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ABSTRACT

This paper addresses the problem of the clutter subspace
projector estimation in the context of a disturbance com-
posed of a low rank heterogeneous (Compound Gaussian)
clutter and white Gaussian noise. We derive two algo-
rithms based on the block majorization-minimization
framework to reach the maximum likelihood estimator
of the considered model. These algorithms are shown to
be computationally faster than the state of the art, with
guaranteed convergence. Finally, the performance of the
related estimators is illustrated in terms of estimation
accuracy and computation speed.

Index Terms— Subspace estimation, Maximum Likeli-
hood Estimator, Low Rank, Compound Gaussian, majorization-
minimization.

1. INTRODUCTION
In array processing, many applications require the use of the
covariance matrix (CM) of the noise [1–3]. In practice, the
CM is unknown and has to be estimated from a set of 𝑀 di-
mensional samples {z𝑘}, which are 𝐾 signal-free indepen-
dent realizations of the noise. The CM estimate is then used
to perform the so-called adaptive process. In radar systems,
the noise is composed of a correlated noise, referred to as clut-
ter (caused by the response of the environment to the emitted
signal), and White Gaussian Noise (WGN, the thermal noise
due to electronics). The total covariance of this disturbance is
therefore

Σ𝑡𝑜𝑡 = Σ+ 𝜎2I, (1)

where Σ is the clutter CM and 𝜎2I is the CM of the WGN.
In most cases, the clutter belongs to a subspace of limited di-
mension, meaning that the clutter CM Σ has rank 𝑅 < 𝑀 .
Furthermore, when the clutter corresponds to a strong inter-
ference contained in a low dimensional subspace (𝑅 ≪ 𝑀 ),
one can use the following low rank (LR) approximation [4]:

Σ−1
𝑡𝑜𝑡 ≃

1

𝜎2
Π⊥

𝑐 ≃ 1

𝜎2
(I−Π𝑐) ,

where Π𝑐, named clutter subspace projector (CSP), is the pro-
jector onto the subspace spanned by the 𝑅 eigenvectors asso-
ciated with the 𝑅 largest eigenvalues of the matrix Σ. This

approximation allows developing an adaptive process that re-
lies on a CSP estimate Π̂𝑐 rather than a total CM estimate
Σ̂𝑡𝑜𝑡. The practical use of the LR approximation is that an
adaptive LR process requires less samples to reach the equiv-
alent performance to the classical ones [5], which is valuable
since the number of samples is often limited. Note that in
this paper, we consider that the clutter rank 𝑅 is known or
fixed from a prior estimation step [6]. Moreover, in some ap-
plications, the clutter rank can be directly derived from the
geometry of the system [7]).

Classically, the clutter is assumed to be Gaussian and
the CSP is derived from the SVD of the Sample Covariance
Matrix (SCM). However, it is now well-known that most
modern radar clutter measurements are not Gaussian and be-
have heterogeneously. Therefore, the SCM may not provide
the optimal solution since it is not an accurate estimator of
the CM for heavy-tailed distributions. To account for the
heterogeneity of the clutter, one can model it with a Com-
pound Gaussian (CG) distribution [8]. The CG family covers
a large panel of well-known and useful distributions, notably
Weibull, K-distribution, 𝑡-distribution, etc. Moreover, this
modeling presents good agreement with several real data
sets [9, 10]. Eventually, the total disturbance will be modeled
in this paper as an LR Compound Gaussian clutter plus a
WGN of known variance (as done in [4, 11, 12]). For this
context, we address the problem of obtaining the Maximum
Likelihood Estimator (MLE) of the CSP [11, 13–15].

In this paper, we propose to apply the block majorization-
minimizaton (MM) algorithm framework to the problem of
computing the considered MLE. We derive two new algo-
rithms, which, compared to the state of the art on this prob-
lem, enjoy the following properties:
∙ They do not rely on approximations on the CM eigenval-
ues [11, 13], nor high clutter to noise ratio assumption [15].
∙ They are computationally faster than the ones derived in
[14, 15] (that rely on the gradient descent developed in [16]).
Hence, they are more suitable for implementation.

