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ABSTRACT polynomial in the indeterminate variatte®. Furthermore, to avoid

This paper presents an entirely time domain approach for cononfusion with the notation used for the z-transform of daze,
municating over frequency selective multiple-input mléoutput polynomial gquantities vynll use the additional underlingatmn, as
(MIMO) channels. The proposed system applies a paraunitasy ~d€monstrated in equations (1) and (2). . .
trix to the received signals, which is specifically desighedrans- Algorithms have been developed for calculating severdéif
form the effective polynomial channel matrix for the systeno an €Nt decompositions of a polynomial matrix [1, 2], in partaythe
upper triangular polynomial matrix. This then enables thgMa  @uthors have previously proposed an algorithm for calndathe
channel equalisation problem to be transformed into a seingfe- ~ QR decomposition of a polynomial matrix (PQRD) in [3, 4]. Shi
input single-output (SISO) equalisation problems, by eilg the ~ @/90rithm has been applied to the problem of MIMO channebéqu
upper triangular structure of the transformed channelimathich ~ S&tion in [5, 6], where the decomposition has been usedrisfem
can then be individually solved using Turbo equalisationpartic-  thiS problem into a set of single channel equalisation noisl us-
ular, this paper investigates how the system performs wheretis " @ process of back substitution, which are each solvedirim t
error present in the channel matrix state information asdutises ~USing @ iterative process of SISO channel equalisation aodding.

the possible errors that are encountered when formulatiegr ~ HOwever, these papers assume that the receiver has pemi@elk
decomposition (QRD) of a polynomial matrix. edge of the system channel matrix, which is clearly not aigéal

) o ) ) assumption. This paper extends this work to demonstratethew
Index Terms— Convolutive mixing, paraunitary matrix, poly- method performs when error is observed in the channel mstiabe

nomial matrix QR decomposition, MIMO channel equalisation  information and confirms the performance of the system fdoua
levels of this error in terms of average bit error rate (BEWR)te that
1. INTRODUCTION the conventional approach to communicating over this tyffmhan-

nel is to use orthogonal frequency division multiplexing=@M),

which firstly transforms the signals into the frequency domthus
allowing the system to be transformed into a set of frequdtaty
problems. The approach outlined in this paper, howeveersfan
entirely time domain approach for communicating over MIM®-f
guency selective channels.

Polynomial matrices arise, in the context of this paper, waeset
of signals arrive at an array of sensors via multiple pathsltiag in
the received signals consisting of a sum of weighted and/ddleer-
sions of the transmitted signals. The mixing process inditigtion
can be characterised by a polynomial matrix where the imoétate
variable of each polynomial element of the matrixis, as this is
often used to represent a unit delay. pA« g polynomial matrix of 1.1. Notation and Definitions
this form can be expressed as o

Throughout this paper, matrices are denoted as bold upperctar-

a1(2) a;p(2 - a2 acters, vectors by bold lower case characters and scalarsglhy

. ) ) lar lower case characterd,, defines ap x p identity matrix. Let

A(2)= - A(T)z = Pi(2) : B CP*A define the set of polynomial matrices with rows andq
- T; . columns, where the series of coefficients of each of the pohyal

: : . elements are complex scalars. The Frobenius norm (F-nadir@) o
gpl(z) . o gpq(z) I

q
polynomial matrix is the quantityA (2)|| = Z Z > lai (T)|2.
=hi=1j=1

wheret € Z, A(T) € CP*4 is the matrix of coefficients of T and
t1 <tp, where the values of the parametgrandt, are not necessar-

The paraconjugate of the polynomial matéxz) is defined to be
ily positive. The(j, k)th element of this matrix can then be expressed P lg POy A7)

A(z) = AT (1/2) where(-)T denotes matrix transposition ard.

as tp the complex conjugation of each of the coefficients of the/pol
(2 = Z aj(1)z . (2)  mial matrix. The tilde notatioft) will be used throughout this paper
= to denote paraconjugation.

