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Abstract—Streaming solutions based on peer-to-peer networks
have recently attracted the attention of the research community,
due to the fact that the possibility to exploit peers’ upload
bandwidth can make it possible to transmit to a large number
of users at a low costs. In this paper, we analyze the packet
loss probability experienced at the application layer when a
stream-based, chunkless peer-to-peer network is employed. More
precisely, we derive a network model that allows to characterize
the asymptotic behavior of the packet loss probability when the
distance between a node and the server grows. Although in
the limit the packet loss probability converges to 1, we derive
analytical bounds on the convergence rate, which can be used
to choose network parameters so that such probability remains
negligible.

I. INTRODUCTION

P2P networks are a promising approach for multimedia
streaming to a large number of users because each user
contributes to data propagation, making the system more
scalable than non-P2P solutions, such as Content Delivery
Networks. Because of this, P2P streaming recently attracted
interest both in the research community and in industry [1]-
[8].

Most works in the literature consider the case of a mesh
network based on a pull approach [8]-[10]. P2P networks
of this type are fairly common and are typically based on a
BitTorrent-like approach: the multimedia content is split into
chunks that are exchanged among peers. The other type of
approach is instead more similar to multicast, and the data
flow is pushed over an overlay network (typically, but not
necessarily, organized as a multiple tree) [4]-[7], [11].

In order to make P2P a suitable solution for commercial
streaming, it is important to be able to predict the differ-
ent performance indicators (jitter, delay, erasure probability,
achievable bandwidth, ...) in order to design efficient P2P
networks that meet the user’s expectations without waste of
resources.

The problem of estimating the performance of P2P networks
recently attracted the attention of the research community.
Because of the number of possible approaches to P2P stream-
ing, and of the number of possible performance indicators,
literature about the performance of P2P networks is quite
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mixed. For example, some works consider the delay in a P2P
networks and its impact on scalability and data loss [12], [13];
other works consider the effect of churn and channel changes
[14]-[16].

Most of the works cited above are independent of the
specific topology of P2P network or consider the case of
pull networks. Among the works that specifically consider the
case of push networks, [17] considers the case of a single
transmission tree and analyzes the upload capacities of the
peers. Multi-tree overlays were considered in [18] and in
[19], [20] where it is shown that this type of network has a
“phase transition” behavior if Forward Error Codes (FEC) are
employed. Finally, the recent work [21] considers the effect of
packet losses and node churn over the availability of packets at
the network nodes. The network model considered in [21] is a
multiple-tree overlay multicast, where packets are distributed
in a round-robin fashion among the different trees.

In this paper, we are interested in the packet loss probability
experienced by the application that “sees” the P2P network
look like an erasure channel with an equivalent loss probability
Peq. The type of network that we analyze in this work is
stream-based and chunkless, as considered in Octoshape [4],
Lava [5], PPETP [11], R2 [6] and Split-stream [7]. The model
that we analyze here is more general than the multiple-tree
model. One key point is that it allows each node to lower its
upload bandwidth by applying suitable reduction procedures
to the multimedia content (see Sect. III for more details).
The reduction procedure is employed in the schemes above
to allow nodes with limited upload bandwidth to contribute to
transmission, and in some case to increase the reliability of
the system.

Among the papers cited above, [21] is closest to this work,
although it uses a different network model and different
performance metrics. More precisely, in [21], the authors
consider the “global metric” represented by the probability that
a randomly chosen node in the network can reconstruct a given
packet, while we are interested in the asymptotic behavior
of Peq as a function of the distance between a node and the
server. The main result that we show here is that, although
the value of Py experienced by a node converges to 1 when
the distance from the server grows to infinity, it is possible to
choose network parameters that make this convergence very
slow, so that Py remains negligible in networks of practical
size. We show this by deriving analytical bounds on the P
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convergence rate.

This paper is organized as follows. In Section III we de-
scribe in some detail the model of the P2P system considered
in this paper; in Section IV we introduce the network model;
in Section V we analyze the asymptotic behavior of Fey;
in Section VI we report some simulation results. Finally, in
Section VII we draw the conclusions.

II. NOTATION

If, in a P2P system of push type, node a sends data to node
b, we will say that a is an upper peer of b and that b is a
lower peer of a'. We will define 04 as the Kronecker delta,
that is, 6,5 =1 if a=b and &, = 0 otherwise.

In this paper we will consider Markov chains with a finite
alphabet. We will use — to denote a one-step reachability
relation, that is, we will write a — b if the chain can transition
from a to b in one step. We will use a —" b if there is a path of
length n from a to b and a —* b if there is a path of any length
from a to b. If the Markov chain is homogeneous, we will use
the shorthand P(a — by — by — ---by) to denote P[s,1y =
bn,...,Spt+1 = bi|s, = a]. Note that this notation factorizes,
that is, P(a — b — ¢) = P(a— b)P(b — ¢).

