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ABSTRACT 

This paper proposes a design of a low delay cosine modulat-

ed filter bank and subband amplifier coefficients for digital 

audio hearing aids denoising applications. The objective of 

the design is to minimize the delay of the filter bank. Specifi-

cations on the maximum magnitude of both the real and the 

imaginary parts of the transfer function distortion and the 

aliasing distortion of the filter bank are imposed. Also, the 

constraint on the maximum absolute difference between the 

desirable magnitude square response and the designed mag-

nitude square response of the prototype filter over both the 

passband and the stopband is considered. The subband am-

plifier coefficients are designed based on a least squares 

training approach. The average mean square errors between 

the noisy samples and the clean samples is minimized. Com-

puter numerical simulation results show that our proposed 

approach could significantly improve the signal-to-noise 

ratio of digital audio hearing aids. 

1. INTRODUCTION 

There is a huge demand and market for digital audio hear-

ing aids. The net audio hearing instrument sales in the Unit-

ed States in 2004 have surpassed a two million unit mark [1] 

in which the sales of digital audio hearing instruments rose 

to constitute four-fifths (83%) of the market. More than 

90% of the gross revenues came from digital audio hearing 

aids. 

Cosine modulated filter banks are widely used in digital 

audio signal processing because digital signals can be de-

composed into different frequency bands via a prototype 

filter. However, as humans are highly intelligent, the perfect 

reconstruction of the filter banks is not essential. Instead, 

humans are more sensitive to the aliasing distortions of the 

filter banks, delays of the signals and noises [2]. Hence, low 

delay filter banks with low maximum aliasing distortions 

serving denoising purposes are preferred. Nevertheless, most 

of existing cosine modulated filter bank designs are based on 

the perfect reconstruction condition. Only few results found 

in the literature have addressed the above issues [2]. 

To tackle these issues, this paper proposes a design a co-

sine modulated filter bank with subband amplifier coeffi-

cients. The design of the prototype filter of the cosine modu-

lated filter bank is formulated as an optimization problem 

without considering the subband amplifier coefficients. The 

optimization problem is to minimize the delay of the filter 

bank subject to specifications on the maximum magnitude of 

both the real and the imaginary parts of the transfer function 

distortion and the aliasing distortion of the filter bank as well 

as on the maximum absolute difference between the desirable 

magnitude square response and the designed magnitude 

square response of the prototype filter. The subband amplifi-

ers are designed based on a least squares training approach. 

The average mean square errors between the noisy samples 

and the clean samples is minimized. Computer numerical 

simulation results show that our proposed approach could 

significantly improve the signal-to-noise ratio of digital audio 

hearing aids. 

The outline of this paper is as follows. In Section 2, the 

design of the prototype filter of a cosine modulated filter 

bank is formulated as a nonsmooth functional inequality 

constrained optimization problem. In Section 3, the sub-

band amplifier coefficients are designed based on a least 

squares training approach. Computer numerical simulation 

results are presented in Section 4. Finally, conclusions are 

drawn in Section 5. 

2. COSINE MODULATED FILTER BANK DESIGN 

In this Section, we consider a design of a uniform maximal-

ly decimated cosine modulated finite impulse response fil-

ter bank. 

Let 

    TNpp 10  x  
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be the vector of the prototype filter coefficients, where the 

superscript T , N  and  np  for 1,,0  Nn   denote, re-

spectively, the transposition operator, the length and the 

impulse response of the prototype filter of the cosine modu-

lated filter bank. The magnitude square response of the pro-

totype filter can be given as 

          xιιιιx  T

ss

T

cc

TP 
2

, 

where 

     Ts N  1sinsin0  ι  

and 

     Tc N  1coscos1  ι  

denote the frequency response kernels of the prototype filter. 