In terms of atrtlzommun!catlon ch_atlrr]mel, this will repres_entdhan 2. THE QR DECOMPOSITION OF A POLYNOMIAL
nel from thek™ transmitter to thg'" sensor. The quantitft, —t;) MATRIX

represents the temporal length of the channel over this path a

polynomial matrix, as expressed in equation (1), this gtiaigre-  The PQRD by columns (PQRD-BC) algorithm is a technique for
ferred to as the order of the matrix. Throughout this papesla-  factorising a polynomial matrix into an upper trianguladanparau-
mial matrix, vector or scalar will use the qualifi@) to denote itisa  nitary polynomial matrix [3,4]. Lef(z) € CP*9, then the objective
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of the algorithm is to calculate a mati@(z) € CP*P such that

Q2A(2) =R(2) (©)

whereR(z) € CP*9is an approximately upper triangular polynomial

matrix. The polynomial matriQ(z) must also be paraunitary, which
means it will satisfy the following condition

Q(2Q(2) =Q2)Q(2) =1p. @)

This matrix represents a multichannel all-pass filter aratefore,
if applied to a set of signals, will preserve the total sigpalver at
every frequency. This matrix is calculated as a series ofruohial
Givens rotations [3], which are applied to the matixz) to drive
all polynomial elements beneath the diagonal of each colohtine
matrix approximately to zero in turn. The details of the aifdon
will not be discussed here, but is outlined in detail, togetith
example decompositions, in [3].

2.1. Potential Errors in the Decomposition

There are three possible errors that can arise when usingotiie
nomial matrix QR decomposition technique within a pradtomm-
munication system. Firstly, the proposed system requivat the

channel matrix must be estimated and so the channel mathe to

decomposed can therefore be expressed as

A2 =Ar(2) +E(2), ®)
whereA+(z) is the true channel matrix arfil(z) is the matrix ac-
counting for the errors present in the estimated channebm&up-
pose the PQRD of this matrix is calculated according to egnat
(3), then the relative error of the observed decompositam tben
be calculated as
Erel = [A1(2 - Q@R@)| _/ IA@) e - ®

This measure can be used to determine the level of accurabg in
performed decomposition. Assuming that the only sourcerof én
the decomposition is from the estimation process, thenelzive
error for the decomposition simplifies e = ||[E(2) || / [|A(2) |-

Furthermore, as each elementdz) is an FIR filter, it is gener-
ally not possible to obtain an exactly upper triangular matfor this
reason the algorithm stops once all coefficients of the etésniee-
neath the diagonal &&(z) are less than a specified valaen magni-
tude. The relative error of the decomposition can then beutated

as ~
Erei = |[AT (2~ Q@R @) _/1A@I¢

@)

where the matrixR’(z) is the approximately upper triangular ma-

trix obtained from the decomposition with all elements tehehe
diagonal of the matrix set equal to zero.

Finally, the third error arises due to truncating the ordagrhe
polynomial matrices within the algorithm. With every agaliion of
a polynomial Givens rotation within the decomposition @ss the
orders of the polynomial matrices will increase. This wypically
result in the final matriceR(z) andQ(z) of equation (3) both being
of very large orders. In [3] it is shown that a truncation noetican
be applied to ensure that an accurate decomposition ischiéved,
whilst also ensuring that the orders of the final polynomiatnices

are as small as possible. This method will not be discusses] he

but a detailed description can be found in [3] and referetiva®in.
This process is also advantageous for the equalisatioorpesfl at
the receiver, where the computational complexity is propoal to
the order of the matriR(z). It has previously been shown in [3]
that a good approximation is achievable when using the P@RD-
algorithm.
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3. SYSTEM MODEL FOR SPATIAL-TEMPORAL MODE
TRANSMISSION WITH THE PQRD

Assume thak(t) € C9*1 wheretr =0,...,N; — 1, denote the set
of signals that are to be transmitted, to be received at ay afrp
sensors. Thé!" element of this vectory(T), is the signal trans-
mitted at timer from thek!" antenna. The environment between the
transmitters and receivers can be expressed by the polghohan-
nel matrixA(z) € CP*9, where it is assumed that> g, i.e., there
are at least as many receivers as transmitters. The recgiyedals
from this system can therefore be expressed as

L-1
CEDRCICTRD (®)
=0

wheret =0,...,N; +L — 1, the order of the channel matiX(2) is

L andn(t) € CP*! denotes an additive zero-mean circular complex
Gaussian noise process. This could alternatively be es@desising
the polynomial vector or matrix notation, as

¥(2) = A(2)x(2) +n(2) )
where
Np+L—1 R 10
= t S s
y(2) t; yt)z ' eC
Ny+L—1 . ot
= t)z ' e CY9* 11
X(2) t; xt)z" eC (11)
and
Np+L—1
n(z) = (12)

ZO nt)ztecP!

t=

denote respectively algebraic power series of the receiv@asmit-
ted and noise terms.