IIT. ABSTRACT P2P STREAMING SYSTEM
A. Reduction procedures

The P2P streaming system considered in this paper is an
abstract system that generalizes the behavior of many existing
P2P streaming systems of push type such as like Octoshape
[4], Lava [5], R2 [6] and Split-stream [7] and PPETP [11]. An
important characteristic of most of these schemes is that the
streams produced by the nodes are not copies of the whole con-
tent stream, but they are instead reduced streams that require a
fraction of the bandwidth of the content stream. This approach
has several advantages, the most obvious one being the fact
that in this way even nodes with small upload bandwidth can
contribute to data propagation. Other advantages are a greater
reliability of the system and a protection from some attacks
such as the stream poisoning attack [22], [23].

The details of how the reduced streams are produced are
not important for the scope of this work. We will describe the
abstract reduction procedure by supposing that the P2P stream-
ing scheme defines a set of reduction functions® {@y}tye.z,
indexed by a set .# of reduction parameters. Each node
selects a reduction parameter yu € .# and processes each
content packet ¢ with the corresponding reduction function
to obtain the reduced versions ry = ¢ (c) that are forwarded
to the lower peers. The size of ry is, typically, a fraction of
the size of c¢. In this paper we will suppose, for the sake of
concreteness, that the size of ry is 1 /R times the size of c.

In this paper, we are not interested in the details of the
definition of ¢,,. It suffices that the set {¢ } ¢ » satisfies the
following R-reconstruction hypothesis.

! Therefore, data flow from top to bottom.
2Function ¢y typically is a linear combination (in a finite field) of the data
in ¢, but this is not necessary.

Hypothesis 1 (R-reconstruction). Content packet ¢ can be
recovered from the knowledge of any set of R different reduced
versions ry, = @y, (¢), ..., Fup = Qug(c).
Remark I11.1
The easiest way to satisfy the R-reconstruction property is by
using Reed-Solomon codes [4], [11], [7], but other solutions are
possible [24].

B. Node behavior

Supposing that the R-reconstruction hypothesis holds, the
typical node behavior in our model is the following

1) When a node starts, it chooses a reduction parameter
U € .# . Moreover, the node contacts N > R upper peers.

2) As soon as the node receives at least R reduced different
reduced versions of ¢, it recovers ¢ and moves it to the
application level. Moreover, the node processes ¢ with
¢ and forwards the result to its lower peers.

Remark I111.2
Few remarks are in order

1) Note that each node does not forward the received reduced
packets (see Sect. III-C for an exception), but it regener-
ates c¢ before creating a new reduced version which is sent
to the lower peers.

2) If N > R the node receives a redundant set of data. This
can be exploited to make the system robust with respect
to packet losses, churn and poisoning attacks [22].

3) The reduction parameters chosen by the N upper peers
must be different from one another. This can be granted
by assigning them in a centralized way, but if .# is large
enough, peers can choose their parameter at random and
still have a small probability of duplicated parameters.

4) The abstract system described here can be adapted also
to other schemes such as the round-robin scheme in [21].
Toward such an end, one can consider ¢ as a “macro
packet” collecting 7 consecutive packets, and defining 7
reduction functions ¢y, ..., ¢, where ¢, “extracts” the
u-th packet from the macro-packet c.

C. Fragment Propagation

It could happen that, because of packet losses, the node
receives less than R reduced versions of c. In this case the
node cannot recover ¢, but can nevertheless help in propagating
the information about ¢, by forwarding to its lower peers one
of the reduced packets received by its upper peers. If this
happens, we will say that the P2P scheme employs fragment
propagation.

IV. NETWORK MODEL

The P2P network will be represented by a Direct Acyclic
Graph (DAG) where edges link each node to its lower peers.
The server(s) will be clearly represented by node(s) that do
not have upper peers. If more than one server is present,
we suppose that they are organized as a Content Distribution
Network (CDN) and feed their lower peers with the reduced
versions of the same content packet. For the sake of notational
simplicity, we will suppose that every node has N > R upper
peers and that every link is an erasure channel that drops
packets with probability P;.
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We associate with each node m of the network the random
variable W, defined by the following experiment. We let the
server(s) send to the network a single content packet, we count
the number of packets received by node m and we let W, €
{0,1,...,N} be such a number. From the knowledge of the
statistical properties of W,,, it is possible to determine several
values of interest. For example, the packet loss probability Peq
seen by the application can be computed as Pq = P[W;, < R|.

As explained in Sect. III-C, a node sends reduced packets
to its lower peers if it receives at least 7 reduced packets,
where T =1 if fragment propagation is employed and 7 =R
otherwise. If node n received at least 7 reduced packets (i.e.,
if W, > T') we will say that the node is active or in firing state.
We will define the random variable F;, to be equal to 1 if node
n is in firing state and O otherwise.

