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ABSTRACT

The multichannel time-varying autoregressive (M-TVAR) model is
used in various applications such as radar processing, mobile
communications and econometric time series. In that case, the
M-TVAR parameter matrices are usually estimated by extending
the evolutive method, initially proposed by Grenier in the 80ies for
the scalar case. In that case, the time-varying coefficients of each
matrix are expressed as weighted combinations of pre-defined
basis functions. However, the estimation of the M-TVAR parameter
matrices from noisy observations is a still key issue to be addressed.
In this paper, we propose an effective evolutive method to estimate
M-TVAR matrices from noisy observations. We suggest viewing the
weight estimation from noisy observations as an errors-in-
variables issue. Despite its high computational cost, the approach
has the advantage of also providing the covariance matrix of both
the driving process and the additive noise. Simulation results point
out the relevance of the approach.

1. INTRODUCTION

The Multichannel autoregressive (M-AR) model is a useful tool in
various applications, especially for the EEG signal analysis and for
radar signal processing [1]-[4]. However, this usually requires the
estimation of the corresponding autoregressive parameter matrices.
They can be obtained by solving the multichannel Yule-Walker
(YW) equation, the multichannel Levinson algorithm or the Nutall
Strand method. Kalman filtering could be also considered. When
only noisy observations are available, M-AR parameter estimation
from noisy observation has been discussed and some methods have
been proposed in [5], [6] and [7].

However, in the non-stationary case, the so-called multichannel
time-varying autoregressive (M-TVAR) process is more suited as it
is defined by time-varying parameter matrices. It has been applied
for the econometric time series and for the seismic signal analysis
[8], [9]. In this literature, the M-TVAR parameter matrices can be
estimated by means of the evolutive method (also known as deter-
ministic regression method) which was mainly used by Grenier in
the 80ies for the scalar TVAR parameter estimations [10]. In that
case, the time-varying coefficients of each matrix are expressed as
weighted combinations of pre-defined basis functions such as pow-
er of time, Legendre polynomials, or Fourier functions. Usually,
the basis choice can be based on a priori properties of the signal.
Therefore, the TVAR parameter estimation becomes a stationary
identification issue because one has to estimate the weights by
using the observations of the process. Standard Least Square (LS)
methods can be used. However, when the M-TVAR process is
disturbed by an additive measurement noise, using the above ap-
proaches leads to an estimation bias. To our knowledge, very few
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approaches deal with this issue. Recursive methods based on Ex-
tended Kalman filtering, iterative Kalman filter and Sigma Point
Kalman filters (SPKF) such as the unscented Kalman filter (UKF)
and the central difference Kalman filter (CDKF) could be consi-
dered, but they require the covariance matrix of both the additive
noise and the driving process of the M-TVAR process.

In this paper, we suggest using an evolutive method based on an
errors-in-variable (EIV) approach to estimate the weights from
noisy observations by using the Frisch scheme [11]-[13]. Despite
its high computational cost, it has the advantage of also providing
the estimation both the unknown variance of the driving process
and the M-TVAR parameters. The relevance of the proposed me-
thod is then studied by means of a comparative study with stan-
dard Yule-Walker methods.

The remainder of the paper is organized as follows: section 2 deals
with the problem statement. Then, in section 3, the way to estimate
the weights from noisy observations is presented. Simulations re-
sults and comments are then provided.

2. LS WEIGHT ESTIMATION
FOR MULTICHANNEL TVAR PROCESS

A. Noise-free Case (usually addressed in the literature):

Let x(k) be a real M-channel and P-th order TVAR process vector
defined as follows:

x* (k) »
20 = [F W = - Dxte-D+utd O
x"”.(k) i=1
where A;(k — i) are the M X M TVAR parameter matrices:
at'tk—1) af*(k-1) aitM(k — i)
Ak —0) :[aih(]f—i) aizz(]f—i) aiZM(k_i)]
ik —1) a(k—0) ayMEk—i)

where i = 1,-+-, P, and u(k) is assumed to be the M X 1 driving
process vector in which each element is a zero-mean stationary
white noise with variance ;2. The autocorrelation of u(k) hence
satisfies:

=0

E[u(ou’ (k — D] = {ffﬁlmw 1

OMXM

990



where Iy« 1s the identity matrix of size M and Oy is @ MXM
matrix of zeros. In the following, the TVAR coefficients
a™(k—i) (I=1-M,m=1--M) are assumed to be expressed
by means of pre-defined basis functions:

. T .
alm (e — ) = " f (ke - 1) @)
where f(k—i) =[fitk—1) f,(k—1) fatk—0D]7 are
the basis function vectors of size N and
m = [pim pim imT are the weight vectors correspond-

lth

ing with the coefficients of the I"™ row and the m™ column of the i™

AR matrices A4;(k — i).

