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ABSTRACT

Filterbank based multicarrier modulations are well known to
perform poorly in frequency selective channels when single
tap carrier-by-carrier equalization is used. This degradation is
cased by the inherent distortion in terms of inter-symbol and
inter-carrier interference at the receiving side, which cannot
be compensated via single-tap equalization. We provide here
an asymptotic characterization of this effect. More specifi-
cally, we derive the asymptotic distortion after a single-tap
perfect equalizer under the assumption that the number of car-
riers is asymptotically large.

Index Terms— Filter-bank multi-carrier modulations,
OFDM/OQAM, frequency-selective channel.

1. INTRODUCTION

Filterbank multicarrier (FBMC) modulations have been pro-
posed as spectrally efficient alternatives to the classical or-
thogonal frequency-division multiplexing (OFDM) modula-
tion. Two are the main advantages of FBMC modulations
with respect to classical cyclic prefix based OFDM: on the
one hand, they do not require the presence of a cyclic prefix;
on the other, they naturally implement pulse shaping, which
guarantees a well-localized spectral occupancy and prevents
out-of-band emissions. These two features result in a much
more efficient multicarrier modulation, which makes better
use of the available spectral resources.

Unfortunately FBMC modulations present an important
drawback that has traditionally prevented their widespread
application in wireless scenarios, namely their lack of robust-
ness against channel frequency selectivity [1]. It is well know
that channel frequency selectivity generates inter-symbol and
inter-carrier interference at the receiver, and this effect cannot
be compensated by single tap carrier-by-carrier equalizers (as
it is the case in traditional OFDM with cyclic prefix).
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So far, a lot of research has been devoted to the study of
specific equalization techniques for different filterbank multi-
carrier architectures, see e.g. [2, 3, 4] and references therein.
However, little work has been carried out in order to charac-
terize this distortion and to study its dependence on the FBMC
system parameters, such as the prototype pulse shape or the
channel frequency response. This characterization is impor-
tant in order to predict the performance of the modulation in
a practical frequency selective channels, and thereby estab-
lish the best modulation and coding scheme given a specific
channel response. This paper tries to provide further insights
along these lines by deriving a first-order asymptotic char-
acterization of the mean squared error (MSE) caused by this
distortion, assuming that a single tap carrier-by-carrier equal-
izer is used. The asymptotic expressions provide a valuable
tool to characterize the dependence of the residual distortion
on the different FBMC modulation parameters.

2. SIGNAL MODEL

We consider the discrete-time formulation of a filterbank mul-
ticarrier system using an OFDM/OQAM modulation [5] con-
sisting of 2M carriers and real-valued prototype filter p;[k],
k=1,...,N, where N is the length of the prototype pulse,
assumed even to simplify the exposition. We will assume that
par[k] presents even symmetry with respect to its central sam-
ple, namely pps[k] = pyy[N —k+1], k=1,...,N. We
will denote by « the length of the prototype pulse in number
of multicarrier filters, namely x = N/(2M). Without loss
of generality, we will assume that x is an even natural num-
ber!, and we will define a 2M x x matrix P containing the
prototype pulse samples arranged as

pum[l] pm[2M +1]--- py[2M (5 — 1) + 1]
p_ pm (2] pm[2M +2] - py[2M (k — 1) + 2]

pM [QM ] pm [4M ] pM.[N ]

M

10therwise, simply add zeros at either side of ps [k] and redefine N.




Each of the rows of P contains the impulse response of a
different polyphase component of the prototype filter, whose
transfer function will be denoted by Py(z), £ = 1...2M,
ie. Pu(z) = SFZipull + 2nM]z~". We will also de-
note by P, and P; the M X x matrices formed by select-
ing the M upper and lower rows of P respectively, namely
P =[PT], PQT}T .The symmetry property pys[k] = pu [N —
k + 1] implies that Py = Jp;PoJ,;, where J,,, is the m x m
all-zero matrix with ones in the anti-diagonal.

Figures 1 and 2 respectively represent the polyphase net-
work based implementations of the modulator and demodu-
lator of the OFDM/OQAM signal, see [5] for further details.
The input of the modulator are the real and imaginary parts of
the original complex-valued symbols to be transmitted. More
specifically, let us consider the transmission of Ny multicar-
rier symbols. The original 20 x N complex-valued symbols
are transformed into 2M X 2N, real-valued symbols, denoted
asag[nl,k=1...2M,n =0...2N, — 1, that contain their
real and imaginary parts. These real-valued symbols are the
input to the polyphase network in Figure 1, and are the ones
that are detected at the output of the polyphase network in
Figure 2, after the Re [-] function.