A. Limited Spread Networks

A difficulty in studying the behavior of the abstract P2P
system considered here is that the statistical properties of W,
depend on the network topology, a characteristic that it is
not easily captured by a small set of parameters. In order to
simplify the study, it is convenient to put some constraint on
the topology.

A useful constraint that nevertheless is general enough to
describe practical networks is the hypothesis of limited spread.

Definition 1. If n is a node of the network define d(n) and
D(n) > d(n) as the length of the shortest and longest path
from the server to n. Value D(n) will be called the depth of
node n, and difference D(n) —d(n) will be called the spread

of n.

Definition 2. A network A will be said to be a A-limited
spread network if D(n) —d(n) < A for every node n€ 4. A
network will be said stratified® if D(n) —d(n) = 0 for every n.
If a network N is stratified, define the K-th stratum Sk as

Sk :={ne N :D(n)=K} (1)

Remark 1V.1
The hypothesis of limited spread is quite natural and it is
expected that this type of networks will be the natural outcome
of the tentative of maximizing locality. It is easy to prove that
in a stratified network the upper peers of nodes in Sk belong to
Sk_1-

1) Notation for stratified networks: We will denote with
Lk the number of nodes in stratum K. The n-th node in
stratum K, n=0,...,Lx — 1, will be named as (K,n). The
set of upper peers of (K,n) will be represented by the vector
ug , € {0,1}4-1 whose m-th component is 1 if (K —1,m) is
an upper peer of (K,n) and zero otherwise.

We will collect all the random variables Wk, and Fg ,,
relative to nodes of stratum K, in two vectors Wg and Fg;
more precisely, [Wk], = Wk, and [Fg], = Fx .

It will prove useful to have a special notation for some states
in {0,1}5%. More precisely, we will define the empty state

3We use the term stratified to avoid confusion with the term layered
possibly used in other contexts.

as ¢ =[0,0,...,0] (no node in active state), the full state as
Q =[1,1,...,1] (every node in active state) and, for every
ke€{0,...,Lg — 1}, the k-th singleton state, e as [e], = &
(only the k-th node is active).

Finally, we define a constant geometry as a stratified net-
work such that every stratum has the same number of nodes
(denoted as L in the following) and ug, depends only on n,
that is, ug , = wy, for every M,K e Nand ne {0,...,L—1}.

V. ASYMPTOTIC ANALYSIS

For the sake of notational simplicity, in this section we
suppose that the number of nodes per stratum is constant and
drop the subscript from Lg.

A. Reduction to the analysis of {Fk}ken

As anticipated, we are interested in the asymptotic behavior
of variables Wi, when K goes to infinity. It is clear that, in
a stratified network, the random variable sequence {Wg } ken
is a Markov chain with alphabet {0,1,...,N} and that the
chain is homogeneous if the network has constant geometry.
It is immediate to check that the transition probability is*

P[W[(ﬂ = a|F1< = S] = P[%(s’uk,n, 1— Pg) = a] 2)

where % (M, p) is a binomial random variable with M trials
and success probability 1 — P,. According to (2), the transition
probability between two different states in {0,1,...,N}* de-
pends only on the pattern of active nodes at stratum K — 1 and
not on the actual number of received packets. By exploiting
(2), it is possible to show that the sequence of random vectors
{Fk }ken is also a Markov chain. Note that, because of (2), it
suffices to study the statistical behavior of the chain {Fg } gen.
Let M be the matrix of transition probabilities

M, = P(r—>c) :P[FK :C|FK*1 :r] 3)

and let A; be the eigenvalues of M, ordered by decreasing
modulus, that is, |A1] > |A2] > ...

B. Asymptotic behavior of {Fk}ken
A first, almost obvious, but important result is the following.

Property 1. The steady state probability of {Fk }ken is
lim P[Wg =s| = &,

K—o

“4)

that is, the state of {Fk}xen will eventually converge to the
empty state.

Property 1 is a consequence of the fact that ¢ is absorbing.

Equation (4) could seem as bad news for streaming over
P2P networks, since it claims that nodes that are “very far”
from the server will not receive any packets. In order to make
precise what “very far” means, it is important to study A,
that, as well known, controls the velocity of convergence of
(4). In order to state the main result about A,, we need a
generalization of the concept of absorbing state.

“Note that s'ug , is equal to the number of upper peers of (K,n) in active
state.
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Definition 3. Consider a Markov chain with alphabet A and
absorbing state ¢ € A. A state s € A is said to be a trapdoor
state if there is an integer £, such that P(s % ¢) = 1.

Note that an absorbing state is a trapdoor and that a trapdoor
state can transition only to another trapdoor state.
The following theorem gives upper and lower bounds on

Aa.

