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Abstract—In this paper we give a review of recent results on the
invertibility of frame multipliers M, & v. In particular, we give
sufficient, necessary or equivalent conditions for the invertibility
of such operators, depending on the properties of the sequences
U, & and m. We consider Bessel sequences, frames, and Riesz
bases.

I. INTRODUCTION

Certain mathematical objects appear in a lot of scientific dis-
ciplines, like physics [2], signal processing [16] and certainly
mathematics [13]. In a general setting they can be described
as frame multipliers, consisting of analysis, multiplication by
a fixed sequence (called the symbol), and synthesis:

Mpowf =Y mi(f, ) éx.
k

They are not only interesting mathematical objects [4], [7], [9],
[12], [17], but also important for applications, for example for
the realization of time-varying filters [8], [15], [24]. Therefore,
for some applications it is important to find the inverse of a
multiplier if it exists.

Here we collect results from [3], [20], [21], [23] about the
invertibility of such operators.

II. PRELIMINARIES AND NOTATIONS

Throughout the paper, H denotes an infinite-dimensional
Hilbert space, ® (resp. ¥) denotes a sequence (¢, )52 (resp.
()52 1) with elements from H, m denotes a complex scalar
sequence (m,)52 1, M = (My)2, and m¥ = (My1P, )5 .
The sequence m is called semi-normalized if 0 < inf,, |m,| <
sup,, [mn,| < oco. When the index set is omitted, N should
be understood as the index set. A multiplier M,, o v is
the operator given by M, o wh = Yoo myu(h, )by If
not stated otherwise, M denotes any one of the multipliers
M, . v and M, v o. The identity operator on H is denoted
by Ix. An operator T' : 'H — 'H is called invertible if it
is a bounded bijection. Depending on the sequences @, U,
and m, the multiplier M, ¢ v might be well defined or not
well defined, as well as invertible or not invertible. In [22]
an extensive collection of examples for all those cases can be
found.

Recall that ® is called a Bessel sequence (in short, Bessel)
in ‘H with bound Bg if Bg > 0 and _ |(h, ¢,)|? < Basl/h|?
for every h € H. A Bessel sequence ® in H with bound Bg
is called a frame for H with bounds Ag, Bg, if Ag > 0 and
Ag||h||? < X |(h, ¢n)|? for every h € H. For a given frame ®
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for H, its frame operator Sg is given by Soh = > (h, dn)dn,
h € H. When ® is a frame for H, there exist frames &% =
(¢5) satisfying b = 32(h, )b = 3 (h, dn)y, for every
h € H. Such frames ®? are called dual frames of ®.

The sequence @ is called a Riesz basis for H with bounds
Ag, Bg, if ® is complete in H, Ag > 0, and Ag > |c,|? <
S cndnl* < Ba Y. len|? V(en) € £2. Every Riesz basis
for H with bounds A, B is a frame for H with bounds A, B.
For standard references for frame theory and related topics see
[10], [11], [14].

The notion of frame multipliers is naturally connected to
the one of weighted frames [6], [19]. Frames can also be
used for the representation of operators [S]. In this setting
multipliers are those operators that can be represented with
diagonal matrices.

III. SUFFICIENT AND NECESSARY CONDITIONS FOR
INVERTIBILITY OF MULTIPLIERS FOR RIESZ BASES

We start with the case of Riesz bases, where we can give
equivalent conditions for the invertility of multipliers. We start
with an easy result:

Proposition 3.1: [3] If ® and ¥ are Riesz bases and m
is semi-normalized, then M,, ¢ v is inxertiblg and its inverse
can be written as M (1)), 5,8 where ¥ and @ are the unique
biorthogonal sequences to ¥ and ®, respectively.

Even more, it can be shown, that if two of those three
assumptions are assumed, the third one is equivalent to the
invertibility of M:

Theorem 3.2: [20] Let ® be a Riesz basis for . Then the
following holds.

(i) If ¥ is a Riesz basis for H, then M is invertible if and
only if m is semi-normalized.

