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A Linearized Bregman Algorithm for Decentralized
Basis Pursuit

Kun Yuan, Qing Ling, Wotao Yin, Alejandro Ribeiro

Abstract—In this paper we solve a decentralized basis pursuit
problem in a multiagent system where each agent holds part of
the linear observations on a common sparse vector. The agents
collaborate to recover the sparse vector through limited neigh-
boring communication. The proposed decentralized linearized
Bregman algorithm solves the Lagrange dual of an augmented ¢;
model that is equivalent to basis pursuit. The fact that this dual
problem is unconstrained and differentiable enables a lightweight
yet efficient decentralized gradient algorithm. We prove nearly
linear convergence of the dual and primal variables to their
optima. Numerical experiments demonstrate the effectiveness of
the proposed algorithm.

Index Terms—Basis pursuit, linearized Bregman, decentralized
computation

I. INTRODUCTION
Consider a multiagent system of n distributed agents who
collaboratively recover a sparse signal x € RP from the linear
measurements that they individually collect. Agent i collects
measurements b; = A;x, where b; € R% and A; € R%*P, Let
b1 —A—

: eERY, A :
by, —A,—
where ¢ = >, g;. We propose a decentralized algorithm for
the agents to collaboratively solve the basis pursuit problem

[1]:

(1>

b2 € R,

||[1
Az =b.

According to the compressive sensing theory [2], [3], if A
satisfies certain properties and z is sufficiently sparse, model
(1) exactly recovers z. If b is contaminated by noise or z is
only approximately sparse, stable recovery can be guaranteed
if one replaces the constraints Az = b by ||Az—b|| < €, where
|| -|| is the £>-norm and € is the estimated noise level, or stops
a basis pursuit algorithm when ||Az — b|| ~ €.

Distributed basis pursuit is applied in collaborative spectrum
sensing [4], [5], [6], [7], where the goal is to recover a
wideband spectrum signal z, which is sparse. Agent i takes its
measurement b; = A;z with sensing matrix A;, and all agents
collaborate to recover x through solving model (1).

min
xr

s.t. O
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Decentralized optimization has several advantages for multi-
agent systems. In centralized computation, the agents need to
transmit all their data, A; and b; in our case, to a fusion center
via multi-hop communication and the fusion center solves
(1) and broadcasts the solutions to the agents. This approach
is energy-consuming and vulnerable to network and fusion
center failures. In decentralized computation, each agent only
exchanges a limited amount of information with its one-hop
neighbors and keeps its data (e.g., A; and b;) private. The
optimization is completed without a fusion center [8], [9].

Consider the decentralized basis pursuit problem where the
sensing matrix A is partitioned by rows. The optimization
variable is common to all agents and each agent holds part
of the objective function and part of the constraint. For this
kind of problem, existing decentralized algorithms include
distributed subgradient descent [10], distributed stochastic
subgradient projection [11], and alternating direction algorithm
of multipliers (ADMM) [8], [12], [13]. In these algorithms,
each agent holds a local solution; at each iteration, agents
exchange the local solutions with their one-hop neighbors.

For distributed subgradient descent, each agent first com-
putes a new solution through combining local solutions of
itself and its one-hop neighbors with weighted average, and
then descends along its local negative subgradient direction
[10]. Distributed stochastic subgradient projection is similar to
distributed subgradient descent but includes an extra projection
operation to a common constraint set [11]. Though easy to
implement and suit for asynchronous networks, these two
algorithms are not competitive in solving the decentralized
basis pursuit problem since they do not handle the constraints
Ax = b efficiently and subgradient descent does not take
advantage of the structure of ||z;.

The ADMM approach for (1) explicitly introduces con-
sensus constraints. Solving this consensus-constrained prob-
lem with skillful variable splitting leads to decentralized
algorithms. ADMM-based decentralized algorithms converge
globally for convex problems, and have linear convergence
when each local objective function is differentiable, strongly
convex and having Lipschitz continuous gradients [14]. For
(1), the ADMM-based approach requires each agent to solve
a least absolute shrinkage and selection operator (LASSO)
subproblem with p unknown at each iteration, requiring a
rather significant amount of computation on each agent [5],
[7]. [6] elegantly simplifies the subproblem for each agent but
its algorithm requires much more iterations to converge.