The first operation in the polyphase network of the mod-
ulator in Figure 1 consists in a multiplication of ag[n] by
v/2j", where j denotes the imaginary unit. As a consequence,
ag[n]j" will be real-valued for even n and purely imaginary
for odd n. We will gather the n-even and n-odd samples into
two different 2M x N matrices, that will be denoted by B
and C respectively. Note that B contains real-valued values,
whereas C contains purely imaginary ones.

bifn] | c1ln]
R

a1[n] —;( % )*»(\v jf |

ba[n] |h82 ] 1

asfn] —»@4_.@_.

- IFFT
eI F M| 2M x 2M

bane[n] | canr[n)
R

g

o M1
e~ oo (2M-1)

Fig. 1. Polyphase implementation of the OFDM/OQAM
modulator.

2.1. Received signal with no frequency selectivity

Consider the signal yx[n] obtained in the polyphase recon-
struction network, after the IFFT operation and right before
the multiplication by the time factor /2™ (see further Fig-
ure 2). We can gather n-odd and n-even samples of y[n]
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into two different 2M x (N, + 2x) matrices Y and Y re-
spectively. Since we are essentially considering here the case
of frequency flat fading, and in order to differentiate the no-
tation from the one obtained under frequency selectivity, we
will add the superscript “ff” (frequency flat) to the matrices,
ie. Ygff) and Yéff). We will denote by ® the row-wise convo-
lution of matrices, i.e. U ® V is defined to be a matrix whose
ith row is the convolution of the ith rows of U and V. Af-
ter some tedious but simple algebraic manipulations we can

express the matrices Y%ff) and Yéff) as

YV = 28FL, ([F20,®B,0,0] @ R,,) +
H O, GQQ*C,O
+2®F;,, ({Gl'IJ*C,O,O} ®Spp) @

and

Ygﬁ) = 28F%}, ([0,F2,®"C,0] ® R,,) +

0,G,®*B,0
+2§)ng1 <[G1@2*B,0,0:| ®SPP) (3)

respectively, where O is an all-zeros column vector of appro-
priate dimensions, (-)* and (-)¥ indicate complex conjugate
and conjugate transpose respectively, Fo,/ is the 2M x 2M
Fourier matrix

2T

(Fauh <oy = o (1977 (-1 G-D).

G (resp. Go) contains the M upper (resp. lower) rows of

Fos respectively so that Fop=[GT, GT] T and where we
have defined

P =

di { { M +1 ]}
ia, ex T m
m:O...2%471 P 2M

R _ P1®JMP2 _ P2®JMP2
PP Po@ Py | TP (I Pr @Iy Py

In [5], a set of sufficient conditions are given on the dis-
crete prototype pulse, which ensure perfect reconstruction of
the transmitted symbols at the receiver. In our notation, this
reconstruction condition can be expressed as follows:

Rpp + (12 ® JM) Rpp = [OQMX(;;—l) 12M><1 OQMX(H—l):I

“)
where O,xp (resp. 1yxp) is an a X b matrix with all zeros
(resp. ones), Ij is the & x k identity matrix and ® denotes
Kronecker product. Indeed, observe that we can express the
real part of Y as

@] _ 1 (0 )"\ _
Re[v{"] =3 (Vi + (¥i") ) =
= (I’FgM ([FQM(I’*Ba 0, O} ® [Rpp + <I2 Y JM) Rpp]) +

0,G2,®*C,0
+ (I)FéLIM <|:G1‘~I)2*C,0,O:| ® [Spp - (12 ®JM) Spp])



where we have used the fact that Fopy = FI,  B* =B,

C* = —C, and also the identity 2*Fa; = ®F5), (Io @ Jpr).

Noting that, by definition (Io ® Jas) Spp = Spp, We see that
the second term of the above equation is zero. Imposing (4)
we can readily conclude that

Re [Ygff)} = [020rx5-1, B, 07751011 )

and, quite similarly,

Im [Yéff)} = [0201xr, C, Opr ] - (6)

Hence, the perfect reconstruction condition in (4) guarantees

that we can perfectly recover the transmitted symbols from

Re [Yiff)} and Im {Yfﬂ .

of Im {Ygﬁ)} and Re [Y;ff)} do not accept such nice closed
forms.
nln]

’—@—» Pay (2%) > Re[] |—
A
9

Unfortunately, the expressions

y2[n]

FFT
2M X 2M

el 27 2
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Fig. 2. Polyphase implementation of the OFDM/OQAM de-
modulator.