(i1) If m is semi-normalized, then M is invertible if and only
if ¥ is a Riesz basis for H.

More detailed, we can distinguish the cases of well-
definedness, invertibility, injectivity, and surjectivity of mul-
tipliers for Riesz bases:

Proposition 3.3: [23] Let ® be a Riesz basis for H. The
following equivalences hold.

(a) M is well defined if and only if mW¥ is a Bessel sequence
in H.
(b) M is invertible if and only if mW is a Riesz basis for H.
(cl) M,, s v is injective if and only if m¥ is a complete
Bessel sequence in H.
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(c2) My, v, is injective if and only if the synthesis operator
Trmw, given by Trow(cn) = . cnmnipy, for (c,) € €2, is
injective.

(d1) M,, & v is surjective if and only if MV is a Riesz basis
for its closed linear span.

(d2) My, w,e is surjective if and only if mW¥ is a frame for
H.

As seen above, when at least one of ® and W is not a Riesz
basis or m is not semi-normalized, then M does not need to
be invertible. In such cases the multiplier M even does not
need to be well defined (one can give simple examples, see
e.g. [22]).

IV. SUFFICIENT CONDITIONS FOR INVERTIBILITY OF
MULTIPLIERS FOR FRAMES

In this section we consider the more general case, where it is
assumed that ® is a frame. We give four sufficient conditions
for the invertibility of multipliers, give representations of the
inverses as operator sums and give the corresponding n-term
error:

Proposition 4.1: [20] Let ® be a frame for H. Assume that

2
Pii 3p € [0,52) such that 3 [(h, v — u)* < pil|R?,
Vh € 'H.
For every positive (or negative) semi-normalized sequence m,
satisfying
sup,, [mn|

Ap
< )
it o VE < VBe
it follows that W is a frame for H, M is invertible,

o0

-1 _ -1 kg-1
Mo kz[s<m¢7l)(5<m¢”) %
=0
if m, >0,¥n € N, and
oo
M= g1 S M)Fst
kZ:O[ (M%)( (VImnlgn) T )] (VImnlén)’

if m, <0,VYn € N,
where the n-term error is
(b\/ﬂT@)n+1 ( 1 )n+1
aAs—bv/uBs \ aAs :

Proposition 4.2: [20] Let ® be a frame for H and P; hold.
Let m satisfy

bounded by the constant

A — /B
mn — 1] <A< 22" VEZ® gy e N, (1)
Be ++/11Bs

for some A. Then V¥ is a frame for ‘H, M,, o o and M are
invertible,
My s = Z[Sq:l(&b — Mpm0.0)]"95"
k=0

ABa n+1
Agp ?

where the n-term error is bounded by 4—55- (
and

o0

M-l = Z[M,;}CD,@(MW@@ - M)]kM,;}(b"i,,
k=0

where the n-term error is bounded by the constant
1 O+ viEBs \ "
A@*)\Bq)f(/\Jrl)\/y,B@ Ags—ABg N

Proposition 4.3: [20] Let ® be a frame for H and ®¢ =
(¢2) be a dual frame of ®. Let M denote any one of M,, ¢ ga
i
and M,, ¢4 ¢, and m be such that |m,, — 1| <\ < o
Vn € N, for some \. Then M is invertible,

o)
-1

Mm7¢.d7¢. = Z(M(lfmn)ﬁbd,q))kv
k=0
(A VBaBgr)""
1—X-v/BsBgi
Proposition 4.4: [20] Let ® be a frame for H. Assume that
i€ [0, 75) such that 32| (hmathn — 612 < b1,
Vv heH,
for some dual frame ®¢ = (¢%) of ®. Let M denote any one
of Mm o,v and M, v.o. Then mV is a frame for H, M is
invertible,

and the n-term error is bounded by

PQ:

oo

Mt = (I - M),
k=0
. ( T,Bcp)nJrl
and the n-term error is bounded by RSy et
V. INVERTIBILITY OF MULTIPLIERS FOR EQUIVALENT

FRAMES

Two frames ® and U are called equivalent [1], [10], if there
exists a bounded bijective operator GG, such that ¢,, = G¢,,
for every n € N.