The following conventions are adopted: italic indicates a
scalar quantity, lower case boldface indicates a vector quan-
tity, and upper case boldface a matrix. 𝐻 denotes the trans-
pose conjugate operator or the simple conjugate operator for
a scalar quantity. 𝑇 denotes the transpose operator. 𝒞𝒩 (a,Σ)
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is a complex-valued Gaussian distribution of mean a and co-
variance matrix Σ. I is the identity matrix of appropriate di-
mension. det (⋅) and Tr(⋅) stand for the determinant and the
trace of a matrix, respectively. 𝑑 is an estimate of the parame-
ter 𝑑. {𝑤𝑛} denotes the set of 𝑛 elements 𝑤𝑛 with 𝑛 ∈ [[1, 𝑁 ]].

2. BACKGROUND

2.1. Problem Formulation

We assume that 𝐾 samples {z𝑘} are available. Each of the
z𝑘 ∈ ℂ

𝑀 is a realization of a proper circular LR CG c𝑘 plus
an independent additive zero-mean complex WGN n𝑘, i.e.
z𝑘 = n𝑘 + c𝑘. The WGN n𝑘 follows the distribution n𝑘 ∼
𝒞𝒩 (0, 𝜎2I), where the variance 𝜎2 is assumed to be known
and fixed to be 𝜎2 = 1 without loss of generality. The LR
CG [8] clutter c𝑘 is, conditionally to an unknown determin-
istic power factor 𝜏𝑘 (the texture), distributed as (c𝑘∣𝜏𝑘) ∼
𝒞𝒩 (0, 𝜏𝑘Σ), where the CM Σ has a rank 𝑅 < 𝑀 assumed
to be known. The likelihood function is then

𝑓({z𝑘}∣Σ, {𝜏𝑘}) =
𝐾∏

𝑘=1

𝑒−z𝐻
𝑘 Σ−1

𝑘 z𝑘

𝜋𝑀 det (Σ𝑘)
, (2)

with Σ𝑘 = 𝜏𝑘Σ + I. The MLE of the clutter CM Σ is
therefore defined as the minimizer of the following problem
(equivalent to the maximizer of the log-likelihood function):

minimize
Σ𝑘,{𝜏𝑘},Σર0

𝐾∑
𝑘=1

log det (Σ𝑘) +
𝐾∑

𝑘=1

z𝐻𝑘 Σ−1
𝑘 z𝑘

subject to Σ𝑘 = 𝜏𝑘Σ + I

𝜏𝑘 ≥ 0

rank (Σ) ≤ 𝑅,

(A)

where we denote the objective function by 𝐿 (Σ, {𝜏𝑘}).

2.2. Block MM principle

To solve Problem (A), we adopt the block majorization-
minimization (MM) algorithm framework, which is briefly
stated below. Consider the following optimization problem:

minimize
x

𝑓 (x)

subject to x ∈ 𝒳 ,
(3)

where the optimization variable x can be partitioned into 𝑚
blocks as x =

(
x(1), . . . ,x(𝑚)

)
, with each 𝑛𝑖-dimensional

block x(𝑖) ∈ 𝒳𝑖 and 𝒳 =
∏𝑚

𝑖=1 𝒳𝑖. At the (𝑡+ 1)-th iter-
ation, the 𝑖-th block x(𝑖) is updated by solving the following
problem:

minimize
x(𝑖)

𝑔𝑖

(
x(𝑖)∣x𝑡

)
subject to x(𝑖) ∈ 𝒳𝑖,

(4)

with 𝑖 = (𝑡 mod 𝑚) + 1 (so blocks are updated in cyclic
order) and the continuous surrogate function 𝑔𝑖

(
x(𝑖)∣x𝑡

)
sat-

isfying the following properties:

𝑓 (x𝑡) = 𝑔𝑖

(
x
(𝑖)
𝑡 ∣x𝑡

)
,

𝑓
(
x
(1)
𝑡 , . . . ,x(𝑖), . . . ,x

(𝑚)
𝑡

)
≤ 𝑔𝑖

(
x(𝑖)∣x𝑡

)
∀x(𝑖) ∈ 𝒳𝑖,

𝑓 ′ (x𝑡;d
0
𝑖

)
= 𝑔′𝑖

(
x
(𝑖)
𝑡 ;d𝑖∣x𝑡

)
∀x(𝑖)

