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ABSTRACT

We focus on the definition of a new optimization criteria for
mixtures of distributions estimation based on an evolution of
the K-Product criterion [5]. For the case of monovariate
observations we show that the new proposed criterion does
not have any local non-global minimizer. This property is
also observed for multivariate observations. The relevance
of the new K-Product criterion is theoretically studied and
analyzed through simulations (in some monovariate cases).
We show that for a mixture of three separate uniform com-
ponents, the distance between the criterion unique minimiz-
er and the true component expectations is less than half the
components standard deviation.

Index Terms— K-means, K-products, Distribution mix-
tures

1. INTRODUCTION

The purpose of this paper is the unsupervised estimation
of parameters for a mixture of distributions. Let {X;,}ne[1,n]
be a set of N multivariate (D being the dimension) observa-
tions originating from a K-components mixture. The proba-
bility density function of the observations is given by

h(x) = X1 Pehi () (D

where hy, (resp. py) is the A™-component’s distribution (resp.
weight). The number of components K is supposed to be
known. Our purpose is to estimate the K expectations {a;}
given by

a, = xh, (x)dx )

In the general case, when the expectations coincide with
the K principal modes of h(x), non-parametric approaches
can be used in order to estimate the K modes of observa-
tions' distribution. Those methods are not based on any
hypothesis concerning the mixture components. The idea is
to compute a partition of the observations' space R in hy-
per-cubes in order to estimate a sampling of the probability
density function (pdf) h(x).

A kernel function (such as a Gaussian) is associated to
each observation. Then we estimate h(x) by adding the
contributions of all the kernels to each hyper-cube. The K
principal modes of the estimated pdf are then calculated [1].
This method presents several drawbacks, such as the deli-
cate adjustment of the hyper-cube size and the adjustment of
the kernel functions’ width.

If we don’t have enough observations, the estimated pdf
may contain modes that don’t fit with the original distribu-
tion modes. The estimated pdf modes’ convergence to the
real pdf modes is studied in [2]. The most common parame-
tric approach is to assume that the different components of
the mixture can be modeled by parameterized functions,
such as Gaussians, and to search all the parameters that
maximize the likelihood of the observations.

The EM algorithm (Expectation-Maximization) [3],
usually used to estimate missing data, is the most commonly
used method to estimate parameters.

In the case of an equiprobable Gaussian mixture, where
components’ supports are separated and where components
have the same variance, the log-likelihood function is very
similar to the K-means criterion [4], frequently used in non-
supervised classification and vectorial quantification

Jk-Means (U, ..., Ug) = Zg=1 ming [|x,, — wll? 3

The main drawback of the K-means or EM algorithms is
the potential convergence to some stationary points which
are not global extrema, for example local non-global extre-
ma.

A common example is presented in figure 1 where ob-
servations are from a mixture of three bi-dimensional (K=3,
D=2) Gaussian distributions in a configuration relatively
"simple": components are separated, equiprobable and have
the same covariance. Even in these conditions, the EM algo-
rithm or K-means don’t necessarily converge to the correct
solution. The results obtained with EM and K-means are
relatively similar in this example, that’s why only the results
obtained with K-means are provided for the sake of clarity.



2. K-PRODUCT CRITERION

2.1. Introduction of the new criterion

Our approach is slightly different from the one defined in
section 1. It consists in calculating the minimum of the K-
product (KP) criterion defined by

1
]s(ul; ...,llK) :ﬁ g:l \/8 + HI;§=1||Xn - ukllz (4)

where ¢ > 0 is a regularization parameter, allowing the crite-
rion to have a continuous gradient in R®. When =0 the
criterion is given by

Jo Uy, ooy ) = TN Tl — wl (5)

This criterion is an evolution of the K-product criterion
proposed in [5]

1
Jnorm 2(Wg, .., Ug) I g:l H1,§=1||Xn - uk”z (6)

Some of this criterion's applications are presented in [6].

The difference lies in the choice of the norm used in the
product presented in equations (5) and (6). The norm 2 is
proposed in the original criterion (6), so called "K-product
norm 2"in the sequel of the paper, the norm 1 (resp. norm 1
"regularized") is introduced in the new criterion (5) (resp.
(4)) proposed is this paper.

The main drawback of the K-product norm 2 criterion, is
the bias between the minimizer and the components’ expec-
tations. When the number of observations tends to infinity,
the minimizer presented in equation (6) does not tend to
components’ expectations. For example, in the case of a
mixture with K=2 monovariate (D=1) and equiprobable
components, with expectations — a and +a and having equal
standard deviation o, the minimizer of (6) tends to

{a\/l + 02/a?,—a\/1+ O'Z/Clz}.
Figure 1 presents another example of the bias, with the
K=3 mixture, mentioned in section 1.

