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ABSTRACT

The solution of many applied problems relies on finding
the minimizer of a sum of smooth and/or nonsmooth con-
vex functions possibly involving linear operators. In the last
years, primal-dual methods have shown their efficiency to
solve such minimization problems, their main advantage be-
ing their ability to deal with linear operators with no need
to invert them. However, when the problem size becomes
increasingly large, the implementation of these algorithms
can be complicated, due to memory limitation issues. A
simple way to overcome this difficulty consists of splitting
the original numerous variables into blocks of smaller di-
mension, corresponding to the available memory, and to
process them separately. In this paper we propose a random
block-coordinate primal-dual algorithm, converging almost
surely to a solution to the considered minimization problem.
Moreover, an application to large-size 3D mesh denoising is
provided to show the numerical efficiency of our method.

Index Terms— convex optimization, nonsmooth opti-
mization, primal-dual algorithm, stochastic algorithm, paral-
lel algorithm, random block-coordinate approach, proximity
operator, mesh denoising.

1. INTRODUCTION

In the last years, the curse of dimensionality has become
a prevailing concern in a number of application areas, e.g.
large-scale graph processing, 3D imaging, or machine learn-
ing using huge databases. Not only the number of data to
handle is becoming increasingly large, but there is also a
need for fast processing methods. Many of the problems of
interest are actually related to optimization tasks involving
cost functions which are often nonsmooth so as to leverage
sparsity assumptions on the sought variables. In this context,
two basic ideas can be exploited in order to lower the mem-
ory requirements and computational cost in high-dimensional
optimization methods.
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The first one consists of splitting the data into different
blocks of smaller dimension which can be processed sepa-
rately at a given time. By doing so, data lengths of the order
of the blocksize can be kept in memory. Early techniques for
processing large-size images, which are actually still used by
practitioners, partition the target image into non-overlapping
blocks, each of them being dealt with in an independent man-
ner. The drawback of these approaches is that they introduce
artifacts around the borders of the blocks. These undesirable
effects can be alleviated by considering overlapping blocks
and/or by making use of a post-processing smoothing step,
but the optimality of the resulting solution is no longer guar-
anteed. Note that block-coordinate strategies can also lead to
an improvement in terms of convergence speed as they may,
for instance, yield better adapted values of the algorithm pa-
rameters (e.g. larger stepsize values in the case of a gradient
algorithm) [1,2].

The second idea for efficiently solving large-scale opti-
mization problems is to make use of massively parallel com-
puting architectures. Due to the current technological limi-
tations in terms of CPU speed, designing parallel algorithms
allowing to benefit from multicore systems or GPGPU boards
often is of paramount importance to obtain fast implementa-
tions. For this reason, in the last decade, a great deal of ef-
fort has been devoted to proximal splitting algorithms where
the computation of the proximity operators and the gradient
steps can be performed in a parallel manner [3-6]. These
algorithms can be viewed as extensions of the parallel al-
gorithms developed earlier for solving convex admissibility
problems [7,8]. Although they are able to solve more general
convex optimization problems, they are less flexible in the
sense that they require the proximity or gradient operators to
be all activated at each iteration, whereas parallel projection-
based methods make it possible to activate only a subset of the
required projections. If the number of available processors is
less than the number of operations to be performed in paral-
lel, most of the existing parallel proximal algorithms become
then of limited interest.

In this work, we overcome the latter limitation by propos-
ing a block-coordinate algorithm applicable to a wide array
of convex optimization problems. The blocks are activated
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randomly, and the computations can be performed in a par-
allel manner by adjusting the computation load to the num-
ber of available processors. Our approach is grounded on re-
cent developments concerning primal-dual convex optimiza-
tion methods [9-13] as well as on novel convergence results
on stochastic fixed point algorithms [14].

This paper is organized as follows. Section 2 gives the
formulation of the considered optimization problem and in-
troduces our notation. Section 3 describes the proposed
random block-coordinate primal-dual proximal splitting al-
gorithm, discusses its merits with respect to existing methods,
and states its convergence properties. Section 4 illustrates the
good performance of our method on a 3D mesh denoising
problem. Finally, some conclusions are drawn in Section 5.

