UNIFORMLY MOST POWERFUL DETECTION
FOR INTEGRATE AND FIRE TIME ENCODING

Lionel Fillatre*, Igor Nikiforovt, Marc Antonini* and Abdourrahmane Atto®

*Univ. Nice Sophia Antipolis, CNRS, I3S, UMR 7271, 06900 Sophia Antipolis, France
'UMR CNRS STMR - LM2S - University of Technology of Troyes, 10004 Troyes, France
°LISTIC - University of Savoie, 74944 Annecy le Vieux, France

ABSTRACT

A time encoding of a random signal is a representation of this
signal as a random sequence of strictly increasing times. The
goal of this paper is the rule for testing the mean value of a
Gaussian signal from asynchronous samples given by the In-
tegrate and Fire (IF) time encoding. The optimal likelihood
ratio test is calculated and its statistical performance is com-
pared with a synchronous test which is based on regular sam-
ples of the Gaussian signal. Since the IF samples based de-
tector takes a decision at a random time, the regular samples
based test exploits a random number of samples. The time
encoding significantly reduces the number of samples needed
to satisfy a prescribed probability of detection.

Index Terms— Likelihood ratio test, Time encoding,
Random sampling, Integrate and fire sampler.

1. INTRODUCTION

A time encoding [1] of a random signal z(¢), t € R, is a
representation of x(¢) as a random sequence, called a pulse
train, of strictly increasing times (tx), k¥ € N, where R and
N denote the set of real numbers and non-negative integers.
Time encoding is a very relevant technique for dealing with
asynchronous transmission and processing of signals. The re-
newed interest in asynchronous processing of signals is due to
applications where low energy consumption and continuous-
time processing are essential: electronic circuits [1], biomedi-
cal implants [2], sensor networks [3] and asynchronous event-
based cameras [4] among others. Asynchronous processing is
also interesting in the continuous time signal processing [5,6].

Many models [7] exist for encoding a signal in the time
domain: level crossing sampler [8], the Integrate and Fire (IF)
sampler [9] and the sigma-delta converter [10] among oth-
ers. The traditional motivation for using time-based encoding
schemes relies on the simplicity of their hardware implemen-
tation which are promising [11, 12]. Despite this strong mo-
tivation, studying the benefits of time encoding is still in its
infancy. Hence, this paper proposes to evaluate the interest of
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time encoding for deciding between two hypotheses. In such
a context, the decision rule is typically based on asynchronous
samples produced by a low energy sensor. This paper deals
with the well known IF time encoding which remains one of
the most used techniques. Its use as a sampling framework
has only recently been investigated [1, 13—15]. Most efforts
in the literature have been devoted towards the design of re-
construction algorithms [1, 13, 16, 17] for bandlimited signals.
Some first attempts for classification of pulse trains based on
electrophysiological recordings is made in [9, 14, 18]. The
comparison between IF sampling and standard regular sam-
pling for deciding between two hypotheses is challenging.

This paper proposes three contributions. First, the detec-
tion problem is stated as a statistical test between two hy-
potheses. Each hypothesis corresponds to a random signal
x(t), completely characterized by its mean m, which is sam-
pled by the IF sampler. Second, the statistical performance of
the proposed test is calculated. It is shown that the test uni-
formly maximizes the probability of detection whatever the
mean m of the random signal (), provided that this mean is
increasing from the first hypothesis to the second one. Third,
the proposed test, called the IF test, is theoretically compared
to the Regular Samples (RS) test which is based on regular
samples of the input signal. Since the decision time of the
IF test is random (it depends on the moment when the pulses
are collected), the RS test exploits a random number of reg-
ular samples, which requires a specific attention. It is shown
that IF sampling can save energy within this ideal theoretical
framework.

The paper is organized as follows. Section 2 describes the
IF sampler and the statistical pulse trains. Section 3 derives
the optimal test based on the pulse train under a constrained
false alarm probability. Section 4 theoretically compares the
IF test and the RS test. Section 5 proposes a numerical study.
Finally, Section 6 concludes this paper.

2. INTEGRATE AND FIRE TIME ENCODING

The adaptive IF time encoding typically takes place within the
sensor. The sampling information is sent to a decision center
which takes the decision from the whole family of sensors.
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Fig. 1. Non-Leaky Integrate and Fire model within the sensor.