This paper proposes a decentralized linearized Bregman
algorithm for solving (1). The proposed algorithm is very easy
to implement, converges fast at a nearly linear rate, and applies



to asynchronous networks. In particular, the main computation
at each step is two matrix-vector multiplications involving A;,
which are much cheaper than solving a LASSO subproblem
involving A;. The basic idea is to apply a decentralized
gradient method to a smoothed dual problem of (1), where
the smoothing does not change the solution yet ensures the
applicability and fast convergence of decentralized gradient
iterations. In addition to showing that the decentralized lin-
earized Bregman algorithm has nearly linear convergence
to the solution of (1), the number of iterations needed is
comparable to that of the ADMM-based algorithms. Hence,
the proposed algorithm appears to have the state-of-the-art
performance.

Notation A is the set of one-hop neighbors of agent i.
Shrink(x) is an operator equal to max{|z;| — 1,0}sign(x;)
element-wise. || - || is vector {3-norm or matrix spectral norm.

II. BACKGROUND OF LINEARIZED BREGMAN

Linearized Bregman solves model (1) by solving

llzll1 + 5512l
Az =,

min
@ 2)
s.t.
where o > 0 is chosen so that (2) returns a solution to (1).
In fact, there exists auin, > 0 such that the solution to (2) is
also a solution to (1) for any a > auin [15]. For compressive
sensing, amin = 10||2°||s, Where x° is the original signal,
is shown to work well [16]. Model (2) is easier to solve
than (1) since the Lagrange dual of (2) is unconstrained and
differentiable, subject to efficient gradient algorithms (c.f. [16],
[17]). The Lagrange dual of (2) (posted as a minimization
problem instead of a maximization one) is

(6] .
Fly) £ Sl1ATy = Proji_y y (ATy)I[* = by, (3)

min
y

where y € R? is the dual variable and Proj;_, ;; denotes
element-wise projection to interval [—1, 1]. Its gradient is

Vf(y) = aAShrink(ATy) — b. (4)

The linearized Bregman algorithm solves (3) by gradient
descent. The updates at iteration k are

y(k+1) = y(k) — h(k)(Az(k) - b), (5)
where z(k) = aShrink(ATy(k)),

and h(k) is the stepsize. [16] shows that (3) is strongly convex
in a restricted sense and thus, if the stepsizes are fixed or
chosen by line search, both z(k) and y(k) converge linearly.

ITII. DECENTRALIZED LINEARIZED BREGMAN

Suppose that the multi-agent system lays over a bidi-
rectionally connected network. For simplicity, we describe
a synchronous version of our algorithm though it can run
asynchronously. Each agent i keeps z; € RP, which a local
estimate of the common z. Every x; will converge to x.

Algorithm 1 Decentralized linearized Bregman at agent ¢

Require: Sensing matrix A; and measurements b;.
Require: Doubly stochastic weight matrix W.
1: Initialize v;(0) = 0;
s for k=0,1,2,..., K, agent i do
Compute u;(k + 1) according to (6a);
Transmit u;(k + 1) to, and receive u;(k + 1) from j € N;;
Compute v; (k + 1) according to (6b);
end for
: Return z; in (6a).

AR ANl

Algorithm 1 gives the proposed algorithm. Agent ¢ does
descent: u;(k + 1) = v;(k) — h(k) AT (A;z;(k) — b;), (6a)
where z;(k) = a Shrink(nv;(k)),

averaging: v;(k+ 1) = Z wiju;(k 4+ 1),
JEN;

(6b)

where u;,v; € RP are two auxiliary variables, and W = [w;;]
is a doubly stochastic weight matrix satisfying: Z?zl wi; =1,
> i—y wji = 1, and w;; # 0 if and only if j € N; Ui. Prior
to (6b), agent ¢ transmits u;(k + 1) to, and receives u;(k+ 1)
from, its one-hop neighbors j € Nj. Its raw data (i.e., A; and
b;) is kept locally.