𝑡 + d𝑖 ∈ 𝒳𝑖,

d0
𝑖 ≜ (0; . . . ;d𝑖; . . . ;0) ,

where 𝑓 ′(x;d) stands for the directional derivative at x along
d. In short, at each iteration, the block MM algorithm updates
the variables in one block by minimizing a tight upperbound
of the function while keeping the other blocks fixed. In the
following sections, we present 2 MM algorithms (based on
two diferent parametrization of the variables) to solve prob-
lem (A). Due to lack of space, the proofs of the propositions
are left to the full publication of our results [17].

3. DIRECT BLOCK
MAJORIZATION-MINIMIZATION (DBMM)

As rank (Σ) ≤ 𝑅, the variable Σ can be reparameterized as
Σ = WW𝐻 with W ∈ ℂ

𝑀×𝑅. Problem (A) can then be
written equivalently as

minimize
Σ𝑘,{𝜏𝑘},W

𝐾∑
𝑘=1

log det (Σ𝑘) +
𝐾∑

𝑘=1

z𝐻𝑘 Σ−1
𝑘 z𝑘

subject to Σ𝑘 = 𝜏𝑘WW𝐻 + I

𝜏𝑘 ≥ 0.

(B)

Following the block MM methodology, we partition the vari-
ables as {{𝜏𝑘} ,W} and derive an algorithm that updates
the blocks in cyclic order. This algorithm is referred to as

DBMM. Given a starting point
{
{𝜏𝑘}𝑡=0

,W𝑡=0
}

, one iter-

atively:

∙ updates {𝜏𝑘}𝑡+1 for fixed W = W𝑡

The objective function is separable in the 𝜏𝑘’s, and for each
of them, the following problem should be solved:

minimize
𝜏𝑘

log det (𝜏𝑘Σ + I) + z𝐻𝑘 (𝜏𝑘Σ + I)−1 z𝑘

subject to 𝜏𝑘 ≥ 0.
(B1)

Let the SVD of Σ be Σ = UΛU𝑇 , with Λ = diag ({𝜆𝑚})
(with 𝜆𝑚 = 0 for 𝑚 > 𝑅) and U = [u1, . . . ,u𝑀 ]. The
objective function of (B1) can be simplified to

𝐿 (𝜏𝑘∣W) =

𝑀∑
𝑚=1

log (𝜏𝑘𝜆𝑚 + 1) +

𝑀∑
𝑚=1

𝑠𝑘𝑚 (𝜏𝑘𝜆𝑚 + 1)−1

=

𝑅∑
𝑚=1

log (𝜏𝑘𝜆𝑚 + 1) +

𝑅∑
𝑚=1

𝑠𝑘𝑚 (𝜏𝑘𝜆𝑚 + 1)−1 + const.,

(5)

where 𝑠𝑘𝑚 =
∥∥z𝐻𝑘 u𝑚

∥∥2. This function has no closed-form
minimizer. Therefore, the update of {𝜏𝑘} is obtained by min-
imizing surrogates functions, based on the following proposi-
tion:
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Proposition 1 The function 𝐿 (𝜏𝑘∣W) in (5) can be upper-
bounded by the surrogate function 𝐿 (𝜏𝑘∣𝜏 𝑡

𝑘,W) defined as

𝐿
(
𝜏𝑘∣𝜏 𝑡𝑘,W

)
= −𝛽𝑘 log 𝜏𝑘 + const+

(
𝑅∑

𝑚=1

𝛼𝑘𝑚

)
log

⎛
⎜⎜⎝
(∑𝑅

𝑚=1
𝛼𝑘𝑚𝜆𝑚

1+𝜆𝑚𝜏𝑡
𝑘

)
∑𝑅

𝑚=1 𝛼𝑘𝑚

𝜏𝑘 +

∑𝑅
𝑚=1

𝛼𝑘𝑚
1+𝜆𝑚𝜏𝑡

𝑘∑𝑅
𝑚=1 𝛼𝑘𝑚

⎞
⎟⎟⎠ ,

where

𝛼𝑘𝑚 = 𝑠𝑘𝑚
𝜏 𝑡
𝑘𝜆𝑚

𝜏 𝑡
𝑘𝜆𝑚 + 1

+ 1 and 𝛽𝑘 =

𝑅∑
𝑚=1

𝑠𝑘𝑚
𝜏 𝑡
𝑘𝜆𝑚

𝜏 𝑡
𝑘𝜆𝑚 + 1

.