2. PROBLEM FORMULATION

In this paper, we consider a quite general form of convex op-
timization problems which can be expressed as

p q p
Zhj(xj)+2(gk‘j|k)( Lk,jxj>
Jj=1 k=1 j=1

(1)

where, forevery j € {1,...,p}, H; is a separable real Hilbert
space, h;: H; — ]—00, +00] is a convex differentiable func-
tion with a Lipschitzian gradient, for every k € {1,...,q},
Gy is a separable real Hilbert space, g € T'g(Gg),! Iy €
I'y(Gy) is assumed to be strongly convex, and Ly, ; is a linear
bounded operator from H; to Gy, satisfying

Lk:{j/€{17"'7p}|Lk,j'7é0}7é®a (2)
Ly ={K e{l,....q} | Lp; #0} # @. 3)

We recall that the inf-convolution of two functions g: H —
] — o0, +o0]and |: H —] — oo, +0o0] is defined as g1 : y +—
inf,_n (g(z) + I(y — z)). The identity element of the inf-
convolution is the indicator function of {0}, denoted by ¢ ;.
Then, if | = ¢{0}, g0l reduces to g.

In the remainder of the paper, it is assumed that Prob-
lem (1) has at least one solution and that one of the following
two technical conditions holds:

o (Vj € {1,...,p}) (Vk € {1,...

3201 Lk jx; is surjective.

o (Vke{l,...,q}) either gy or |, is real-valued.
The dual problem associated to Problem (1) is then given by

P q
>om (=Y tim)
k=1

J=1

minimize
x1€H1,...,xp €Hy

1q})s (Xihigi<p

minimize
v1E€Gy ,...,quGq

> (gh(vi) +1i(vi). 4

k=1

T (G},) denotes the set of proper lower-semicontinuous convex func-
tions from Gy, to |—o0, +00].
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(iii) For every j € {1,...

This dual problem involves the Fenchel-Legendre conjugate
functions of (hj)lgjgp, (gk)1gkgq and (|]€)1<k<q, here de-
noted by a * symbol. We recall that the conjugate f* of a
proper lower-semicontinuous convex function f is defined as
(v € H) £(x) = sup,ep ({y | X) — F(y)-

Subsequently, we denote by F (resp. F*) the set of solu-
tions to Problem (1) (resp. (4)).

3. BLOCK-COORDINATE PRIMAL-DUAL
ALGORITHM

3.1. Proposed algorithm

We propose a primal-dual proximal splitting approach for
solving Problem (1). Our method is based on a randomized
block-coordinate strategy, described in Algorithm 1. For con-
ciseness, in the remainder of this work, H = H; & --- © H,,
denotes the Hilbert direct sum of (H;)1<j<p. A generic ele-
ment of H is denoted by x = (x;)1<;<p With, for every j €
{1,...,p}, x; € H;. Similarly, we define G =G ®--- ® G,
with generic element v = (vi)i<rgq Where, for every
ke {1,...,q} vi € Gg. Moreover, D = {0,1}P%9~ {0}
is the set of nonzero binary vectors of length p + ¢. Finally,
the proximity operator of a proper lower-semicontinuous
function f defined on a Hilbert space H, relative to the metric
induced by some strongly positive self-adjoint bounded linear
operator U: H — H, is defined as

1
proxy : H — H: x — argmin f(y) + §(x— y | Ux —y)),
yeH

where (- | -) is the scalar product endowing H. We refer the
reader to [15] for further mathematical details.

We now discuss the main advantages offered by the pro-
posed algorithm:

(i) In order to accelerate the convergence speed of the
method, we modify the underlying space metrics in a
manner similar to [16, 17], by introducing precondition-
ing linear operators (W,)1< <p and (Ug)i<rgq- These
operators are assumed to be bounded, self-adjoint and
strongly positive.

(i) A random block alternating strategy over indices j €

{1,...,p}and k € {1,...,q} is adopted in order to take
advantage of the block structure of the problem. More
precisely, at each iteration n of Algorithm 1, (¢; ,)1< <p
(resp.  (€ptr,n)i<k<q) are Boolean variables signaling
the primal variables (z;,)1<j<p (resp. dual variables
(Vk,n)1<k<q) that are activated. In addition, at iteration
n, for every j € {1,...,p}, the Boolean 7, ,, is chosen
such that s;, and y; , are updated only if there exists
some k € {1,...,q} such that both €, , and Ly ; are
nonzero.

,p},and & € {1,...,q}, the ran-
dom variables (a; n )nen, (bk,n)nen and (cx pn)neny model
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some possible errors arising in the computation of Vhj,
—1

prox:* and VI, respectively. The algorithm is robust

to such stochastic errors as soon as they fulfilled, almost

surely (a.s.),

> VE(laal?1%Xn) < +o0, Y VE(Ibal?1Xn) < oo,

neN neN

S VE(eaPTXn) < +00,with X = (@, U o< <o

neN

Algorithm 1 Randomized Block Primal-Dual Algorithm.
Initialization: Let (\,),cn be a sequence in 0, 1] such
that inf, ey A, > 0.