To see how algorithm (6) is related to (5), we partition
Yy = [y1;...;yn] where y; € R%. We similarly partition (5)
and then multiply A7 to both sides, arriving at

Alyi(k + 1) = AT yi(k) — h(k) AT (Aiz(k) — b;)

over i = 1,...,n. Comparing the left-hand side of this
with that of (6a), we see u; ~ A;?Fyi means “is
a local estimate of”). Suppose for moment that (6b) is
repeated infinitely many times at each k, then wv;(k) =
s ui(k) ~ 300, Alyi(k) = ATy and thus
z;(k) = aShrink(nv;(k)) ~ «aShrink(ATy(k)) = z(k).
Putting together, we have u; ~ Aly;, v; ~ 1ATy, and
x; ~ x. If “~” was “=", summing up (6a) over i gives (5).
The choice of W affects the diffusion speed of (6b) and thus
the convergence of the algorithm. In an asynchronous network,
W can vary over iterations. As we focus exclusively on the
synchronous case, we fix W according to either the maximum
degree (MD) rule or the Metropolis-Hastings (MH) rule [18].

w9
~

IV. CONVERGENCE ANALYSIS

We first introduce a lemma which describes the restricted
strong convexity property of the dual function f(y) (c.f. [16]).

Lemma 1 Consider f(y) in (3) where A and b are nonzero.
Assume that Ax = b is consistent. Proj (y) denotes the
projection of y onto the solution set of (3). Then v > 0
such that the objective function f(y) in (3) satisfies

VT f(y)(y — Proj,(y)) > vlly — Proj,(y)||?, forall y. (7)

An explicit formula of v can be found in [16].

Definition We define some variables that appear in the theorem
below. Let z;(k) 2 A;z;(k) — b € R% and y;(k +1) =



yi(k) —h(k)z;(k) € R% with y;(0) = 0; the recursion implies
that yi(k) = — 220 h(s)zi(s). Defining
21 Y1
z= €R?and y = € RY,
Zn Yn
y(k) satisfies equatlons y(k +1) = y(k) — h(k)z(k) and
y(k) = Z h(s ) ( )- Deﬁne (k) £ aShrink(no(k))
where (k) £ Z Z i1 A zj(s). Substituting the
equation yz(k) = —Z’:zé h(s)zz(s) into the definition of

o(k), we have o(k) = L3 0  ATr;j(k) = LATy(k). Let
z* be the unique solution to (2).

Theorem 1 Consider Algorithm 1 defined by (6a)-(6b). As-
sume that the largest eigenvalue of the weigh matrix W is
1 and the second largest is § < 1. Assume a fixed stepsize
h(k) = h and ||z(k)|| < L where L is a positive constant.
Then

lly(k + 1) — Proj,(y(k + 1))
<plly(k) = Proj, (y(k))Il + 7, ()
=146 —2hvandy =" (Lo‘")z (max; || A;|])?+hL with
6 being an arbitrary positive constant. Further
lli (k) — ™|

<ol Allly(k) — Proj. (w(k))| + S22

-B

Proof: Step 1: Bounding ||v;(k) — v(k)||.
Combining (6a) and (6b) and using v;(0) = 0, we eliminate
u; and obtain the expression of v; (k)

max 4] ©)

n

k—1
=D (WEE) AT 25(s),
s=0

=0 j=1

(10)

where (Wk=#);; denotes the (i,j)th entry of the matrix
Wk=s. Because v(k) = e Sty hAT 2i(s), we know

n

[|vi(k) — v(K)|
k-1 n lk 1 n
=10 (Wh)hAT zi(s) — = > 0> hAT z(s)
s= 0] 1 nS 0 j=1
<hZ||Z (Wh=);;AT 2(s) — —ZATz, (11)
s=0 j=1

Since the /5 norm of a vector is larger than the /5 norm of
a fraction of the vector

n 1
Zwk s”ATz] EZ 3‘

(_ L) o A AT

where 1,, € R™ is an all-one vector, I, is a p x p identity
matrix, and ® denotes Kronecker product. Further recall that

the spectral norm of W= — L1, 17" is g¥=¢_ Then

||Z (Wh=s wATZJ

_ _ZATz]
j=1

sg’“‘sm?X||Aj||||[zl(s>;...;zn<s>]||. (12)

By assumption ||z|| = ||[21;- -
(12) to (11) yields

llvi(k) — v(k)]]
k—1
<hLma,x||A 1> phe

s=0

; zn]|| < L. Hence substituting

hL
< max 4 (13)