The equality is achieved at 𝜏𝑘 = 𝜏 𝑡
𝑘. The surrogate function

𝐿 (𝜏𝑘∣𝜏 𝑡
𝑘,W) is quasi-convex and has a unique minimizer

given by

𝜏 𝑡+1
𝑘 =

1

𝑅
⋅
(∑𝑅

𝑚=1 𝑠𝑘𝑚
𝜏𝑡
𝑘𝜆𝑚

𝜏𝑡
𝑘𝜆𝑚+1

)
⋅
(∑𝑅

𝑚=1
𝛼𝑘𝑚

1+𝜆𝑚𝜏𝑡
𝑘

)

∑𝑅
𝑚=1

𝛼𝑘𝑚𝜆𝑚

1+𝜆𝑚𝜏𝑡
𝑘

. (6)

∙ updates W𝑡+1 for fixed {𝜏𝑘} = {𝜏𝑘}𝑡+1

To obtain the update of W, one needs to solve

minimize
Σ𝑘,W

𝐾∑
𝑘=1

log det (Σ𝑘) +
𝐾∑

𝑘=1

z𝐻𝑘 Σ−1
𝑘 z𝑘

subject to Σ𝑘 = 𝜏𝑘WW𝐻 + I.

(B2)

Denote 𝐿 (W∣𝜏𝑘) the objective in (B2). Without loss of gen-
erality assume that 𝜏𝑘 > 0 (otherwise corresponding constant
terms can be deleted in the objective). Problem (B2) has no
closed-form minimizer. As in the previous part, the update of
W is obtained by minimizing a surrogate function, according
to the following proposition:

Proposition 2 The objective function in (B2) 𝐿 (W∣𝜏𝑘) can
be upperbounded by the convex quadratic function

𝐿
(
W∣𝜏𝑘,W𝑡

)
= Tr

(
WHW𝐻

)
−Tr

(
LW𝐻

)
−Tr

(
L𝐻W

)
, (7)

with equality achieved at W = W𝑡, where the matrices H
and L are defined according to:

H𝑡
𝑘 =

(
𝜏−1
𝑘 I + Σ̃𝑡

)−1 (
W𝑡

)𝐻
z𝑘z

𝐻
𝑘 W𝑡

(
𝜏−1
𝑘 I + Σ̃𝑡

)−1
,

L𝑡
𝑘 = z𝑘z

𝐻
𝑘 W𝑡

(
𝜏−1
𝑘 I + Σ̃𝑡

)−1
,

H =
∑𝐾

𝑘=1

((
Σ̃𝑡 + 𝜏−1

𝑘 I
)−1

+ H𝑡
𝑘

)
,

L =
∑𝐾

𝑘=1 L
𝑡
𝑘,

The matrix H is positive definite by definition, hence the up-
perbound 𝐿 (W∣𝜏𝑘,W𝑡) has a unique minimizer given by

W𝑡+1 = LH−1. (8)

4. EIGENSPACE BLOCK
MAJORIZATION-MINIMIZATION ALGORITHM

(EBMM)

As rank (Σ) ≤ 𝑅, the variable Σ can be reparameterized by
its eigendecomposition Σ =

∑𝑅
𝑟=1 𝑐𝑟v𝑟v

𝐻
𝑟 . Problem (A)

can then be rewritten as

minimize
{𝜏𝑘},{𝑐𝑟},{v𝑟}

−
𝐾∑

𝑘=1

𝑅∑
𝑟=1

𝜏𝑘𝑐𝑟

𝜏𝑘𝑐𝑟 + 1
z𝐻𝑘 v𝑟v

𝐻
𝑟 z𝑘

+
𝐾∑

𝑘=1

𝑅∑
𝑟=1

log (1 + 𝜏𝑘𝑐𝑟)

subject to 𝜏𝑘 ≥ 0, 𝑐𝑟 ≥ 0, orthonormal v𝑟’s.