Let g, (@n)nen be H-valued random variables, and let v,
(bn)nen, and (¢, )nen be G-valued random variables.
Iterations:

forn=0,1,...
Select randomly a vector €,, = (€i,n)1<i<p+q € D
fory=1,...,p

njnfmax{emkn ‘ kel:}
(Vh (xjn)+ aj,n))

Sjn = Mjn | Tjmn — W

Yjmn = MNjn SJ, - W; Z L 3 Uk, ”
i keL:
fork=1,...,q
Ut
Uk,n = Ep+k,n pTOXgZ Vkn + Uk Z I—k,jyj,n
JELE
U (VI (vk,n) + Ck,n)) + bk,n)
L Vkn+l = Vg, + )\nEp+k,7L(uk,7L - Uk,n)
foryj=1,...,p
Pjn = Ejn (Sj,n -W; N Lz,jukﬂ)
kG]L;f
L L Tjn+1 =Tjn + )\ngj,n(pj,n - xj,n)-

3.2. Link with existing works

It can be noticed that, when p = 1 and (Vn € N) Pley,, =
1] = 1, Algorithm 1 is related to a number of existing primal-
dual algorithms :
(1) The deterministic algorithms proposed in [18, 19] are re-
covered when ¢ = 1, (Vn € N) Ples,, = 1] = 1, Hy and
G; are finite dimensional spaces, |; = L{0}> W; = 7l and
U = pl, with (7, p) €]0,4+0oc[?, no relaxation (\,, = 1)
or a constant one (A, = A < 1) is performed, and in the
absence of errors.
(i1)) The deterministic fully parallel algorithm proposed in [9,
Prop. 4.3] is recovered when (Vn € N) (Vk € {1,...,q})
Plep+k,n = 1] = 1, and the errors (@, )nen, (b )nen and
(¢n)nen are deterministic and summable.
(iii) A different stochastic block primal-dual algorithm was re-
cently proposed in [20] (see also [21] for some particular
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case) but this algorithm requires more restrictive conver-

gence conditions than those provided in the next section.

Note that random block-coordinate algorithms already
have been proposed in the literature. However, they are lim-
ited to the standard forward-backward algorithm [1, 14], or
its dual version [22].

3.3. Convergence result

The following theorem, deduced from [23], guarantees that
the sequence (x,,, v, )nen asymptotically provides a pair of
primal-dual solutions to the problems (1)-(4).

Theorem 3.1. Suppose that the following assumptions hold:
(i) (en)nen are identically distributed D-valued random
variables and, for every n € N, €,, and X,, are indepen-
dent. In addition, (Vj € {1,...,p}) Plejo = 1] > 0, and
(Vk S {1, ey q}) Eptk,n = MaxX {é“jm | jE Lk}

For every j € {1,...,p} and for every k € {1,...,q},
h; o le./z and I} o U,lc/2 have Lipschitzian gradients with

(ii)

.. -1 -1 .
positive constants u; -~ and v, ", respectively. Moreover,

min {

(1 —u2Lw 2 ) } >1/2, (5

where  L: (x;)1<j<p = (Zj 1Lk;JXJ)1<k<q’
U: (Vi)icksg = (Uvi,... Ugvg), W (X5)15<p
(Wixi, ..., Wpxp), p = min{ui,...,pup}, and v =
min{u,..., v}

Then, (., )nen converges weakly a.s. to an F-valued random
variable, and (v, )nen converges weakly a.s. to an F*-valued
random variable.

Note that in the case when, forevery k € {1,...,¢}, I =
t{0y> Condition (5) simplifies into
[UY2LWY2 <1 and p>1/2. (6)

Finally, let us emphasize that the assumption we make on
(en)nen is weak, so that our method benefits from a high
flexibility on the way the blocks can be selected. Basically,
almost any arbitrary stationary random sampling strategy fits
into our framework.

4. APPLICATION TO 3D MESH DENOISING

4.1. Problem statement

We focus on the inverse problem, consisting of restoring the

spatial positions X = (X}, X} , X7 )1<;j<p € RP*? of the nodes
of a large 3D mesh from measurements z = (z¥,zY,2%)

corrupted with an i.i.d. noise. The topology of the observed
mesh z is assumed to be similar to the one of X (i.e. both
meshes have the same adjacency matrix).