An input signal z(¢) for ¢ > 0 is integrated until a positive
threshold § > 0 is reached, at which point an output pulse is
generated and the integrator is reset to zero. This process is il-
lustrated in Fig. 1. The output signal B(t) of the IF integrator
satisfies the linear stochastic differential equation

dB(t) = mdt + o dW (t) (1)
where T (t) is a standard Brownian motion. Hence, B(t) is
a Brownian motion with the drift m and the diffusion coef-
ficient 0. The drift m represents the mean intensity of the
input signal z(¢). Without loss of generality, it is assumed
that m > 0. If not, a positive bias is added to dW (¢) in order
to obtain a positive drift m. Hence, the delay for generating
a pulse corresponds to the first passage time of B(t) for the
level §:

D =inf{t >0 : B(t) > 6}. )

It follows that the IF sampler generates a sequence of pulses
whose interarrival delays Dy, ..., Dg,...are distributed ac-
cording to the probability density function (pdf) of D. The
pdf of D is the well-known [19] Inverse Gaussian (IG) distri-
bution IG(p, A) defined by

A 1/2
fldsp,A) = (2ﬂd3) exp (

for d > 0, where y1 > 0 is the mean and A > 0 is the shape
parameter. The variable d represents the delay between two
pulses; it corresponds to the realizations of random variables
{D;}i>1. The time encoding of the input signal corresponds
to the random times Tg, 17 ,. .. where Ty = 0 is the time start-
ing point and 7; = T;_1 + D;. The parameters of the IG
distribution are ;1 = p(m) = 6/m and X = 6%/02.
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3. OPTIMAL TEST BASED ON THE PULSE TRAIN

Let us assume that the input signal :(¢) has two possible mean
values m; and mq satisfying ms > my. The goal is to test
the mean value of the signal, either m; or msy, when o is
known. Let us consider a sequence of n encoded times t" =
(t1,...,tn) where t; is a realization of the random variable
T;. This sequence is statistically equivalent to the interarrival
delays d = t;, — tx—1 where t; = 0. From Section 2, it
follows that the detection problem can be formulated as the

choice between the two hypotheses

Hi: {Dp ~IG(u1,N), k=1...,n},

Ho: {Di ~ IG(p2, N), k=1...,n}, %)
where p1; = p1;(6) = §/m; and 1 > po. The parameter A

is known since ¢ and o are known. A detailed introduction to
statistical hypotheses testing theory is given in [20,21]. Let

Ko ={¢:Pri(¢(D7) = H2) < a} ®)

be the class of tests of level o with an upper-bounded false
alarm probability 0 < « < 1, where Pr;(+) stands for D} be-
ing generated by the distribution /G(g;, A). The probability
of correct detection, also called the power, is

By = Pra(op(D7) = Ha).

The optimal test for testing #; and s in the class K, i.e.
the test which maximizes the power under a constrained false
alarm probability, is given by the well known Likelihood Ra-
tion Test (LRT). The LRT, which is called the IF test in the
following, is given by [22,23]

wrm Hq if A(dy)=
A7) —
o7(dr) { Ho else,
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where h is a threshold. A short calculation shows that the
LRT can be rewritten as
o @)=o )= { Tt i

(6)

where h* is a threshold such that ¢* € K. From the basic
properties of the IG distribution [24], A*(DY) is distributed
as IG(nu;,n?\) under H;. Let F;,(-) be the Cumulative
Distribution Function (cdf) of IG(nyu;,n?X) and F ' (-) its
inverse function. Then, the threshold h* satisfies

h* = F; Ha)

1,n

and the power 4+ = Pro(A* (D7) > h*) of the test ¢* is

ZZ:I dk =i Z h'*a

Bor = By (8) = Fan(h*) = Fon(Fr () (D)
where (4~ (0) is a function of § through the parameters
s 2 52
nui:ni:i and n2)\—n6—2—6—2. (8)

7 ?

It is straightforward to verify that the power function Sy« ()
is an increasing function of ¢ and/or n. Hence, changing the
number of IF pulses n used by the test or the threshold § has
the same effect. For this reason, for the numerical experi-
ments, it is assumed that n = 1 and only the value of § varies.