Let 
pB  and 

sB  be the desirable passband and the desirable 

stopband of the prototype filter, respectively. Also, let 

 D  and 
f  be the desirable magnitude square response 

and the specification on the maximum absolute difference 

between the desirable magnitude square response and the 

designed magnitude square response of the prototype filter 

over both the passband and the stopband, respectively. Then, 

the magnitude square response of the prototype filter is 

constrained to 

           f

T

ss

T

cc

T D   xιιιιx  
sp BB  . 

Let M  be the total number of channels of the cosine modu-

lated filter bank. Denote by  nhm
 and  nfm

 for 

Mm ,,1  and 1,,0  Nn   the impulse responses of 

the m
th

 analysis filter and the m
th

 synthesis filter of the 

filter bank, respectively. Then, we have 

      
















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










4
1

22

1
cos2

1  m

m

N
nm

M
npnh  

and 

      





























4
1

22

1
cos2

1  m

m

N
nm

M
npnf  

for Mm ,,1  and 1,,0  Nn  . Let 











2

1
m

M
m


  for Mm ,,1  

be the modulated frequency of the m
th

 analysis filter and 

the m
th

 synthesis filter. Also, let 

  











2

1

24
1

1
m

M

Nm

m


  

and 
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
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

2

1
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m

M
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m


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for Mm ,,1  be and the phase shift of the m
th

 analysis 

filter and the m
th

 synthesis filter, respectively. Denote by 

 mH  and  mF  for Mm ,,1  the frequency re-

sponses of the m
th

 analysis filter and the m
th

 synthesis 

filter of the filter bank, respectively. Then, we have 

      

    mmm

mmmm

PPj

PPH
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and 
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for Mm ,,1 . Let c  and    be the desirable gain and 

the desirable delay of the filter bank. Also, let R

t  and I

t  

be the bounds imposed on the real and the imaginary parts 

of the transfer function distortion of the filter bank. Similar-

ly, let R

a  and I

a  be the bounds imposed on the real and 

the imaginary parts of the aliasing distortion of the filter 

bank. Then, we have 

      R

t

M

m

mm cFH
M

 



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



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1
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1

, 
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t

M

m
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M
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
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1
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1

, 
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a

M

m
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for 1,,1  Mk  . Let 

      
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R

m
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for Mm ,,1 . Since 

     xιxι  T

s

T

c jP  , 

we have 

        xHxH
TI

m

TR

mm jH    

and 

        xFxF
TI

m

TR

mm jF    

for Mm ,,1 . Let 
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for 1,,1  Mk  . Then, the constraints on both the real 

and the imaginary parts of the transfer function distortion and 

the aliasing distortion of the filter bank can be expressed as 

follows:  

    R

t

RT c   cos0 xAx , 

    I

t

IT c   sin0 xAx , 

  R

a

R

k

T  xAx  

and 

  I

a

I

k

T  xAx  

for 1,,1  Mk  . Combining the constraint on the magni-

tude square response of the prototype filter, the cosine 

modulated filter bank design problem with low delay can be 

formulated as the following optimization problem: 

Problem ( P ) 

x
min    xJ  

subject to       R

t

RT cg   cos, 00 xAxx  

   , , 

       I

t

IT cg   sin, 01 xAxx

   , , 

     R

a

R

k

T

kg   xAxx,,2
  

   ,  and 1,,1  Mk  , 

     I

a

I

k

T

kg   xAxx,,3
  

   ,  and 1,,1  Mk   

and              f

T

ss

T

cc

T Dg   xιιιιxx,4
  

 
sp BB  , 

where  xJ  is the objective function, and  ,0 xg , 

 ,1 xg ,  ,4 xg ,  ,,2 xkg  and  ,,3 xkg  for 

1,,1  Mk   are the nonsmooth functional inequality 

constraints. This nonsmooth optimization problem can be 

approximated by a smooth optimization problem using our 

recently proposed method [3] and the global optimal solu-

tion of the corresponding nonconvex optimization problem 

can be found using our recently proposed modified filled 

function method [4]. 