Introducing the M X NM weight matrices 6; (i =1,---,p) as
follows:

21T 22T 2mT
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and the MN X M matrix F(k — i) as:

[Z(k —i) Onx1 Onx1 ]
Fl-1) =i Opa L= Owa J
Onx1 Onx1 £(k -0
the TVAR parameter matrices can be rewritten as:
Aitk—D)=6;F(k—1) (i=1-,p) 3
Substituting equ. (3) into equ. (2), and by denoting
X(k — i) = F(k — )x(k — i), one obtains:

P
x(k) = —Z 0,F (k — D)x(k — i) + u(k)

i=

1
P
== 0 Xk - i) +u(k)
i=1

“

Let OF denote the extended weight matrix defined as
0F =6, B8, - Bp]. Equ. (4) can be rewritten as follows:

X(k — 1)

x(k) = —0° X (k . 24 u(k)

X(k—P) (5)
Postmultiplying both side of equ. (5) by the matrix
[XT(k—1) XT(k—2)-- XT(k— P)], this leads to:

ry = —0FR} (6

where 1§ =E [E(k)[XT(k -1 X" (k- P)]]y
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X(k — 1)

and RE=E [XT(k—1) X" (k - p)]

X(k — P)

Remark: Equ. (6) can be regarded as the M-TVAR version of the
YW equations.

B. Noisy Case (addressed in this paper):

The M-TVAR process is assumed to be disturbed by an additive
zero-mean white noise vector b(k).

y(k) = x(k) + b(k) (7
where the autocorrelation of b(k) is assumed to be given by:

=0

E[b()bT (k — )] = {Gz?IMXM s

0M><M

In the equation above, o is the unknown (scalar) variance. In addi-
tion, the additive noise b(k) is assumed to be uncorrelated with the

driving process u(k), i.e., E[Q(k)gT(l)] = Opyxy forall k and L.

Then, given (7), the modified observation and noise vectors
Y(k—-1)= F(k—i)X(k —i) and Bk—i)=F(k—1i)b(k—1)
satisfy the following relationship for (i = 1,--+, P) :

Y0k =) = Flk =) (x(k =) + bk — 1))
=X(k—0) +B(k - 1) ®)

Since the additive noise is zero-mean and white and the M-TVAR
process and the additive noise vector are independent, substituting
equ. (7) and equ. (8) into equ. (6), leads to:

0F = —1y'(R} —Rp)™ ©)

where 7 = E [y(k) [YT—1) - YT(k- P)]],
and for (¢ =Y or B):

atk—1)

RE=E : [a"(k — 1) a’(k — P)]

a(k—P)
If one introduces the following matrix:
RE(B) =

Onmxnm

F(k—1)FT(k — 1)

0NM><NM F(k - P)FT(k _P)

(10)

where f8 is any (positive) value, the covariance matrix of B(k — i)
can be expressed as follows:

E[B(k — )BT (k — )] = 02F (k — )FT (k — 1), 11

Then, given the three above equations, RS = R5(07), the size of
which is NMP X NMP.



Let @(y) be the estimate of the weights when one does not compen-
sate the influence of the additive noise, i.e., @(y) = —r¢ (RF) 1,
the weight estimations would satisfy:

O()RY = 0(y) (RE + RE(0f)) = —1f = —1f (12)

Using equ. (6), equ. (12) and the matrix inversion lemma', this
means that:
0(y) = 07 — 0" R (05 )(R)) ™,

So, the estimation bias is equal to OPR5 (c) (RF) 1.

(13)

Therefore, the purpose of this paper is to propose a method to esti-
mate the weights @7 by compensating the influence of the additive
noise.