From (6), it is interesting to note that the LRT takes its
decision by comparing the last encoded time ¢,, to a threshold.
Since the decision function ¢,, does not depend on Hy and
h* depends only on H; and «, the test is Uniformly Most
Powerful (UMP), i.e. it maximizes the probability to detect
the value my provided that ms > mq [20].



4. COMPARISON WITH REGULAR SAMPLING

P(t9)

Fig. 2. Random decision times ¢, to and t3 for both the IF and
RS tests. The regular sampling times are tl, tg, t3, t4 and t5
At time t;, the two tests do not necessarily exploit the same
number of samples.

The IF test ¢*(¢]') takes a decision at random time ¢,, by
using n encoded times ¢7. Let us compare the performances
of this test at a time ¢,, with respect to an optimal test based on
regular samples, called the RS test. Let A > 0 be the regular
sampling period and tr = kA be the sampling times. At time
tn, the regular sampling provides n = [t,/A| € N samples
where |a] denotes the greatest integer less than or equal to
a (see Fig. 2). This is the realization of the random variable
N = |T,,/A] which admits the distribution:

R (A+1)A
pin(M) =Pr;(N =n) = / fusnpi, n*N)du (9)

nA

for 7 € N. Since N may be equal to 0 if T,, < A, the RS
test for n = 0 samples corresponds to a coin flip with the
probability « to decide H.

Let us assume that 7 regular samples, denoted z1,..., 27,
are measured at time t,,. The regular samples are obtained
by using a first-order integration sampler which integrates the
signal (1) over a time interval of length A and normalizes the
sample by v/A. Hence, the regular samples represent the real-
izations of the Gaussian random variables 71, ..., Z;, where
Zy, ~ N(miv/A, 0?). In the field of decentralized sequential
detection, such a sampling model has been studied in [25].
The RS test has to decide between

Hi(N =7): {Z ~ N(miVA,0%), k=1...,7},
Ho(N =7): {Zk ~ N(maVA,02), k=1...,7},(10)
given the number N =7 of samples, at time ¢,,. The LRT
between H1(N = n) and Ha(N = n) is [20]:
3(7)= Hl(JY =) if A(z) =A< Spy 2 < s,
Ha(N = n) else,
(1)

where hy is given by hn = mivVa 4+ o® (1 — a) and the

conditional power, given that N = 7, is
B5(N = 7)=Pr, (K(Z?) > ha|N = ﬁ)

=1-®((m1—m2)VAA + 0@~} (1-a)) (12)

where ®(-) is the cdf of the standard normal distribution. The
power of the test d) obviously depends on the realization N =
n of the number of samples at time ¢,,. This test is UMP for
all mg > my [20]. In order to compare the IF test and the RS
test, it is necessary to define the mean power of the RS test
with respect to the distribution of V. Hence, let ov3(n, §) and
Bg(n, 0) be the mean probability of false alarm and the mean
power, respectively, of the RS test when the IF test deals with
n samples at time ¢,,:

ag(n,d) = Zpln n)a = a, (13)
n=0

B5(n,0) = sz,n(ﬁ)ﬂg(ﬁ =), (4
n=0

where p; (1), given in (9), depends both on n and 4.

5. NUMERICAL EXPERIMENTS

This section proposes a numerical comparison of the IF test
and the RS test when m; = 1, mo = 4, 0 = 2 and the
prescribed false probability is v = 1073,

Fig. 3.(a) gives the power function 3+ (5) and 33(5) with
respect to the IF threshold 6 when A = 1 ms. As under-
lined in Section 3, the IF test deals with only n = 1 sample
obtained at time ¢;. The IF test is more powerful than the
RS test when ¢ is large, which corresponds to a high proba-
bility of detection. Otherwise, the RS test is more powerful.
Consequently, the IF test seems more interesting in practice
since a high power is often targeted. Fig. 3.(b) gives the mean
waiting delay of decision (in milliseconds) for each test. For
the IF test, the mean waiting delay of decision corresponds to
the mean time necessary to obtain n = 1 sample from the IF
sampler The RS test exploits a random number of samples
N = 7, hence its mean waiting delay of decision is A N;(0)
where the mean number of samples N;(§), depending on the
true hypothesis H,;, is given by

anzn 1

n=0

~ pi(6)/A. 15)

The approximation AN;(8) a2 j1;(6) comes from the fact that
Di.n is obtained by quantizing the IG distribution. When A is
small, the mean waiting delays of the two tests are almost the
same.