3. OPTIMAL SUBBAND AMPLIFIER 

COEFFICIENTS DESIGN 

In this Section, subband amplifier coefficients are designed 

based on the prototype filter obtained in Section 2. The 

block diagram of the proposed digital audio hearing aids is 

shown in Figure 1. Assume that there are K  training sig-

nals and they are processed by unknown operators and cor-

rupted by noises with unknown distributions. In this case, 

conventional maximally likelihood estimation approaches, 

minimum variance unbiased estimation approaches and 

Bayesian estimation approaches are not applied for solving 

the problem. Here, the problem formulation is based on a 

least squares approach. Let  nuq
 and  nyq

 for 

1,,1,0  Kq   be the unprocessed and clean training sig-

nals as well as the corresponding processed and noisy sig-

nals, respectively. Assume that  nuq
 for 1,,1,0  Kq   

are finite impulse response signals. Suppose that the length 

of all the training signals are the same and equal to T . Let 

    Tqqq Tuu 10  u  for 1,,1,0  Kq  . 

Also, let 
mw  for Mm ,,1  be the m

th
 subband amplifier 

coefficient. Let 
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for Mm ,,1  and 1,,1,0  Kq  , where  ceil  de-

notes the rounding operator towards plus infinity. Define 



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

M
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ceilMNL

1
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Then, L  is the length of  ns qm,
 for Mm ,,1  and 

1,,1,0  Kq  . Let 

    Tqmqmqm Lss 10 ,,,  s  

for Mm ,,1  and 1,,1,0  Kq  , 

 qMqq ,,1 ssS   for 1,,1,0  Kq   

and 

wSy qq ˆ  for 1,,1,0  Kq  . 

Define 

    11
ˆ
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where 
ba0  is the ba  zero matrix and 

aaI  is the aa  

identity matrix. Thus, wSI q
ˆ  for 1,,1,0  Kq   is the vec-

tor containing the response of the q
th

 reconstructed signal. 

The total least squares error introduced by the system be-

comes 
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The optimal subband amplifier coefficients are 




























 











1

0

1
1

0

ˆˆˆ
K

q

q

TT

q

K

q

q

TT

q uISSIISw . 

4. COMPUTER NUMERICAL SIMULATION 

RESULTS 

Since humans are very sensitive to the delay of the filter 

bank, the length of the prototype filter should be short. 

However, a prototype filter with short length cannot 

achieve good performances of the cosine modulated filter 

bank, such as low values on 
f , R

t , I

t , R

a  and I

a . 

Similarly, large value of M  can decompose the input signal 
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into very narrow frequency bands, but the transition band-

width of the prototype filter will become very narrow. In 

general, there are tradeoffs between the specifications on  , 

N , M , 
f , R

t , I

t , R

a  and I

a , where   is defined as 

the transition bandwidth of the prototype filter. In this paper, 

1.0 , 

16N , 

4M , 

25f dB for the stopband, 

11R

t dB, 

5.10I

t dB, 

5.14R

a dB 

and 

5.14I

a dB 

are chosen because these values are commonly used in the 

signal processing community [2]. Without the loss of gen-

erality, the gain of the filter bank is set to one, i.e., 1c . 

Based on the above specifications, the problem formulation 

discussed in Section 2 and applying our recently developed 

methods discussed in [3] and [4], a prototype filter is ob-

tained. Figure 2 shows both the real and the imaginary parts 

of the transfer function distortion of the filter banks designed 

by our proposed approach and the approach discussed in [5]. 

Similarly, Figure 3 shows both the real and the imaginary 

parts of the aliasing distortion of the filter banks designed by 

our proposed approach and the approach discussed in [5]. 

Finally, Figure 4 shows the absolute difference between the 

desirable magnitude square response and the designed mag-

nitude square response of the prototype filter over both the 

passband and the stopband designed by our proposed ap-

proach and the approach discussed in [5]. Table 1 shows the 

performances of the cosine modulated filter banks designed 

by our proposed approach and the approach discussed in [5]. 