3. EVOLUTIVE METHOD BASED ON
AN ERRORS-IN-VARIABLES APPROACH

Introducing the M X M (1 + NP) matrix:

6P = [IMXM QP] = [IMXM 01 6, - 91)],

equ. (5) can be equivalently rewritten as follows:

[x(k) - u(k)]

I X(k-1) I
or| X(k -2) |=
X(k —-P) (14)
By postmultiplying equ. (14) by the matrix

[xT(0) —uT(k) XT(k—1)

expectation, one obtains:

XT(k—P)], and taking the

[ (k) — uli)
o I X(k—1)
X(k 2)

|
orE j (k) —uT (k) X7k — 1)

X(k pP)

XT(k -P)l|= 0M><M(1+NP)

(15)
Combining equ. (7) and equ. (8), equ. (15) can be rewritten as:
[1 y0) — b — ul)
a7 || L~ D - CBk-1) |79 - 5709 70
lg k—P)— B(k P) (16)

'"IfA=B+cDT

then At = B~ — B~1C(I + DTB~1¢)~'DTB~!
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Yrk-1D—-B"(k-1) Y'(k = P) = B"(k — P)]

——

= 0M><M(1+NP)

At that stage, let us have a look at some components of the matrix of
the equation above. Hence, as b(k — j) is a zero-mean vector, one
has for j>0

E[(x(k = = BU= ) (y7 00 = b)) = w7 ()]

= Fle=DE|(yle =) = bk =) (y7 ) = 1700 = (0]
= F(c—j) E [y(k = )y" (o)

and similarly:

E{(y00 - b - u(0)) (¥ Gk = ) = B7C = )]

= E[(xC—) - BG =) () = b ~ @)

= E[y(0y (e = )] FT k=)

Therefore, the relationship (16) can be expressed as:

0M><MNP

\
Rs(az)J /

/_ [(0'1% + Ug)IMxM

OF | RE —
\ Y [ OMNPXM

= Opxma+np) 17)
Ey(oy™ (0] 49
where RP =
rE" RE

At that stage, equ. (17) is defined by the set of variances ;2 and o7.
Hence, the identification approach consists in searching the sets of
variances that make the following noise-compensating matrix posi-
tive semi-definite:

0M><MNP

R (o2) /

/ (0'1% + O'bz)IMxM

-

Then, for each set of variances, the M-TVAR parameter matrices
can be obtained by solving the noise compensated YW equation (9)
where the estimations of the variance o is considered.

0MNP><M

(18)

To find the various sets of variances that satisfy the semi-
definiteness condition (18), we suggest using the Frisch scheme



[11]- [13]. It operates as follows. The idea is to retrieve the values
a,and [ that make the noise compensated matrix positive semi-
definite.

RE—CP(a,f) >0

alyxm Omxmnp

with CP(a,f) =

R5(B)

0MNP><M

To determine this set, let us consider the set of candidates [a;  S4]
so that @;2 4+ B2 = 1 and given (18), one must necessarily have
a =Py (c2+02)>0f . So, the 2-tuple
[Aa = a; AB = ;] makes R_,’,’ — CP(a, B) semi-definite positive
provided that A is the largest eigenvalue of E_lC P(ay, B1). See
appendix A for proof.

since

The Frisch scheme hence leads to an infinite set of solutions defin-
ing a first curve Sp(a;, B;), with @, % + ;2 = 1 and a; > B;.

To extract the solutions, we propose to iterate the same process by
using another model order g higher than P. In that case, Rg , Rg B

and C9(a, B ) are similarly defined as R, RE(B) and CP(a, B ),
but the matrices sizes now depend on ¢ instead of P. Using the
Frisch scheme with this new model order leads to a second curve
Sq(ay, B1). Therefore, in theory, the variances to be found belong to
both curves.

In practice, the expectation is replaced by the temporal mean over a
sliding window. As a consequence, there is no longer an intersection
between both curves. Therefore, we suggest estimating the noise
variance as follows:

If a;2+ B> =1 and ay = By, if Aqmax denotes the maximum

eigenvalue of the matrix Ry 1C 9(ay, B;) and if one introduces the
estimated weight matrix 7 from the noise compensated YW equa-
tions (9) when the model order is set to ¢ and the noise variance is
assumed to be B A5 hax:

07 = —Tf(Rg - Rg(ﬁlla}nax))_l

we propose to find the noise variances by minimizing the following
criterion:

](alr .Bl) =

||6?1:M)x(1:P) (R_XI’; - Cp(alﬂa,%nax' ﬂlla}nax)) ||25 (19)

denotes the Frobenius norm and

lI-1l2

ad _ q
®(1:M)><(1:P) = [IMXM o(l:M)x(l:P)]'

where
The procedure to estimate the M-TVAR by using the EIV approach
can thus be summarized as follows:

1. Set the initial point (@4, ;) under the conditions of a; % +
ﬁ12 =1land a; = f;.

T T T T T T T T

estimates

2
b
:_3
.