(C)

Following the same methodology as in the previous sec-
tion, we partition the variables as {{𝜏𝑘} , {𝑐𝑟} , {v𝑟}} and
derive an algorithm that updates the blocks in cyclic or-
der by minimizing an upperbound of the objective. This
algorithm is referred to as EBMM. Given a starting point{
{𝜏𝑘}𝑡=0

, {𝑐𝑟}𝑡=0
, {v𝑟}𝑡=0

}
, one iteratively:

∙ updates {𝜏𝑘}𝑡+1 for fixed {𝑐𝑟} = {𝑐𝑟}𝑡, {v𝑟} = {v𝑟}𝑡

The objective function is separable in the 𝜏𝑘’s, and for each
of them the following problem should be solved:

minimize
𝜏𝑘

𝑅∑
𝑟=1

log (1 + 𝜏𝑘𝑐𝑟) +

𝑅∑
𝑟=1

𝑠𝑘𝑟

1 + 𝜏𝑘𝑐𝑟

subject to 𝜏𝑘 ≥ 0,

(C1)

with 𝑠𝑘𝑟 =
∥∥z𝐻𝑘 v𝑟

∥∥2. Notice that the objective function of
(C1) has the same form as (5), therefore we can apply Propo-
sition 1 to obtain the 𝜏𝑘’s updates as

𝜏 𝑡+1
𝑘 =

1

𝑅
⋅

(∑𝑅
𝑟=1 𝑠𝑘𝑟

𝜏𝑡
𝑘𝑐𝑟

𝜏𝑡
𝑘
𝑐𝑟+1

)
⋅
(∑𝑅

𝑟=1
𝛼𝑘𝑟

1+𝑐𝑟𝜏
𝑡
𝑘

)
∑𝑅

𝑟=1
𝛼𝑘𝑟𝑐𝑟
1+𝑐𝑟𝜏

𝑡
𝑘

, (9)

where 𝛼𝑘𝑟 = 𝑠𝑘𝑟
𝜏𝑡
𝑘𝑐𝑟

𝜏𝑡
𝑘𝑐𝑟+1

+ 1.

∙ updates {𝑐𝑟}𝑡+1 for fixed {𝜏𝑘} = {𝜏𝑘}𝑡+1, {v𝑟} = {v𝑟}𝑡

The objective function is separable in the 𝑐𝑟’s, and for each
of them the following problem should be solved:

minimize
𝑐𝑟

𝐾∑
𝑘=1

log (1 + 𝜏𝑘𝑐𝑟) +

𝐾∑
𝑘=1

𝑠𝑘𝑟

1 + 𝜏𝑘𝑐𝑟

subject to 𝑐𝑟 ≥ 0,

(C2)

with 𝑠𝑘𝑟 =
∥∥z𝐻𝑘 v𝑟

∥∥2. Notice that the 𝑐𝑟’s in (C2) play a
similar role as the 𝜏𝑘’s in (C1). Similar to the update of 𝜏𝑘,
we can apply Proposition 1 to obtain the 𝑐𝑟’s updates as

𝑐𝑡+1
𝑟 =

1

𝐾
⋅

(∑𝐾
𝑘=1 𝑠𝑘𝑟

𝜏𝑘𝑐
𝑡
𝑟

𝜏𝑘𝑐
𝑡
𝑟+1

)
⋅
(∑𝐾

𝑘=1
𝛼𝑘𝑟

1+𝑐𝑡𝑟𝜏𝑘

)
∑𝐾

𝑘=1
𝛼𝑘𝑟𝜏𝑘
1+𝑐𝑡𝑟𝜏𝑘

, (10)

where 𝛼𝑘𝑟 = 𝑠𝑘𝑟
𝜏𝑘𝑐

𝑡
𝑟

𝜏𝑘𝑐𝑡𝑟+1 + 1.