2.2. Minimization of the new criterion

A relaxation algorithm with complexity O(NKD) can be
used to minimize the criterion presented in equation (4). In
the neighborhood of an estimation
{uire=t, . ufe™t, . uife?} during the "ite" iteration, the
gradient of J.(uy, ..., ug) with respect to the k™ component

u,, is equivalent to

e _1
au, ~ ;qu Dn,k (Xn - uk) (7)
where
Cn
Dy = . z (8)
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Cyx can be computed using a recurrence on k, the update of

k™ component of the ui‘® vector is then obtained by solving

ite _ VN Dnk
uye =Y X 10
k n=1 ZrI\r]zlem,k n ( )

We finally obtain an algorithm with complexity O(ND).
2.3. Minimizers

Fig. 2 shows the criterion evolution obtained with differ-
ent initializations based on the same 100 observations of the
mixture described in Tab 1 (D=4, K=3).

Whatever the initialization is, the algorithm has con-
verged to the same minimizer. This can be demonstrated in
the monovariate case (D=1), using the function w(u) which
associates to each vector u of R¥, a vector containing the K
Elementary Symmetric Polynomials (ESP) of u=

(Uyq, vy ug)
Wk(u) = (—1)k+1 Zj1<"'<ijK ujl X ... X ujk (11)

An important aspect of w(u) is that if two vectors u,
and up are defined such as w(u,) = w(ug) then u, and
ug are equal, modulo permutation.

Lets H, (V) be the function strictly convex defined by

He(v) =<0 e+ G — (T xDW)? - (12)

For all u in R, we have J,(u) = H.(w(u)). We demon-
strate that if u, is a minimizer of J¢(u) then w(u,;y,) is the
unique minimizer of H.(v) . All the minimizer of J,(u) are
then equal, modulo a permutation.

3. THEORETICAL PERFORMANCE

The relevance of the K-product minimizer for estimating
mixtures expectations can be evaluated by simulation (mul-
tivariate case), and theoretically (univariate case).

In particular we show in this section that for a mixture of
three separated uniform distributions the distance between
the three elements of the single minimizer of K-product and
the three expectations is bounded by the standard deviation
of the components.

In the univariate case, the optimization of asymptotic cri-
terion J&(uy, ..., Ug) :f_t) [T5_, 1% — g [h(x)dx leads to
valid integral relations for any mixture of distributions. For

K = 3 components, cancellation of combinations like
g ag g Y i - . .
—~ ——— and u; — — u; —— eliminates the terms in u; in
0uk (7\11 6uk 6u1



the integrals and thus we obtain the following optimality
conditions fork=0, 1, 2

(13)

The dependence of relation (13) between u; appears on-
ly on bounds of integrals. These relationships also help to
establish the results directly on the conditions of uniqueness
of local minima.

These relations are simplified in the case of uniform dis-
tributions mixtures with separated supports [a, — b a; + b]
with common width 25, with standard deviation 6 = b/+/3
and with expectation a.

Going back to (13) the optimal solution f{uy,u,,us}
solves

Uy L) _E {Xk}
Jul x hodx + [ x*h(x)de==—

_u1+u2_u3 = _a1+a2 _a3
—uf +ui—us = —a? + a5—aj — b?
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(14)

After development, this system leads to the following re-
lations for the estimation errors v, = u, — a;

v, = b2 ( 1 1 )
2 b2 az—ay az—az

2Haz—apaz-az)

vz - vl + 173
bz
v1v3 +v1(a; —ay) —v3(a; — ay) +5=0

(15)

We can bound the estimation errors with the system (15).
For separated components, the first equation leads to

0<—2—<1/2b if k> 1 then |v,| < b/4 by the first

(ag—ap)
relation. Moving to the second equation, we obtain that if v;
and v3 have the same sign then their absolute values are
lower than b/4. If they have opposite signs, the third equa-
tion of (15) leads to v; < 0 and v3 > 0 and |v,|(a, — a,) +
lvsl(as — ay) < b?/2 then |vy3| <b?/2x1/2b=b/4.
Then, fork=1,2et3

b o
|uk—ak|<z<; (16)
The difference between the minimizer of the asymptotic
K-product norm 1 criterion and expectations components is
less than half the standard deviation of the components. This
property, as demonstrated here for the simplified case of a
univariate mixture of uniform components, is also observed
in the case of multivariate Gaussian mixtures.