3. EFFECT OF CHANNEL FREQUENCY
SELECTIVITY

We will next consider here the effect of a finite impulse re-
sponse channel of length L, and impulse response h [¢], £ =
0...Ly — 1. For simplicity, we will assume that L; < M,
which is quite reasonable in practical scenarios. Let Cops de-
note the 2M x 2M unitary circular displacement matrix

01 00
0 .0
Comr =
0. .1
10---0

and define H as the circulant matrix H = ZZL:"(; ol Céyr-

We define PE‘” , Pg) as the matrices obtained from P and P
after right-displacement by exactly one column of the entries
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of the ¢ last rows of Py and P respectively, that is in Matlab
notation

Pi(liMfg,l),O
0,P,(M—¢+1:M,)

with ¢ = 1, 2. We also define

7

po _ [

Py P, |

P, JuP
SPP@) = I:Py)] ®C§M [J?\jpj:l

and we point out that R,,,(0) = R, and S, (0) = Spp. Us-
ing the above definitions we can express the matrices Y; and
Y as it is shown at the top of the next page, with ©5,; denot-
ing a diagonal matrix defined as Ooy; = FQMCQMFgM, ie.
{Oanr},, = e 13 (51 Due to the dependence of R, (£)
and Sy, (£) on £, it is not possible to decouple the effect of the
channel frequency selectivity into a set of coefficients weight-
ing the signal at each of the received carriers (as it the case in
OFDM modulations). To formalize this, let us define Ay as
the diagonal matrix that contains the FFT of the channel co-
efficients,

Ln—1
Ay = FoyHFY, = Z h[01©5
=0

so that the kth diagonal entry of this matrix can be written as
{Auty, = H (%), where H (w) is the Fourier transform
of the channel impulse response. In practice, we would like
to have Y; = Ay Ygff) and Yo = Ay Yéﬁ) where here
Yl(ff), ¢ = 1,2 are defined in (2)-(3). Indeed, assuming that
the receiver has perfect channel knowledge, we could recover
B and C from Re [A};'Y1] and Im [A};' Y] respectively as
it was shown above, which means that single tap carrier-by-
carrier equalization would be optimal. However, this is not
the case due to the dependence of R,,(¢) and S,,(¢) on ¢
in the expressions of Y; and Y2 obtained under frequency
selective fading. This dependence causes inter-symbol and
inter-carrier interference at the received samples, which can-
not be compensated with single tap equalization.

4. CHARACTERIZATION OF THE INTER-SYMBOL
AND INTER-CARRIER INTERFERENCE

It seems rather intuitive to think that both inter-symbol and
inter-carrier interference of FBMC modulations disappear as
the number of carriers increase without bound (M — o0).
Here we make this statement a bit more precise and charac-
terize the residual interference in this asymptotic regime. To
that effect, we will assume that the prototype pulse is obtained
by sampling a sufficiently smooth analog pulse, so that we can

write
(] = 7N+1 T
bmny=p n —2 oM




Lp—1
Y, =2 Z h[() ©%, ®FL, ([Fop ®°B,0,0] @ R, (0)

th

Yy=2> h[(]6}
(=1

([0,F20®*C,0] ® Ry, (€))

forn = 1...N, where p(t) is an analog waveform indepen-
dent of M and T’ is the multicarrier symbol period in seconds
(equivalent to the duration of 2M samples). We will assume
that p(t) is twice continuously differentiable with bounded
derivatives and we will define

- ((o-25) )

where p'(¢) its the first derivative of p(¢). By using the Taylor
expansion of p(t) around the nth sampling instant, we can
write (as M — o0)

M+ £ ZPM[”}WL%CZM[ ]+O(]\;2)

Using this we can approximate the entries of R,,(¢) and
Spp(0) as?

V4 1
Ropp(l) =Rpp — o ovd T O <W)

Y4 1
Spd+(9(M2)

Spp@) :Spp T 9M

where we have defined

R P, ®JyD, _ | P2®JyDo
T Py®@IyDy] TP | Pr®JyDy

with Dy (resp. Do) being defined as the M X x matrix ob-
tained by selecting the M upper (resp. lower) rows of D,
which is in turn defined as P in (1) but replacing the pulse
samples pps[n] by the samples of its derivative ds[n].

Now, assuming that the entries in B and C are bounded
(as it is the case if the symbols are taken from a fixed constel-
lation independent of M), we will be able to write

1
= Ag Y —j _ADYI +0 <M2) (7

1
= An Y —j —ADY2 +0 (MQ) ®

2In the following, the symbol O(M ~2) is used to denote a matrix (with
dimensions potentially increasing with M) whose entries decay as M ~2.
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where Y (resp. Yg) is defined as Ygff) (resp. Yéff)) by
replacing R, and S,, by the above-introduced quantities
Rpa and Sp,q respectively. Furthermore, in the above equa-
tions we have defined Ap as a diagonal matrix containing
the derivatives of the channel frequency response, i.e. Ap =

— i h [0) ©5,, so that the kth diagonal entry can be
expressed as {Ap},, = H' (4}) with H' (w) denoting the
first derivative of H (w).