Theorem 1. Consider the case of a constant geometry network
with transition matrix M. Let 7 be the set of trapdoor states.
If a—=* Q for every ag 7, then A, €R, A, > |A3| and

PQ—> Q)< <1-PQ—9) )

Proof: For the sake of space, some easy details are
skipped. Transition matrix M can be written in the form

1101]0
M=| x| H|O (6)
x| x| Q

where the first row (and column) corresponds to the absorbing
state ¢, the second block of rows (and columns) correspond to
the trapdoor states and the third block to non-trapdoor states.

It is clear that A; = 1 and that the remaining eigenvalues
of M are distributed between the eigenvalues of Q and the
eigenvalues of H. By definition of trapdoor state, it follows
that all the non-zero eigenvalues of M are eigenvalues of Q.

In order to prove that A, is strictly dominating, one shows
that Q is irreducible and primitive by observing that (i) for
every a,b ¢ .7 one has a —* Q — b, and (ii)) P(Q — Q) #0.

The lower bound in (5) follows by the fact that the spectral
radius of a non-negative matrix is never smaller than the
diagonal elements. The upper bound in (5) follows from the
fact that in a non-negative matrix the spectral radius is not
larger than the maximum row sum, that is

As < max Z

P = 1-P
max (r—o) max (r—2) (7)

cegc re.

Since ¢ is a trapdoor state, P(r — .7) > P(r — ¢) and one
deduces

lggmay)(l—P(r—)q&):l—P(Q—)q)) (8)
re:
where the last equality follows from the fact that P(r — ¢) is

minimized when r = Q. |
It is worth to write explicitly the probabilities in (5)

P(Q—Q) = P[BNN,1-P)>T* (9a)

P(Q— ¢) P[#A(N,1-P) < TI- (9b)
that in the case of fragment propagation become

PQ—Q) = (1-P=1-LPY (10a)

P(Q—¢) Pt (10b)
Example V.1

A simple numerical example can help understanding the mean-
ing of Theorem 1. Consider the case of fragment propagation,

P, =0.1, N = 8 upper peers per node and L = 100 nodes per
stratum. According to (5) and (10a), A, is not smaller than

P(Q—Q)~1-100-0.18=1-107° (11)
It is easy to verify that in order to have A,ZK < 0.99 it is necessary
to have K > 10*. This shows that although “very far” nodes will
receive very few packets, the convergence is very slow and it
is quite unlikely that one will find “very far” nodes in practical
contexts.

In the case of no fragment propagation and R =5, the lower
bound of A, is

P(Q— Q) = P[#(8,0.9) >5]'% ~ 0.6 (12)

which is much smaller than (10). Although this is only a lower
bound, it suggests that convergence to the empty state can be
very fast if fragment propagation is not used.

Remark V.1 (Extension to non-constant geometry and non-stratified
networks)
Note that the bounds in (5) do not depend on the connections
between consecutive layers and this suggests that a similar result
can hold also in the case of non-constant geometry networks.

Moreover, if P(Q — Q) is large enough, the decay is so slow

that, intuitively, it should not make much difference if node at
stratum K receives its data from layer K —1 or K — A, as long
as A is not too large. This suggests that, at least in the P(Q —
Q) ~ 1 case, similar results could also hold for non stratified
networks. This claim is supported by the experimental results
given in Sect. VI

VI. SIMULATION RESULTS

We carried out some simulations in order to complement
the analytical results. We carried out the simulations using
two different types of networks:

o A constant random network, that is a constant geometry
networks where vectors uy 1, ..., uy, are independently
drawn from the set Uy of vectors in {0, 1}* with N entries
equal to one;

o A totally random networks where every ug ;, is a ran-
domly drawn from Uy.

For every network we simulated packet propagation across
strata 100 times and we measured the frequency of packet
reception at each node. In the case of random networks (i.e.,
constant random and totally random networks) the above
procedure was repeated 20 times, with randomly chosen link
layouts, and the results were averaged.

Plots in Fig. 1 show the measured probability of receiving
at least one packet the two networks used in the experiments.
In every case we chose L= 10, N =3 and P, =0.5. (We chose
such a large value of P, in order to have the probability decay
visible.)

Note in Fig. la the exponential decay predicted by the
theory above; note, however, that the same exponential de-
cay happens also in the case of Fig. 1b, corresponding to
a non-constant geometry network, supporting the claim in
Remark V.1. Note that the networks exhibit very similar decay
rate.
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Figure 1.

Constant Random

Probability
>

0 500 1000

Level number

(a)

1500 2000

VII. CONCLUSION

We analyzed the packet loss probability F.q experienced by
the application when a stream-based, chunkless P2P network
is employed. We show that, although in the limit Fq converges
to 1, it is possible to choose the network parameters to
make this convergence so slow that such probability remains
negligible in networks of practical size. Moreover, such a
convergence can be made as slow as desired without increasing
the redundancy in the network.
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