh ydoxh ri �i / zh orrn dw

srvlwlrq e

�
��
�
@ 6 ri ��i 1 Wkh ydoxh lv htxdo wr 41 Ri

frxuvh/ xvlqj wkh deryh surfhgxuh iru hyhu| �� 5 H5q�4/

zh fdq jhqhudwh wkh zkroh yhfwru �� �i 1 Iru wklv h{dpsoh/

wkh yhfwru �� �i lv lghqwlfdo wr ��i5 +hdvlo| fkhfnhg e| kdqg,1
Wklv lpsolhv wkdw wkh htxdwlrq lq Gh�qlwlrq 7 lv vdwlv�hg

dqg wkdw wkh ixqfwlrq i lv lghpsrwhqw1 Lq jhqhudo/ diwhu
iruplqj wkh yhfwruv ��i4 > � � � > ��iq / fkhfnlqj d ixqfwlrq iru

lghpsrwhqfh vlpso| frqvlvwv ri uhihuhqflqj wkh ruljlqdo

yhfwru ��i / 5q� 4 wlphv/ dqg frpsdulqj �� �i wr ��iq.4
5

1

7 HQKDQFHPHQWV WR WKH LGHPSR0

WHQFH FKHFNLQJ DOJRULWKP

Wkhuh duh vhyhudo zd|v wr lqfuhdvh wkh h�flhqf| ri wkh
dojrulwkp iru fkhfnlqj d prqrwrqh Errohdq ixqfwlrq iru
lghpsrwhqfh1 Rqh lpsuryhphqw fdq eh pdgh e| frq0
vlghulqj wkh ixqfwlrqv gh�qhg lq +4,1 Wkhvh ixqfwlrqv
duh hvvhqwldoo| ghshqghqw rq qr pruh wkdq q yduldeohv1
Wkhuhiruh/ zh fdq lpphgldwho| frqfoxgh wkdw iru d ixqf0
wlrq wr eh lghpsrwhqw/ �i pxvw dovr eh hvvhqwldoo| ghshq0
ghqw rq wkh vdph yduldeohv dv iq.4

5

1 Lq wkh suhylrxv

vhfwlrq/ zh srlqwhg rxw wkdw wkh �fwlwlrxv yduldeohv ohdg
wr uhshwlwlrqv ri wkh elwv lq wkh yhfwruv ��il 1 Pruhryhu/
wkh yhfwru ��in frqwdlqv 5n�4 lghqwlfdo sduwv1 Wkxv/ wkh

yhfwru �� �i pxvw frqwdlq 5
q.4

5
�4 lghqwlfdo sduwv/ vlqfh lw

pxvw htxdo ��iq.4
5

1 Wklv idfw doorzv xv wr lpphgldwho|

glvfdug ixqfwlrqv xsrq glvfryhulqj wkdw �� �i grhv qrw frq0

wdlq 5
q.4

5
�4 lghqwlfdo sduwv1 Iru h{dpsoh/ lq wkh q @ 6

fdvh/ �� �i pxvw kdyh 5 lghqwlfdo sduwv lq rughu wr eh lghp0

srwhqw1 Vr/ zh vlpso| frpsduh wkh 3wk elw wr wkh 49wk/
wkhq wkh 4vw elw wr wkh 4:wk dqg vr rq1

Dqrwkhu xvhixo lpsuryhphqw lv rewdlqhg e| xvlqj gx0
dolw| dv zhoo dv uhyhuvh shupxwdwlrq1 Rqfh �qglqj dq
lghpsrwhqw prqrwrqh Errohdq ixqfwlrq/ zh jhw wzr
rwkhu rqhv _iru iuhh/% vlqfh zh nqrz wkdw wkh gxdo dqg
wkh uhyhuvh shupxwhg ixqfwlrqv pxvw eh lghpsrwhqw dv
zhoo ^7`1 Wdeoh 4 frqwdlqv doo lghpsrwhqw prqrwrqh
Errohdq ixqfwlrqv ri rughu 8/ jhqhudwhg e| wkh deryh
dojrulwkp1

Lq frqfoxvlrq/ zlwkrxw dq| nqrzohgjh ri wkh vwuxfwxuh
ri lghpsrwhqw ixqfwlrqv lq jhqhudo/ wkh rqo| phwkrg iru
jhqhudwlqj wkhp lv e| �uvw pdnlqj wkh hqwluh iuhh glv0
wulexwlyh odwwlfh dydlodeoh +IGO,1 Ehfdxvh ri wkh h{wuhph
jurzwk udwh ri IGO +q, dv d ixqfwlrq ri q/ lw lv rqo|
srvvleoh wr jhqhudwh lw +qrw hqxphudwh, iru q � : ^8`1

Wkhuhiruh/ ixuwkhu uhvhdufk vkrxog eh frqgxfwhg zlwk

{6{7{8 . {4{5{6 . {5{6{7

{6{8 . {4{6 . {5{6{7

{6{7 . {4{5{7{8 . {5{6

{6{8 . {4{5{7{8 . {4{6 . {5{6{7

{6{8 . {4{6 . {5{6 . {6{7

{6{7 . {4{5{8 . {4{7{8 . {5{6

{6{8 . {4{5{7{8 . {4{6 . {5{6 . {6{7

{6 . {4{5{7{8

{6{8 . {4{6 . {5{7

{6{8 . {4{5{8 . {4{6 . {4{7{8 . {5{6 . {6{7

{6 . {4{5{8 . {4{7{8

{6{8 . {4{6 . {5{6 . {5{7 . {6{7

{6 . {4{7 . {5{7 . {5{8

Wdeoh 4= Lghpsrwhqw Prqrwrqh Errohdq Ixqfwlrqv ri

Rughu 8

wkh dlp ri glvfryhulqj jhqhudo vwuxfwxudo surshuwlhv ri

lghpsrwhqw prqrwrqh Errohdq ixqfwlrqv1

Uhihuhqfhv

^4` S1G1 Zhqgw/ H1M1 Fr|oh/ Q1F1 Jdoodjkhu Mu1/ _Vwdfn

Ilowhuv/% LHHH Wudqvdfwlrqv rq Dfrxvwlfv/ Vshhfk/

dqg Vljqdo Surfhvvlqj/ yro1 DVVS067/ qr1 7/ ss1 ;<;0

<44/ Dxj1 4<;9

^5` H1M1 Fr|oh/ M1K1 Olq/ _Vwdfn �owhuv dqg wkh phdq

devroxwh huuru fulwhulrq/% LHHH Wudqvdfwlrqv rq

Dfrxvwlfv/ Vshhfk/ dqg Vljqdo Surfhvvlqj/ yro1 DVVS0

69/ qr1 ;/ ss1457704587/ Dxj1 4<;;

^6` D1G1 Nruvkxqry/ _Rq Wkh Qxpehu ri Prqrwrqh

Errohdq Ixqfwlrqv/% Sureohp| Nlehuqhwlnl/ 6;/ ss1

8043;/ 4<;4 +Uxvvldq,

^7` L1 Vkpxohylfk/ H1M1 Fr|oh/ _Rq wkh Vwuxfwxuh ri

Lghpsrwhqw Prqrwrqh Errohdq Ixqfwlrqv/% Surfhhg0
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