Estimation of &;

08~ -

07 -

: : r r : r r r
1000 1500 2000 2500 3000 3500 4000 4500 5000
Samples

Figure 1: Estimation of noise variance o

2. Construct C(a4, B;) and solve the eigenvalue decomposition
of the matrix @ _1Cq (a1,B1).
Obtain @7 and construct 8¢, ¢1.p)-
4. Calculate the criterion (19).
Obtain the 2-tuple (&, 4;) minimizing J(a;, B;) by a loop
iterating from 2. to 4. with respect to (ay, B1).

b

6. Deduce the estimations of noise variances o2 and o% by
5 = 311;l}nax and 3% = {il/lg}nax - Bllz_,}nax, respectively.

7. Deduce the extended weight matrix OF by solving the YW
equations (18).

8. Deduce the M-TVAR matrices.

4. SIMULATION STUDIES

In this section, the performances of the EIV approach are investi-
gated by simulations and are compared with standard YW method.
For a simpler exposition, the number of channels and the order of
the simulated M-TVAR process are set to M =2 and P =2 respec-
tively. The basis functions vector of size N = 2 is set to f(k) =

[1, sin(2mk/T) ] where T denotes the number of samples. The

weight matrices are then set to: 6; = _0(')86 ggé 8; 88;]
andg,=[ 05 005 07 0 S
271-02 -0.01 04 001"

True values of the variance of the driving process and the additive
noise are 62 = 1 and o = 0.3, respectively. The signal-to-noise
ratio (SNR) of each TVAR process is between 16 and 17 dB.

Fig. 1 points out the estimations of the variance of the additive
noise over time when using our EIV approach. The proposed ap-
proach has good performances. Figure 2 and 3 show the estima-
tions of the evolutions of all weights which are elements of the
weight matrices 6; (i =1 or 2), comparing between EIV approach
and the standard YW method. It can be seen that the proposed
approach provides estimates that almost vary along the true
curves; however biased estimations are obtained when using YW.
In our simulations, the mean square errors (MSE) of the weight
estimations for YW method and the proposed EIV approach are
0.0055 and 0.0014, respectively.
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Figure 2: Estimations of weight matrix 6
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(each line indicates that dash-dot line: true values, dotted line:
standard YW method and solid line: EIV approach, respectively).

5. CONCLUSIONS

In this paper, an evolutive method has been proposed to estimate
weights corresponding to the M-TVAR parameters from noisy
observations. The variances of the additive noise and the driving
process are also estimated based on the errors-in-variables method.
The extended weight matrix can be estimated by means of the
noise compensated YW equations. Therefore, the proposed ap-
proach has the advantage of not requiring any a priori information

on

(1]

(2]

(3]

the noise variances.
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APPENDIX A

Bi]l suchas a? + BZ = 1 with §; > 0,

a; >0, and a; = B;. Defining the relation OM;=A OM by

[Aa = a; AB = B1], then let us look at the semi-definite compen-
sated matrix:
a O 0
— — o
R — CP(a, =RP — =0
Y (a,B) Y RE(B)
0

— —1
As R$ is definite positive, R5 exists and one has:

I-RE CP(ap) >0.

This is equivalent to:

At that stage, let us introduce {lp’i}

—-1
Ry CP(ay,By). If1—

. . A
positive or null. As one must satisfy {1 -=

—-1
P
Ry

I —
A

Cp(al'ﬁl) =0

. the eigenvalues of

i=1,..,M(1+NP)

——1

RY . .
‘:1 CP(ay,By) =0, its eigenvalues are

>0,41is

l}i=1,...,M(1+NP)

—-1
necessarily set to the largest eigenvalue Ap may of RY  CP(ay, B1).
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