Fig. 4.(a) gives the power function 3¢+ (5) and 3(5) with
respect to A for three values of ¢: 10, 20 and 30. Since ¢
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Fig. 3. The power function (a) and the mean delay (b) of the
IF test and the RS test with respect to the IF threshold 4.

is fixed for each curve, the power of the IF test is constant.
From (12), the power of the RS test clearly depends on A. If
A is too large, there is no regular sample at time ¢, hence the
power of the RS test is a. As A is decreasing, the power of the
RS test increases (as the number of regular samples becomes
larger) but the number of transmission always increases since
the sampling rate is proportional to 1/A.

Finally, let us compare the energy consumption of each
test. It is assumed that each sample is coded with ¢ bits
and each bit is transmitted with a constant energy-per-bit Ej,
(in joule). This energy consumption model is simple but the
main goal is overall to show the advantages of the IF sam-
pling within an ideal framework. The IF test uses only one IF
sample to take a decision. Hence, the energy consumption of
the IF test is

Cir =qEy

which corresponds to the transmission of ¢ bits. Contrary to
the IF test, the RS test exploits a mean number of samples
N;(6) given by (15). Hence the mean energy consumption of
the RS test is given by

_ (0
cRs:quNi(a)qub“T():qu

A (16)

and it depends on the true hypothesis ;. The difference be-
tween Cip and CRrs is due to the ratio 6/(m;A). Fig. 4.(b)
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Fig. 4. Theoretical (a) power and (b) energy cost of the IF test
and the RS test as a function of A for § = 10, 20, 30.

shows the energy costs Cip and Crg as a function of A by
assuming that £, = 0.1 and ¢ = 32. The IF test has the ad-
vantage of a constant cost whatever § and the true hypothesis
H;. Increasing the value of A reduces the energy cost Crg
but it involves a loss of detection performance as underlined
in Fig. 4.(a).

6. CONCLUSION

This paper studies the optimal UMP test, called the IF test,
to detect the mean level of a Gaussian signal from non-leaky
Integrate and Fire (IF) samples. This test is compared to the
UMP test, called the RS test, based on regular samples regu-
larly spaced in time. The statistical performances of both the
tests are explicitly calculated under a constrained prescribed
false alarm probability. It is shown that the IF test can have
a lower energy cost than the RS test while preserving the de-
tection power. The proposed results are derived within a the-
oretical framework. Future work will concern the extension
of this approach to real pulse-based systems.

REFERENCES

[11 A.A. Lazar and L.T. Toth, “Perfect recovery and sen-
sitivity analysis of time encoded bandlimited signals,”



(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[12]

[13]

IEEE Transactions on Circuits and Systems I: Regular
Papers, vol. 51, no. 10, pp. 2060-2073, oct. 2004.

H.Y. Yang and R. Sarpeshkar, “A bio-inspired ultra-
energy-efficient analog-to-digital converter for biomed-
ical applications,” [EEE Transactions on Circuits and
Systems I: Regular Papers, vol. 53, no. 11, pp. 2349-
2356, 2006.

LF. Akyildiz, Weilian Su, Y. Sankarasubramaniam, and
E. Cayirci, “A survey on sensor networks,” IEEE Com-
munications Magazine, vol. 40, no. 8, pp. 102-114,
2002.

P. Lichtsteiner, C. Posch, and T. Delbruck, “A 128
x 128 120 dB 15 us Latency Asynchronous Temporal
Contrast Vision Sensor,” IEEE Journal of Solid-State
Circuits, vol. 43, no. 2, pp. 566576, 2008.

M. Kurchuk and Y. Tsividis,  “Signal-Dependent
Variable-Resolution Clockless A/D Conversion With
Application to Continuous-Time Digital Signal Pro-

cessing,” IEEE Transactions on Circuits and Systems
I: Regular Papers, vol. 57, no. 5, pp. 982-991, 2010.

