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ABSTRACT

We propose an unbiased recursive-least-squares(RLS)-type
algorithm for errors-in-variables system identification when
the input noise is colored and correlated with the output
noise. To derive the proposed algorithm, which we call
unbiased RLS (URLS), we formulate an exponentially-
weighted least-squares problem that yields an unbiased
estimate. Then, we solve the associated normal equations
utilizing the dichotomous coordinate-descent iterations.
Simulation results show that the estimation performance of
the proposed URLS algorithm is similar to that of a
previously proposed bias-compensated RLS (BCRLS)
algorithm. However, the URLS algorithm has appreciably
lower computational complexity as well as improved
numerical stability compared with the BCRLS algorithm.

Index Terms—Adaptive estimation, dichotomous
coordinate-descent algorithm, errors-in-variables modeling,
recursive least-squares, system identification.

1. INTRODUCTION

Errors-in-variables (EIV) models represent linear systems in
which both input and output data are corrupted with noise
[1]-[4]. Three popular estimation methods that are widely
used to identify parameters of the EIV models are the
instrumental variables (IV) [5]-[7], total least-squares (TLS)
[8]-[10], and least-squares (LS) with bias compensation
[11]-[14].

The IV estimation techniques are computationally simple
but typically have poor performance compared with the
other techniques [15]-[17]. The TLS approach estimates the
parameters of an EIV model by fitting the input data to the
output data with minimum perturbation. The TLS estimate
is unbiased only when the noises on input and output are
zero-mean i.i.d. and mutually uncorrelated [9].

The LS methods are biased in the presence of the input
noise. However, the bias can be calculated and compensated
for by subtracting it from the biased LS estimate. Based on
this concept, several bias-compensated LS (BCLS)
algorithms, e.g., [18]-[20], and bias-compensated recursive
LS (BCRLS) algorithms, e.g., [21], [22], have been devised.
The BCLS and BCRLS algorithms proposed in [20] and

[22], respectively, have specifically been tailored for the
case where there is correlation among the entries of the
input noise vector (colored input noise) as well as between
the input noise vector and the output noise. This colored-
and-correlated-noise case occurs in several signal processing
applications related to engineering or econometrics. One
example is the identification of the coefficients of an
autoregressive predictive model in the context of speech
signal analysis where an additive colored noise may
contaminate the input data [22].

The BCRLS algorithm of [22], which we will simply
refer to as the BCRLS algorithm, at each iteration, computes
a recursive LS (RLS) estimate of the sought-after parameter
vector along with an estimate of the noise-induced bias. It
then subtracts the calculated bias from the RLS estimate to
yield a bias-eliminated RLS estimate. The BCRLS
algorithm calculates the estimation bias using the prior
knowledge of the covariance matrix of the input noise
vector and the cross-correlation vector between the input
noise vector and the output noise.

In this paper, we propose an algorithm, termed unbiased
RLS (URLS), for estimating the parameters of an EIV
model when the input noise is colored and correlated with
the output noise. Unlike the bias-compensation-based
algorithms, the URLS algorithm does not explicitly
eliminate the estimation bias by subtracting an evaluation of
the bias from a biased estimate. Instead, it incorporates the
knowledge of the input noise covariance matrix and the
input-output noise cross-correlation vector into the recursive
estimation process to produce an unbiased estimate. Similar
to [22], we assume that the required noise statistical
quantities can be estimated or are known a priori.

To derive the URLS algorithm, we define an
exponentially-weighted LS optimization problem whose
solution is an unbiased estimate. We solve the system of
linear equations (SLE) associated with the normal equations
of the defined problem utilizing the dichotomous
coordinate-descent (DCD) iterations [23]. The DCD
algorithm is a shift-and-add algorithm that solves an SLE
with no multiplication operation. In this algorithm, the
number of exercised iterations and the step-size resolution
establish a trade-off between accuracy and complexity [24],
[25].



Through simulations, we verify that the estimation
performance of the URLS algorithm is very close to that of
the BCRLS algorithm. However, the URLS algorithm is
significantly less complex than the BCRLS algorithm in
terms of the required arithmetic operations. The URLS
algorithm is also immune to numerical instability caused by
the buildup of round-off errors in finite-precision
implementations, which can plague the BCRLS algorithm.