We can readily observe from the asymptotic expressions
of Y; and Y5 in (7) and (8) that a single tap carrier-by-carrier
equalizer is only optimal when M — oo. For moderate values
of M, the first order error terms Y7 and Y5 will be the main
cause of distortion in terms of both inter-symbol and inter-
carrier interference. Indeed, observe that by taking the real
and imaginary parts of the samples after the single-tap carrier-
by-carrier equalizer, we will have

2M M?

_WE2+O(W)

where E1 = Im {ABIAD?l] and E2 = Re [A;IlAD?Q}
are the two first-order distortion terms.

In order to determine the average level of distortion at the
output of the filterbank receiver, it is useful to consider the
transmitted symbols as independent and identically distrib-
uted (i.i.d.) random quantities, so that E; and Es are also
random. More specifically, we will model the entries of B
and C as i.i.d. random variables with zero mean and power
o7 and o2 respectively. Under these assumptions, the (k, £)th
entries of 1 and E5 will also have zero mean. Further-
more, if £ is chosen so that tail effects are disregarded (i.e.
2k < £ < Ny — 2k), we can write

Re [A7'Y1] =Re [Y{P] - LIe o < ! )

Tm [A7Y2] = Tm [ Y47

2
B[{Bi}i,] = Re {A7' A}, 22 tr (U RyaR L)
2
+Im® {A5 A} 78 tr (U R,GR])

+Re® {Ay 1AD}kk MO' tr (U+SpdS§1)

2

+1Im? {A 1AD}M tr (U™ SpaSpa)  9)



where Ut =1, ® (IM + JM) andU =1L ® (IM — JM).
The expression of E [{Eg}z 4 can be found to be exactly the

same but swapping the role of o7 and o2.

It is worth pointing out that the asymptotic MSE of the
residual distortion after a frequency non-selective channel
presents a nontrivial dependence on the correlation be-
tween the polyphase components of pulse prototype and
the polyphase components of its derivative. Furthermore, the
residual distortion has a direct relationship with the degree
of variation (relative derivative) of the channel frequency
response, which seems rather intuitive.

5. SIMULATIONS

We considered an OFDM/OQAM system with 2M = 256
carriers using a prototype pulse constructed from sampling a
Nyquist square root raised cosine pulse (roll-off 100%) trun-
cated to kK = 8 symbol periods. This pulse does not exactly
meet the reconstruction constraints in (4) but this is not im-
portant for the purposes of evaluating the average distortion
at the output of the receiving filterbank (we do not consider
here the degradation produced by the pulse and assume that
the equations (5)-(6) hold true). The symbols ay[n] where
independently drawn from the real and imaginary parts of a
16-QAM modulation with total unit power, and the noiseless
channel was randomly generated according to an exponen-
tial power delay profile and presented the frequency response
shown in the upper plot of Figure 3. The lower plot shows the
average signal to distortion ratio (SDR) of the real/imaginary
parts of the equalized signal (after single tap carrier-by-carrier
equalization), which is defined as the quotient between the
signal power and the average MSE of the signal with respect
to Ygff), i = 1,2. We also represent the SDR predicted by the
average asymptotic distortion power in (9).

Channel Amplitude
T T

Amplitude(dB)

L I L I L
50 100 150 200 250
Carrier

Signal to Distortion Ratio
T T

SDR(dB)

Simulated

x Predicted

L ! L L L
[¢] 50 100 150 200 250
Carrier

Fig. 3. Comparison between true and averaged asymptotic
distortion for the channel response in the upper plot.
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Observe first that the predicted error distortion is almost
identical to the simulated one, even for a situation where the
number of carriers is not excessively large (current OFDM
systems implement a number of carriers that is at least an or-
der of magnitude higher). This confirms the usefulness of the
derived expressions in order to determine the performance of
the global OFDM/OQAM system. On the other hand, it is
also interesting to notice that a low channel response at a par-
ticular carrier does not necessarily imply that the correspond-
ing distortion should be high. As it was predicted in (9) inter-
symbol and inter-carrier interference only increase when the
channel frequency response shows high relative variations.

6. CONCLUSIONS

We have characterized the distortion caused by inter-symbol
and inter-carrier interference of an OFDM/OQAM system un-
der a frequency selective channel. The approach is asymptotic
in the number of carriers (M), but it provides a very good ap-
proximation for the typical values M used in typical commer-
cial communication systems. The residual distortion caused
by the channel frequency selectivity depends critically on the
relative derivative of the channel frequency response, as well
as on the cross-correlation between the polyphase compo-
nents of the prototype pulse and those of its derivative.
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