The right-hand side of (13) is irrelevant with 4, hence
hL
o(k)|| < —= i|I-
0k < T max LA
Step 2: Bounding ||ly(k) — Proj, (y(k))||-
Utilizing the property of projection as well as the recursion
y(k+ 1) = y(k) — hz(k), we know that
lly(k + 1) — Proj, (y(k + 1))II”
<|ly(k + 1) — Proj, (y(k))||”
=lly(k) — Proj, (y(k)) — hz(k)|I*.
Expanding (15) results in

lly(k + 1) — Proj, (y(k + 1))[1?
<lly(k) — Proj, (y(k))II* + h?||z(k)|
— 2hz(k)"y(k) — Proj, (y(k))]
=lly(k) — Proj, (y()II* + h*[|=(k)|I”
— 2h[Az (k) — b]" [y (k) — Proj, (y(k))]
+2h[AZ(k) — b — z(k)]"[y(k) — Proj, (y(k))].  (16)
Consider —2h[Az(k) — b]T [y(k) — Proj, (y(k))]. Recall that
v(k) = LATy(k) and Z(k) = aShrink(no(k)). According to
(4), the gradient of f(y) at y(k) is

Vi(y(k))
=aAShrink(ATy(k)) — b
=aAShrink(nv(k)) — b

b

max ||v; (k) — (14)

15)

=Az(k) — 17
Replacing V f(y(k)) = Az(k) — b to (7) leads to
[Az (k) — b)" [y (k) — Proj, (y(k))]
>vl|y(k) — Proj, (y(k))||*. (18)

For 2h[Az(k) — b — z(k)]T[y(k)
the inequality

2h[Az (k) — b — 2(k)]"[y(k) — Proj, (y(k))]

h? .
<5zllAZ(R) = b = 2(R)|I” + 0%[|y(k) — Proj. (y(k))II%,
(19)

— Proj, (y(k))], we have



where ¢ is an arbitrary positive constant.
Substituting (18) and (19) to (16) and collecting terms, we
have

lly(k + 1) = Proj, (y(k + 1)) ||
<[1+6% = 2hw]lly(k) = Proj, (y(k)II* + 1?[|= (k)|

+ ;‘—jnAf(k) —b—z(k)| (20)
By definition z;(k) £ A;xi(k) — bi and 2 2 [z1;...; 2]
142 (k) — b — (k)]
<nmax||A;7(k) — b; — zi(k)||?
—n m:axHAim( k) — Ay (k)|
<nmax]| 4l [la: (k) — 2()|*)
<n(max || Ai[|)* (max [|: (k) — Z(k)])*. 2D

Since z;(k) = aShrink(nv;(k)) and Z(k) = aShrink(nv(k))
—z(k)||

= max [|aShrink(nv; (k)) — aShrink(no(k))||
Shrink(no(k))||

max [|z;(k)

= max a”ShI’il‘lk(n’ui( ))

< max af|nv;(k) — nv(k)||

=max anl|v;(k) — (k)| (22)
then we have
|AZ(k) — b — z(k)||?
<a’n®(max||Ai|))? (max [Joi(k) — 5(k)[)*.  (23)

Substituting (23) to (20), we can obtain the upper bound of

lly(k + 1) — Proj, (y(k + 1))||?
lly(k + 1) — Proj, (y(k + 1)
<[1+ 6% — 2] ||y (k) — Proj, (y(k))[I* + h*[|=(k) ||
h?*a’n? 9 _ 2
T(m?XHAiH) (max llvi(k) —o(R))*, (24
which implies that
lly(k + 1) — Proj, (y(k + 1))
<\/1+52—2hv||y — Proj, (y(k))|| + hllz(k)||
h
+ “’; - ma A max o(B) — 5B 25)
Substituting (14) and ||z(k)|] < L to (25) yields
lly(k + 1) = Proj, (y ( I
<V1+ 62 = 2hv|ly(k) — Proj, (y(k))[| + hllz (k)|
3/2
PO e | 4] e o (k) — 56|
<V1+ 6% = 2hv|ly(k) — Proj, (y(k))|| + kL
h*L.an?/? 5
+ W(m?XHAi”)
=plly(k) — Proj, (y(k))[| + - (26)

Step 3: Bounding ||z;(k) — z*|].
Given any dual solution y(k), the primal optimum of (2)
is * = aShrink(AT Proj, (y(k))). According to the iterate of
x;(k) = aShrink(nv; (k))
i (k) — 2]
=||aShrink(nv;(k)) — aShrink(ATProj, (y(k)))||
=||aShrink(ATy(k)) — aShrink(AT Proj, (y(k)))
+ aShrink(nwv; (k)) — aShrink(ATy(k))||
<|laShrink(ATy(k)) — aShrink(A” Proj, (y(k)))||
)

+ ||aShrink(nv; (k) — aShrink(ATy(k))]|. (27)

Using the nonexpansive property of the shrinkage operator

||aShrink (AT (k)) — aShrink( AT Proj, (y(k)))||
<al|ATy(k) — ATProj, (y(k))]|
<a|Alllly(k) — Proj, (y(k))||.