2. ALGORITHM DERIVATION

Consider a linear system described by
dk = hTXk (1)

where h € RE*! is the column vector of the system
parameters, L € N is the order of the system, superscript T
denotes matrix transposition, and x,, € RE*! and d, € R are
the input vector and the output at time index k € N,
respectively. Instead of X, and dj, we observe their noisy
versions, i.€.,

Xk = Xy + nk (2)
and
dy = dy + vy 3

where n;, € RE! and v, € R represent the corresponding
input and output noises.
We make the following assumptions regarding the noises
and the input data:
Al: The input noise vector, ny, is i.i.d. with zero mean
and covariance matrix of R, i.e.,

E[ng] =0 and E[n,n}] =R

where 0 is the L X 1 zero vector.
A2: The output noise, vy, is i.i.d. with zero mean and
variance of n, i.e.,

E[vi] =0 and E[vZ] =n.

A3: The input and output noises are mutually correlated
with a cross-correlation vector of P, i.e.,

E[ngv,] = p.

A4: The input noise is statistically independent of the
noiseless input.
We also define

Xk = [Xk’ Al/zxk_l, ...,A(k_l)/le],
26072 ],
AETDR, ],
Vi = [V A2y, o, ATV 2y ]

Tty e AEDI2G ],

P, = kaia

Nk = [nk,ll/znk_l,

ik = [)N(k,ll/zf(k_l,

and
z;, = X, d}
where A is a forgetting factor that satisfies
0kKA<.

By discounting the input noise and its effect, an unbiased
exponentially-weighted LS estimate of h at time instant k,
denoted by w;, € R, can be found as

w), = argmin ||d, — wTXk”2
w

where ||-|| denotes the Euclidean norm. The vector w;, can be
considered as the weight vector of an adaptive filter and is the
solution of the associated normal equations expressed as [26]

X XIw, = X, dF. “4)
Using the above definitions together with
X, =X, — N
and
d, =h"X; + v,
(4) can be written as

(cl)k - Xsz - kaz - NkNg)Wk =Zyp — kazh - NkVZ
(5)

In view of Al-A4, which imply that the noises are
stationary and correlation-ergodic, we have

k
XkN;I(‘ = Zlk_ixiniT (6)
i=1

=~ 0
)

k
NRNZ = Zlk_ininiT (7)
i=1

=~ aiR,
and

k

NkV]: = Z }lk_inivi (8)

i=1
=~ agp

where O is the L X L zero matrix and

k
i=1

_1- Ak
T1-a
Substituting (6)-(8) into (5) alongside defining
‘Pk = q)k - akﬁ (9)



TABLE |
THE DCD ALGORITHM SOLVING W, W), = S},

initialize
m=1,a=H/2
w, =0
I, = Si
forj=1,2,..,N

p = argmax,—y_;{|r¢[}
while |rkp| < Z‘l-’,f'p andm <M
2
m=m+1,a=a/2
ifm>M
algorithm stops
wl =w! + sign{r?}a

Iy =T, — sign{rkp}a‘l',gp)

and
Sk = Zi — AP (10)
gives
Y. w, =s,. (11)
From the definitions of ®;, z,, and a;, we have
D, = AD;_; + X, XL,
Zp = AZy_q + Xy dy,
and
a, = Aag_1 +1.

Using these equations together with (9) and (10), we obtain
the following recursive update equations:

Y, =¥, + %%, — R
and
Sk = Ask_l + ikdk - ﬁ

In order to find wy, we solve the SLE of (11) using the
DCD iterations [24] given in Table I where az denotes the

pth element of a vector a, while WP? and WP are the
(p,p)th entry and the pth column of the matrix W,
respectively. Three design parameters, viz., N € N, M € N,
and H € R, govern the accuracy and complexity of the DCD
algorithm [23]. The algorithm renders maximum N iterative
updates at each run while the entries of the solution vector,
w,,, are represented as fixed-point words with M bits within
an amplitude range of [—H, H].

We summarize the proposed unbiased recursive least-
squares (URLS) algorithm in Table II.

3. COMPUTATIONAL COMPLEXITY

Since W, is symmetric, it is sufficient to update only its
upper-triangular part. Moreover, if we select the forgetting
factor as A = 1 — 27¢ where c is a positive integer, we can
replace multiplications by A with additions and bit-shifts [24].