∙ updates {v𝑟}𝑡+1 for fixed {𝜏𝑘} = {𝜏𝑘}𝑡+1, {𝑐𝑟} =

{𝑐𝑟}𝑡+1

Minimizing the objective 𝑤.𝑟.𝑡. {v𝑟} is equivalent to solving
the problem

maximize
{v𝑟}

𝑅∑
𝑟=1

v𝐻
𝑟 M𝑟v𝑟

subject to orthonormal v𝑟’s,

(C3)

where M𝑟 =
∑𝐾

𝑘=1(𝜏𝑘𝑐𝑟)/(𝜏𝑘𝑐𝑟 + 1)z𝑘z
𝐻
𝑘 . The update of

{v𝑟} is obtained thanks to the following proposition:
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Proposition 3 The objective function in (C3) can be lower-
bounded by the surrogate function

𝐿
({v𝑟} ∣ {𝜏𝑘} , {𝑐𝑟} , {v𝑟}𝑡

)
=

𝑅∑
𝑟=1

[(
v𝑡
𝑟

)𝐻
M𝑟v𝑟 + v𝐻

𝑟 M𝑟v
𝑡
𝑟

]
+ const.

(11)

with equality achieved at {v𝑟} = {v𝑟}𝑡. Maximizing this
surrogate, under orthonormality constraints on the {v𝑟}, is
equivalent to solving

minimize
V

∥A−V∥2𝐹
subject to V𝐻V = I.

(12)

where

V = [v1, . . . ,v𝑅] and A =
[
M1v

𝑡
1; . . . ;M𝑅v𝑡

𝑅

]
Let the thin SVD of A be A = V𝐴D𝐴U

𝐻
𝐴 . The update of

{v𝑟} is the solution of (12), given by [16] as:

V𝑡+1 = V𝐴U𝐻
𝐴 . (13)

Optional loop: While the block MM framework indicates a
cyclic update of the variables {𝜏𝑘} , {𝑐𝑟} , {v𝑟}, our numer-
ical tests reveal that including an inner loop on this last step
provides a faster decreasing rate of the objective value than
updating the v𝑟’s only once.

4.1. Convergence Analysis

DBMM Algorithm: Any limit point of the pair {{𝜏 𝑡
𝑘} ,W𝑡}

generated by Algorithm DBMM is a stationary point of Prob-
lem (B). Indeed, we have proved the quasi-convexity and
the uniqueness of the minimizer of the surrogate functions
𝐿 (𝜏𝑘∣𝜏 𝑡

𝑘,W
𝑡) and 𝐿 (W∣𝜏𝑘,W𝑡) in the previous subsec-

tions. The algorithm convergence is a direct application of
Theorem 2 (a) in [18].

EBMM Algorithm: Since the constraint set of Problem
(C) is non-convex, the convergence result provided in [18]
cannot be applied for EBMM. To the best of our knowledge,
there is no convergence result of general block descent type
algorithms with a non-convex constraint set. The sequence
of objective values generated by Algorithm 2 will converge
because of monotonicity, but the convergence of the points(
{𝜏𝑘}𝑡 , {𝑐𝑟}𝑡 , {v𝑟}𝑡

)
remains unknown. Nevertheless, sec-

tion 5 will show that the numerical performance of Algorithm
2 is satisfactory.

5. NUMERICAL RESULTS

Simulation parameters Samples z𝑘 are generated accord-
ing to the LR Compound Gaussian plus WGN model de-
scribed in section 2: z𝑘 = c𝑘+n𝑘. The WGN is distributed as
n𝑘 ∼ 𝒞𝒩 (0, 𝜎2I) and 𝜎2 = 1. The LR Compound Gaussian
clutter is distributed as (c𝑘∣𝜏𝑘) ∼ 𝒞𝒩 (0, 𝜏𝑘Σ), with a ran-
dom texture 𝜏𝑘, 𝑖.𝑖.𝑑. generated for each sample. The texture

PDF is a Gamma distribution (leading to a K-distributed clut-
ter) of shape parameter 𝜈 and scale parameter 1/𝜈, denoted
𝜏 ∼ Γ(𝜈, 1/𝜈), which satisfies 𝔼(𝜏) = 1. The rank 𝑅 clutter
CM Σ𝑐 is constructed with the largest 𝑅 eigenvalues and the
corresponding eigenvectors of a Toeplitz matrix of correla-
tion parameter 𝜌 ∈ [0, 1]. This matrix is then scaled to set the
clutter to noise ratio, defined as CNR = 𝔼(𝜏)Tr(Σ)/(𝑅𝜎2).