We propose to define the estimate X € RP*? of X as a
solution to Problem (1) [24], where:
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(a)

e The sum over j € {1,...,p} of functions (h;)i<j<p
represents the data fidelity term incorporating some in-
formations regarding the observation model. For every
Xj = (XJ'D)DG{X,Y,Z} € H; = R3, we set hj(Xj) =
> pe(x,v,2} \I/(X]D — zf), where VU is the Huber func-
tion with threshold § > 0, defined as

3&° if[¢] <0,

7
8]¢| — 262 otherwise. @

(Ve eR) () = {

Note that U is 1-Lipschitz differentiable.

e The sum over k € {1,...,q}, with ¢ = 2p, of functions
(8k)1<k<q models a hybrid regularization term introduc-
ing some a priori knowledge on the sought node positions
(we take |, = t{0y)- First, following [25,26], we promote
the smoothness of the restored mesh by defining, for all
x € R forall k € {1,...,p}, gr(3)_ Lijxj) =
B pe(xv.z} (< = xP)ievy |2,with 3 > 0, and Vy,
the set of neighbors of node k. Moreover, we constrain
the spatial positions of the estimated nodes to belong
to the box with bounds (x2;,. x2. ) pe(x,v,z1 € R**?
by choosing, for all x € RP*3, for all k € {1,...,p}

Btk (1 LeiXi) = e (x,v,2) U ] 05
4.2. Implementation
In our simulations, we simply take (Vj € {1,...,p}) W; =

7l, U; = p1land Uy, ; = pol, where (7, p1, p2) are positive
constants satisfying Condition (6).

At each iteration n € N, forevery k € {1,...,q}, we
need to compute the proximity operator of gj, for updating
variable wuy . Since, for every j € {1,...,p}, g; identi-

fies with a separable sum of /2 norms, proxg_ 7 has an explicit
—1

form [4], from which the expression of proxgz’f can be de-

duced by applying the Moreau decomposition theorem [27].

Moreover the proximity operators of functions g, ; relative

to the metric induced by U, ; correspond to the projection

onto x5, xX ] x XX oxE ] ) X xE-

min’ “max min’ “max min’ “max

Note that the inner loops over j € {1,...

...

ner.

,p} and k €
,q} in Algorithm 1 can be computed in a parallel man-
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Fig. 1. (a) Original mesh X, (b) noisy mesh z with MSE = 2.89 x 10~°, and reconstructed meshes X using (c) Algorithm 1 with MSE =
8.09 x 107 ® and (d) Laplacian smoothing with MSE = 5.23 x 10~ ".

Finally, when one deals with a very large amount of data,
memory requirement becomes a more limiting factor than the
computational time. This implies that only a limited number
of variables can be handled at each iteration of the algorithm.
At each iteration n € N, the activation variables (& ,)1<j<p
must thus be chosen so as to satisfy some budget constraint,
which can be expressed as Zle €jm = 1, withr < p. To
this aim, we propose to divide the considered mesh into p/r
non-overlapping blocks, and to set (€;.,)1<j<p,neN SO as to
activate a single block chosen randomly at every iteration.

4.3. Numerical results

To show the performance of the proposed method, we con-
sider a large 3D mesh, namely the standard Dragon available
at http://graphics.stanford.edu/data/3Dscanrep/, with p =
100250 nodes and 301207 edges, displayed in Figure 1(a).
The positions of the original mesh are corrupted through a
Gaussian mixture noise model. The resulting observed mesh
z is displayed in Figure 1(b). The restored mesh obtained us-
ing Algorithm 1, with \,, = 1, is represented in Figure 1(c).
We choose the regularization parameters (3, ) so as to min-
imize the Mean Square Error (MSE). For comparison, Fig-
ure 1(d) displays the estimated mesh obtained using Lapla-
cian smoothing [28].

Figure 2 illustrates the time necessary to reach the stop-
ping criterion ||z, — Z|| < 1072 ||Z||, where Z has been pre-
computed using a large number of iterations, as a function
of the number of blocks p/r. The memory space required
for running the algorithm in Matlab R2013a is also reported.
As one could expect, the best reconstruction time (equal to
5 s.) is obtained for r = p, i.e. with a deterministic strat-
egy. The choice of smaller blocks leads to a decrease of the
occupied memory, at the expense of a decrease of the con-
vergence speed. A major advantage of our method is that it
allows the user to select the random sampling strategy lead-
ing to a minimal reconstruction time, without exceeding the
available memory on its own computer architecture.
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Fig. 2. Reconstruction time (circles) and required memory (squares)
for several block numbers p/r.

5. CONCLUSION

In this paper, we proposed a random block-coordinate version
of a primal-dual algorithm for solving minimization problems
involving convex (possibly non differentiable) functions and
linear operators, whose convergence is established. Our ap-
proach generalizes existing primal-dual methods, by allow-
ing to update randomly, at each iteration, only a subset of
the components of the iterates. This is particularly useful for
the resolution of large scale problems with limited allocated
memory. The good performance of our method has been il-
lustrated through an application on a large 3D mesh denoising
problem. As an extension of our method, it could be interest-
ing to combine the proposed algorithm to a variable metric
strategy [27] in order to accelerate its convergence.
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