4. SIMULATION RESULTS

Simulations are also used to verify the accuracy of the
criterion in more complex cases, particularly in the case
already mentioned and presented in figure 1 or in the case of
higher dimensions (Table 1). These results clearly show the

interest of our approach "K-product norm 1" compared to
existing methods.

In these cases relatively "simple" (K = 3 identical, equi-
probable, separated components) conventional algorithms
such as EM or K-means don't necessarily converge to the
correct solution, but may converge to a non-global optimiz-
er, with a vector which "covers" the two closest components
and the remaining two vectors which are distributed in the
remaining class. These algorithms need then to be restarted
several times with different initializations, in order to be
sure to get a proper solution.

The behavior of the relaxation algorithm presented in
section 2.2 is illustrated in figures 3 to 6. It is shown that the
algorithm converges in less of 50 iterations and the bias of
K-product norm 2 with respect to the reduced bias of K-
product norm 1 is highlighted.

4. CONCLUSION

An evolution of the standard K-product originally pro-
posed in [5] is introduced to estimate the expectations of a
mixture of distributions when the number of components is
known. The relevance criterion is studied theoretically. We
show in the univariate case, that the criterion doesn’t admit
any non-global local minimizer, and that for a mixture of
three separated uniform distributions with common supports
width, the gap between the single minimizer and expecta-
tions that we sought to be estimated is less than half of the
standard deviation of the components.

The validity of these results in the multivariate case, as
suggested by the simulations, is being studied, as well as the
extension to the case where the number of components is
not known.
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Figure 1: 100 observations of a mixture of K=3 Gaussian multiva-
riate components (D=2) and locations of optimizers corresponding
to different criterion. For the class on the right all solutions are
superposed on the exact solution, except for the non-global K-
means. For the classes on the left part of the figure, only the global
K-means minimizer and the unique minimizer of the "K-product
norm 1" lead to a pertinent solution. We have to be careful with
this figure because horizontal and vertical scales are different.

Exact K-Means, K-Means, non | K-Product norm
Means global minimi- | global minimi- | /, unique mini-
zer zer mizer

{0, 0, {-0.02,-0.04, {0.47, -0.02, {0.03, -0.07,

0,0} 0.00,-0.05} -0.48, -0.04} 0.05, 0.01}
{1, 0, {1.01, 0.00, {-0.05, -9.96, {0.94 ,-0.06,
-1,0} -1.01, -0.01} 0.20, 9.93} -0.91, 0.06}
{1,-10, | {1.01,-10.04, {0.02, -10.07, {0.01, -10.04,
-1, 10} 0.00, 10.03} 0.11, 10.09} -0.00, 10.05}

Table 1: Minimizers of K-means and K-product norm 1 over 100
observations of a K=3 components of a Gaussian mixture (D=4).
Covariance matrix being equals to 0,22 1. All components of the
mixture have the same probability.
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Figure 2: Evolution of the K-product criterion for different intiali-
zations. 100 observations of the gaussian mixture described in
table 1 (K=3, D=4). Whatever the initialization is, the algorithm
converges towards the same minimizer as indicated in the last
column of table 1.
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Figure 3: Evolution of the K-product norm 1 estimated modes
given by the relaxation algorithm. 100 observations of a multiva-
riate Gaussian mixture (K=3, D=2). Estimated modes converge in
less of 50 iterations towards the exact modes with a reduced bias.
Covariance matrix being equal to 0,152 1.
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Figure 4: Evolution of the K-product norm 2 estimated modes
given by the relaxation algorithm. 100 observations of a multiva-
riate Gaussian mixture (K=3, D=2). Estimated modes converge in
less of 50 iterations towards the exact modes with an important
bias. Covariance matrix being equal to 0,152 1.
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Figure 5: Evolution of the K-product norm 1 estimated modes
given by the relaxation algorithm. 100 observations of a multiva-
riate Gaussian mixture (K=4, D=2). Estimated modes converge in
less of 50 iterations towards the exact modes with a reduced bias.
Covariance matrix being equal to 0,152 1.
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Figure 6: Evolution of the K-product norm 2 estimated modes
given by the relaxation algorithm. 100 observations of a multiva-
riate Gaussian mixture (K=4, D=2). Estimated modes converge in
less of 50 iterations towards the exact modes with an important
bias in particular for modes on the left part of the figure. Cova-
riance matrix being equal to 0,152 1.
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