TABLE II
THE URLS ALGORITHM
initialize
Y, = 61
So=0

at iteration k = 1,2, ...
Y, = AW, + %% — R
S = Asy_q + X, dy — P
solve W, w;, = s, to find wy,

TABLE III

COMPUTATIONAL COMPLEXITY OF THE BCRLS AND URLS ALGORITHMS
IN TERMS OF NUMBER OF REQUIRED ARITHMETIC OPERATIONS PER

ITERATION
X + /
BCRLS 5L% + 5L 412 + 2L + 2 1
URLS 0.5+ 15L 15L2+ (45+2N)L+N+M 0

In Table III, we present the number of required arithmetic
operations per iteration by the BCRLS and URLS
algorithms. The ratio of the number of multiplications
required by the URLS algorithm at each iteration to that of
the BCRLS algorithm for any value of L is bounded as

01<0.5L2+1.5L<02

T 51245L T
Therefore, the URLS algorithm requires 80 to 90% fewer
multiplications per iteration than the BCRLS algorithm.
Furthermore, unlike the BCRLS algorithm, the URLS
algorithm does not require any division operation that is
usually expensive to implement in both hardware and
software [27].

4. RELATION TO THE BCRLS ALGORITHM

Assuming that the DCD algorithm is adequately accurate,
we can consider the filter weight vector of the URLS
algorithm to be the exact solution of the LSE of (11), which
can be rearranged as

@, w, =z, + a,Rw, — a;p.
Multiplying both sides of this equation by ®;* gives
wy = ®;'z; + a, P (Rwy, — P). (12)
Comparing (12) with the update equation of the BCRLS
algorithm, i.e.,
Wy = @'z + a, @i (RWye_; — P),

shows that the update equations of the URLS and BCRLS
algorithms are almost identical. The only difference is
whether the current or previous filter weight vector is used
in the bias correction term. Accordingly, it is expected that
the two algorithms exhibit comparable estimation
performance.  Nonetheless, this seemingly  minor
dissimilarity in the update terms makes a significant
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Fig. 1. Learning curves of the BCRLS algorithm and the URLS algorithm
with different values of N.
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difference in terms of computational complexity and
numerical stability by enabling effective utilization of the
DCD iterations in the URLS algorithm.

5. SIMULATIONS

Consider an errors-in-variables system identification
problem where the system parameter vector has L = 8
arbitrary entries. The noiseless input vector, X, is zero-
mean i.i.d. multivariate Gaussian with covariance matrix

R = Q,diag{e,}Q]

where Q; € RE*L is a randomly-generated unitary matrix
and the elements of e, € RIX! are drawn from a uniform
distribution in the interval [0.2,1]. The augmented noise
vector, [nk,v,]7, is also zero-mean i.i.d. multivariate
Gaussian with covariance matrix

R p|_ .- .
[ﬁT 5] =¢ 1QL+1dlag{eld+1}Q{+1-

Wesetc =7 (A= 0.9922),M =10, H =1, and ¢ = 10.

In Fig. 1, we compare the estimation performance of the
BCRLS algorithm and the URLS algorithm with different
values of N. The performance measure is the mean-square
deviation (MSD), i.e., E[|lh — w,||?], which is evaluated by
taking the ensemble-average over 103 independent runs.
Fig. 1 shows that the larger N is, the closer the performance
of the URLS algorithm to that of the BCRLS algorithm
becomes.

In Fig. 2, we plot the time-evolution of the MSD of the
BCRLS algorithm and the URLS algorithm with N = 24 for
105 iterations. All the variables are represented in double-
precision floating-point format. Fig. 2 shows that, even with
such high-precision arithmetic, the BCRLS algorithm
diverges after about 4300 iterations. However, the URLS
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Fig. 2. Learning curves of the BCRLS algorithm and the URLS algorithm
with N = 24 for 10° iterations.

algorithm maintains its numerical stability throughout the
simulation. In addition, we carried out several numerical
experiments in different scenarios for very large numbers of
iterations, e.g., 107. In agreement with the findings of [24]
pertaining to the numerical stability of the DCD-RLS
algorithm, during the experiments, we did not observe any
numerical instability in the URLS algorithm.

In the scenario simulated here, i.e., for L = 8, the BCRLS
algorithm requires 274 multiplications per iteration while
the URLS algorithm requires 16% of this amount, which is
only 44 multiplications per iteration.

6. CONCLUSION

We proposed an unbiased recursive least-squares (URLS)
algorithm for identifying the parameter vector of errors-in-
variables models when the input noise is colored and
correlated with the output noise. To derive the URLS
algorithm, we employed the dichotomous coordinate-
descent (DCD) iterations to solve the normal equations
associated with a least-squares problem that is specifically
formulated to yield an unbiased estimate. Simulation results
confirmed that the URLS algorithm performs as well as a
previously proposed bias-compensated recursive least-
squares (BCRLS) algorithm. However, the URLS algorithm
executes considerably fewer computations than the BCRLS
algorithm. Moreover, unlike the BCRLS algorithm, the
URLS algorithm is virtually immune to numerical instability
incurred by the accumulation of round-off errors in finite-
precision implementations.
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