Since © = L ATy(k), we have

(28)

||aShrink(nv; (k)) — aShrink(ATy(k))|
<allnvi(k) — ATy (k)]
=a[nvi(k) — no(k)||
o(k)]-
Substituting (28) and (29) to (27) leads to
lls (k) — ™|
<al|Alllly(k) — Proj, (y(k))I| + anllvi(k) — v(k)]|-

Further using (13), we obtain (9). |

=anl||v;(k) — (29)

(30)

Remark Let us consider the dual convergence result (8). If
we choose 0% = hv, then the two constants p = /1 — hv

and y = ’”L—O‘”?(maxl | 4;]])? 4+ hL. Setting stepsize h to be

small enougﬁ‘l v 1s in the order of h. This way, the algorithm
converges to a small neighborhood of the dual optimum set
with linear rate p = /1 — hv.

In the primal convergence result (9), if we ignore the term
"i”hﬁL max; ||A;|], a local solution x; converges to the primal
optimum with nearly R-linear rate. The term "‘1”_’1; max; [|A;]
is proportional to h, suggesting that a small stepsize h enables
x; to converge to a small neighborhood of the primal optimum.

Theorem 1 assumes that ||z(k)|| < L. By definition z(k) =
[Arzy (k)= by .; Ag (k) —by], [[2(k)]| is upper bounded if
every ||z;(k)|| is upper bounded. This assumption is common
in convergence analysis.

V. NUMERICAL EXPERIMENTS

In the simulation, we generate a multiagent system with
n = 50 agents. The agents are uniformly randomly deployed in
a 100 x 100 area and two agents are one-hop neighbors if their
distance is within 30. The generated network is connected. The
sparse signal to recover is x € R2%0 and its sparsity is 20;
nonzero elements of x are generated following the Gaussian
distribution. Elements of the sensing matrix A € R00x200
are also generated following the Gaussian distribution. The



measurements b = Ax are noise-free. Each agent holds two
rows of A and b, i.e., A; € R2*200 and b; € R2.

We compare the proposed Algorithm 1 (DLB) with two
existing algorithms, DLLASSO in [6] and DADMM in [7]. We
consider the standard DLLB (DLB-STD) and its variant with
restarted Nesterov acceleration (DLB-ACC) [19]. Recall from
Section I that DADMM has the most expensive iteration since
each agent solves a LASSO subproblem at each iteration. In
DLASSO, each agent solves a ridge regression subproblem at
each iteration. The two DLB iterations have the lowest per-
iteration cost.

In the numerical experiments, we first compare the conver-
gence rates of DLLB, DLASSO, and DADMM, and then study
how the weight matrix W influences the convergence rate of
DLB. The convergence is measured by relative error, which is
defined as

1 .
E;uxm - .

The parameter « in (2) is set as 4 as suggested in [16]. In DLB-
ACC the Nesterov acceleration is restarted every 50 iterations.
The parameters in DLASSO and DADMM are both hand-
tuned to the best.

Fig. 1 compares the convergence rates of DLLB, DLASSO,
and DADMM. The stepsize is set as h(k) = 0.03 for DLB-
ACC and h(k) = min(0.06, +) for DLB-STD; the weight
matrix W is set according to the Metropolis-Hastings (MH)
rule. DLB-ACC is the fastest among the four algorithms.
Compared to DLB-STD, DLB-ACC reduces the number of
iterations from ~ 700 to ~ 200 to reach 10~¢ accuracy.
DADMM is slower than DLB-ACC; further, each agent takes
much more time at each iteration. DLASSO has modest per-
iteration cost but is the slowest.

In Fig. 2 we compare the performance of DLB with two
different weight matrices W: maximum degree (MD) and
Metropolis-Hastings (MH). The stepsizes are adjusted to the
best. In DLB-ACC, 0.02 for MD and 0.03 for MH; in DLB-
STD, h(k) = min(0.04, ) for MD and h(k) = min(0.06, 1)
for MH. Experimental results suggest that MH is better than
MD in both the standard and the accelerated DLB algorithms.
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