Our proposed 

design (dB) 

Designed dis-

cussed in [5] (dB) 

Design Specifi-

cation (dB) 

0780.11R

t  0780.11R

t  11R

t  

6506.10I

t  1503.10I

t  5.10I

t  

8234.14R

a  8234.14R

a  5.14R

a  

7051.14I

a  9948.13I

a  5.14I

a  

4137.25f  

for the stopband 

4137.25f  

for the stopband 

25f  for 

the stopband 

Table 1. Performances of the cosine modulated filter banks 

designed by our proposed approach and the approach dis-

cussed in [5]. 

It can be seen from the above that the our proposed design 

satisfies the required specifications, while the design dis-

cussed in [5] does not satisfy the specifications on the im-

aginary part of both the transfer function distortion and the 

aliasing distortion of the filter bank. In general, if the feasi-

ble set of the optimization problem is nonempty, our pro-

posed design can guarantee to find the solution satisfying 

all the constraints. Also, the delay of the filter bank de-

signed by our proposed approach is 39726.15 , which is 

lower than that by the approach discussed in [5]. Thus, our 

proposed design has a slightly improvement on the delay of 

the filter bank. 

To illustrate how to apply our results to a practical de-

noising application in digital audio hearing aids, we record 

12 sets of utterances of English letters which each set of 

utterances of English letters contains 4 samples. Hence, 

48K . 

Since difference utterance samples have different lengths, 

we pack zeros at the end of the utterance samples so that 

they have the same length. Each utterance sample is nor-

malized to the unit energy. An additive white Gaussian 

noise is added to each sample so that the signal-to-noise 

ratio is 5 dB. Figure 5 plots the mean square errors of the 

corrupted signals and the signals reconstructed by our de-

signed filter bank. It can be seen from the figure that the 

average mean square errors of the signals reconstructed by 

our designed filter bank is 56 dB, while that of the cor-

rupted signals is 3105.53 dB. Obviously, our proposed 

filter bank can significantly improve the signal-to-noise ratio 

of the system. 

 

 

 

 

 

 

 

 

Figure 1. Block diagram of our proposed digital audio hear-

ing aids. 
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Figure 2. The real and the imaginary parts of the transfer 

function distortion of the filter banks designed by our pro-

posed approach and the approach discussed in [5]. 
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Figure 3. The real and the imaginary parts of the aliasing 

distortion of the filter banks designed by our proposed ap-

proach and the approach discussed in [5]. 
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Figure 4. The absolute difference between the desirable mag-

nitude square response and the designed magnitude square 

response of the prototype filter over both the passband and 

the stopband designed by our proposed approach and the 

approach discussed in [5]. 
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Figure 5. The mean square errors of the corrupted signals 

and the signals reconstructed by our designed filter bank. 

5. CONCLUSIONS 

This paper proposes a design of a low delay cosine modu-

lated filter bank and subband amplifier coefficients for digi-

tal audio hearing aids denoising applications. The prototype 

filter is designed such that the delay of the filter bank is min-

imized subject to specifications on the maximum magnitude 

of both the real and the imaginary parts of the transfer func-

tion distortion and the aliasing distortion of the filter bank as 

well as on the maximum absolute difference between the 

desirable magnitude square response and the designed mag-

nitude square response of the prototype filter. The design 

problem is a nonsmooth functional inequality constraint op-

timization problem. The problem is approximated by a 

smooth optimization problem using our recently proposed 

method and the global optimal solution of the correspond-

ing nonconvex optimization problem is found using our 

recently proposed modified filled function method. The 

subband amplifier coefficients are designed based on a least 

squares training approach. An analytical formulae is derived. 

Computer numerical simulation results show that our pro-

posed filter bank can significantly improve the signal-to-

noise ratio of the system and hence it is very useful for digital 

audio hearing aids denoising applications. 
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