Proposition 5.1: [20] Let ® and ¥ be equivalent frames for
‘H. Let m be semi-normalized and satisfy one of the following
three conditions:

e my > 0 for every n € N;

e my, <0 for every n € N; or

o there exists A with |m,, — 1| < A < Ag/Bg, Vn € N.
Then M and M,, oo are invertible, M _ _1(1)7\1, =

-1 ~1 -1 -1 ~1
(GT)* M, g g and M, g 4 =M 4 oG

VI. NECESSARY CONDITIONS FOR INVERTIBILITY OF
MULTIPLIERS FOR BESSEL SEQUENCES

In this section we generalize the assumptions, considering
the invertibility of multipliers for Bessel sequences.

Let one of the sequences ® and ¥ be a Bessel sequence
in ‘H. If the multiplier M,, ¢ v is invertible, then the other
sequence does not need to be a Bessel sequence. The next
statement contains necessary conditions for invertibility con-
cerning the other sequence. In particular, it shows that if ¢ and
U are Bessel sequences and m is bounded, then the multiplier
M, ¢ w can be invertible only if ® and ¥ are frames for H.

Proposition 6.1: [20] Let M,,, ¢ v be invertible.

(i) If ¥ (resp. @) is a Bessel sequence in H with bound B,
then m® (resp. mW) satisfies the lower frame condition
for H with bound ———21——.

BlIM,, &l

(i) If U (resp. @) and m® (resp. m¥) are Bessel sequences

in H, then they are frames for H.
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(iii) If U (resp. @) is a Bessel sequence in H and m € £°°,
then @ (resp. V) satisfies the lower frame condition for
H.

(iv) If U and ® are Bessel sequences in H and m € ¢°°, then
U, &, m®, and m¥ are frames for H.

VII. UNCONDITIONALLY CONVERGENT INVERTIBLE
MULTIPLIERS

The previous results contain conclusions for both of the
multipliers M., & v and M, v & (under the same assumptions
in each statement). This leads naturally to the question for
a connection between the multipliers M, ¢ v and M,, v &.
Note that M,,, v being invertible is not equivalent to M,,, v &
being invertible, see Example 2.2 in [21]. The next statement
gives an equivalence of the invertibility of those operators
when unconditionally convergent multipliers M, ¢ v and
M, v ¢ are considered.

Proposition 7.1: [21] For any ®, ¥ and m, the following
holds.

(i) Let M,, v be invertible and let Mm ¢ .o be well
defined. Then Mz ¢ ¢ is invertible and M%,l\p,@ =
(M, 0)"

(ii)) M, &, v is unconditionally convergent and invertible <
M v ¢ is unconditionally convergent and invertible.

Below we consider a necessary condition for certain classes
of multipliers to be both unconditionally convergent and in-
vertible. Among these multipliers we consider the cases when
Gabor or Wavelet frames are used. Consider the condition

Ps: 3 (cn) and (d,) so that M, ¢ ¢ can be written as
M1),(cnén).(dnipn)> Where the summands are kept and
(cn¢n) and (d,1y,) are frames for H.

Proposition 7.2: [21] Let ® and ¥ be Gabor (or wavelet)
systems and let m satisfy inf, |m,| > 0. If M,, ¢ v is
unconditionally convergent and invertible, then P3 holds.

Proposition 7.3: [21] Let ® be minimal. If M,, ¢ ¢ is
unconditionally convergent and invertible, then Ps holds.

Proposition 7.4: If M, .4 is unconditionally convergent
and invertible, then (\/m, ¢y ) is a frame for H (where |/m,,
denotes one (any one) of the two complex square roots of m.,,
n € N) and Ps holds.

VIII. CONCLUSION

In this paper we have considered the invertibility of frame
multipliers and reviewed analytical results.

In the future we will investigate the numerics of the inver-
sion of multipliers (using the LTFAT toolbox [18]) and classify
the cases when the inverse of a multiplier is again a multiplier,
i.e. generalizations of Prop. 3.1.
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