G. Fellouris and G.V. Moustakides, “Decentralized se-
quential hypothesis testing using asynchronous com-
munication,” [IEEE Transactions on Information The-
ory, vol. 57, no. 1, pp. 534-548, Jan 2011.

A. A. Lazar, E. K. Simonyi, and L. T. Toth, “Time
encoding of bandlimited signals, an overview,” in Pro-
ceedings of the Conference on Telecommunication Sys-
tems, Modeling and Analysis, Nov. 2005.

E. Allier, G. Sicard, L. Fesquet, and M. Renaudin,
“Asynchronous level crossing analog to digital convert-
ers,” Measurement, vol. 37, no. 4, pp. 296 — 309, 2005.

Alexander Singh Alvarado, Choudur Lakshminarayan,
and Jose C. Principe, “Time encoding using the
Integrate and fire sampler: A Discriminative Repre-
sentation for Neural Action Potentials,” in Interna-
tional Conference on Sampling Theory and Applica-
tions SAMPTA’11,2011.

P.W. Wong and R.M. Gray, “Sigma-delta modulation
with i.i.d. Gaussian inputs,” IEEE Transactions on In-
formation Theory, vol. 36, no. 4, pp. 784-798, 1990.

M. Rastogi, A.S. Alvarado, J.G. Harris, and J.C.
Principe, “Integrate and fire circuit as an ADC replace-
ment,” in /[EEE International Symposium on Circuits
and Systems (ISCAS), 2011, pp. 2421-2424.

J. Tapson and A. van Schaik, “An asynchronous par-
allel neuromorphic ADC architecture,” in IEEE Inter-
national Symposium on Circuits and Systems (ISCAS),
2012, pp. 2409-2412.

Hans G. Feichtinger, José Principe, José Luis Romero,
Alexander Singh Alvarado, and Gino Angelo Velasco,

[14]

[15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

[25]

“Approximate reconstruction of bandlimited functions
for the integrate and fire sampler,” Advances in Compu-
tational Mathematics, vol. 36, no. 1, pp. 67-78, 2012.

Alvarado Singh, Time encoded compression and clas-
sification using the integrate and fire sampler, Ph.D.
thesis, University of Florida, 2012.

Dazhi Wei and J.G. Harris, “Signal reconstruction from
spiking neuron models,” in Proceedings of the 2004 In-
ternational Symposium on Circuits and Systems, 2004.

ISCAS ’04.,2004, vol. 5, pp. V-353-V-356.

A.A. Lazar and E.A. Pnevmatikakis, “Video time en-
coding machines,” IEEE Transactions on Neural Net-
works, vol. 22, no. 3, pp. 461-473, march 2011.

Khaled Masmoudi, Marc Antonini, and Pierre Korn-
probst, “Streaming an image through the eye: The
retina seen as a dithered scalable image coder,” Sig-
nal Processing: Image Communication, vol. 28, no. 8,
pp- 856-869, 2013.

Maxime Ambard and Stefan Rotter, “Support vector
machines for spike pattern classification with a leaky
integrate-and-fire neuron,” Frontiers in Computational
Neuroscience, vol. 6, no. 78, 2012.

D. R. Cox and Hilton David Miller, The Theory of
Stochastic Processes, Chapman & Hall, 1977.

E. L. Lehmann and Joseph P. Romano, Testing statis-
tical hypotheses, Springer Texts in Statistics. Springer,
New York, third edition, 2005.

A. A. Borovkov, Mathematical Statistics, Gordon and
Breach Sciences Publishers, Amsterdam, 1998.

Carole K. Miura, “Tests for the mean of the inverse
gaussian distribution,” Scandinavian Journal of Statis-
tics, vol. 5, no. 4, pp. 200-204, 1978.

Anne S. Davis, “Use of the likelihood ratio test on the

inverse gaussian distribution,” The American Statisti-
cian, vol. 34, no. 2, pp. 108-110, 1980.

M. C. K. Tweedie, “Statistical Properties of Inverse
Gaussian Distributions. 1.,” The Annals of Mathemat-
ical Statistics, vol. 28, no. 2, pp. 362-377, 1957.

G.V. Moustakides, “Decentralized cusum change detec-
tion,” in 9th International Conference on Information
Fusion, July 2006, pp. 1-6.