Studied Estimators Π̂𝑆𝐶𝑀 denotes the CSP estima-
tor derived from the EVD of the SCM, i.e. Σ̂𝑆𝐶𝑀 =∑𝐾

𝑘=1 z𝑘z
𝐻
𝑘 /𝐾. Π̂𝑆𝐹𝑃𝐸 denotes the CSP estimator de-

rived from the EVD of the Shrinkage-FPE (SFPE) [19, 20].
Since there is no rule to adaptively select the optimal shrink-
age parameter 𝛽 for the CSP estimation problem, we test the
following values: 𝛽1 = max (1−𝐾/𝑀 + 𝜖 , 0), which is
the lowest 𝛽 allowed for the under-sampled cases (𝐾 ≤ 𝑀 )
and coincides with Tyler’s estimator (referred to as FPE) for
the over-sampled cases (𝐾 > 𝑀 ); 𝛽2 = (𝛽1 + 𝛽3)/2; and
𝛽3 = 1 − 𝜖. We set 𝜖 = 10−2. Π̂𝐷𝐵𝑀𝑀 denotes the CSP
MLE computed with the DBMM Algorithm in Section 3.
Π̂𝐸𝐵𝑀𝑀 denotes the clutter subspace projector MLE com-
puted with the EBMM Algorithm in Section 4. Π̂𝑀𝐿𝐸 de-
notes the CSP MLE under high CNR assumption, computed
with the algorithm from [15]. This algorithm will be referred
to as "Algorithm 3" in the rest of the paper. Π̂𝐴−𝑀𝐿𝐸 de-
notes the clutter subspace projector approached MLE under
high CNR assumption, computed with the second algorithm
from [15]. This algorithm will be referred to as "Algorithm
4" in the rest of the paper.

Results Fig.1 displays the mean NMSE criterion (𝔼(∣∣Π̂𝑐−
Π𝑐∣∣2)/𝑅 for a given estimator Π̂𝑐) versus 𝐾 of the stud-
ied estimators for a given configuration (computed over 1000
Monte-Carlo simulations). It illustrates the performance of
the proposed methods: block MM Algorithms 1 and 2 reach
the identically lowest NMSE, and algorithms from [15] lead
to slightly higher NMSE, yet better than the SFPE with var-
ious 𝛽, and the SCM. Fig.2 displays a typical realization of
the objective value versus the time of computation. One can
observe that the MLE and A-MLE algorithms from [15] con-
verge to a sub-optimal point of the problem. This was to
be expected since these algorithms are optimizing a modified
likelihood (assuming High CNR, the WGN is ignored over
the clutter subspace). Contrary to these algorithms, DBMM
converges to a critical point with a smaller objective value.
We also notice that EBMM converges in practice to the same
point as DBMM, i.e., a critical point. Fig.2 also illustrates
that despite a fast convergence, Algorithm 3 has a slow com-
putation due to the use of the modified gradient descent [16].
It also shows that EBMM is less computationally intensive
than DBMM since it requires less time to converge. This can
be explained by the fact that constructing the update of W in
DBMM has a complexity that grows linearly with the sample
size. On the contrary, the update of {v𝑟} in EBMM involves
the SVD of a matrix of fixed dimension. To conclude, both
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Fig. 1. Mean NMSE of the different estimators versus the number of sam-
ples 𝐾. 𝑀 = 60, 𝑅 = 15, 𝜈 = 0.1, 𝜌 = 0.9, CNR = 10 dB.

Fig. 2. Objective value versus computation time for different MLE al-
gorithms: Direct Block-MM (red), Eigenspace Block-MM (blue), "MLE"
algorithm of [15] (black), "A-MLE" algorithm of [15] (green). 𝐾 = 100,
𝑅 = 15, 𝜈 = 0.1, 𝜌 = 0.9, CNR = 10 dB.

figures illustrate the applicative interest of the two proposed
computation methods. Indeed, they reach the best estimation
performance for the considered model at a low computational
cost. They could therefore be suitable for applications that
involve the estimation of signal subspace or Low Rank struc-
tured Covariance Matrices.
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