The PQRD of the matrif\(z) can then be calculated according
to equation (3) to obtain an approximately upper triangpalry-
nomial matrixR(z) € CP*9 and a paraunitary polynomial matrix
Q(z) € CP*P. For this application, all elements beneath the diagonal
of R(z), which are approximately equal to zero, are now set equal to
zero. The received signals are then filtered by the polyniammdrix
Q(z) to obtain

Y (2 = Q(2)y(z) € CP*L.

Then the equivalent system, from transmitter to receivan, lie ex-
pressed as

(13)

Y (2) =R(2x(2) +n’(2)

(14)

wheren’(z) = Q(2)n(z) € CP*1, which remains an additive zero-
mean circular complex Gaussian noise process with ide rsjesc-
tral properties due to the paraunitary natureQgf). In particular,
theqt" element ofy’(z) can now be expressed, due to the position of
the zero elements iR(z), as

A

Y, (15)

7) = qu(z))_(q(z) +Dql(z)v
which is a single channel equalisation problem. This can tie
solved using a standard method for SISO channel equalis&tio
obtain an estimate of the signal transmitted from ¢ffetransmit
antenna, i.exy(2). Note that in this equivalent system the polyno-
mial element 44(2) is the spatial-temporal mode over which i
substream of data is transmitted.
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Fig. 1. Transmitter design for the H-BLAST PQRD system.

Now, the expression for théq—l)th element ofX’(z) can be Time (H-BLAST) architecture is a method for doing this [8],
rewritten, using the estimate of th¥' transmitted signal, referred to Which operates by demultiplexing the data stream gniadepen-
asx‘q(z) as dent streams that can then be individually encoded, irseel@ and

“a symbol mapped in parallel prior to transmission from eacthefy
. , antennas. At the receiver each of thastreams are individually re-
Y 12 —(q-1)q(2%(D) =1(q-1)(q-1)(2)Xq-1(2) +Mg_1(2), (16)  covered before multiplexing to obtain an estimate of théahdata
stream. This system design avoids the impractical high ¢exnp
where all terms on the left-hand side of this expression avk 1Y Observed with serial encoding [9], where the initial gl data
and so this expression is again a single channel equalisptit- stream will be encoded and then interleaved prior to deplaking
lem. A SISO equalisation method can again be applied tobtai N© @ Set oy s%bstrehamsd b tedsi
estimate of the signaj, ;(2). This process is now repeated working Assume that the data stream to be transmittedsis-

ds th h the el icular. that™ el [s(0),...,s(N> — 1)]T. This data stream is firstly demultiplexed into
upwar s through the eementszétz). In particular, the™™ element qindependent substreams, where kiesubstream is
of this vector can be expressed as

sc= [s((k—1)N2/q),...,s(kN /g —1)] . (18)

q !/
Y@= Y 1@ =ri@x(2)+ni2), (17) " Each stream is then independently convolutionally encasgdg
=t the following code formatting polynomials
which, provided the set of signals is estimated accordinigd@rder- GO=1+D3+D4 and Gl=1+D1+D3+D4, (19)
ingi=0,9—1,...,1, will be a SISO channel equalisation problem. '

Each equation can then be solved to obtain an estimate at'the which are taken from the standards for the global system f@r m
transmitted signak; () using the previously estimated signal$Z)  bile (GSM) communications [10]. Note that code rate /2 and

for j=i+1,...,0. As with OFDM systems, preprocessing tech- so each encoded data stream will be of lengtN>2q). The en-
niques such as encoding and interleaving can be appliedpmira  coded signal is then interleaved to randomise the encodegitidr
the performance of the system. to transmission. This ensures that any errors appear ramehoin
as a result, avoids long error bursts in estimates of thestnéted

4. TRANSMITTER AND RECEIVER DESIGN FOR THE data. For the results presented in Section 5, an S-randemneiater
SPATIAL-TEMPORAL MODE CHANNEL with a depth of 28 bits has been applied [5]. T independent

_ _ ) _ ) substream is then symbol mapped to a constellation poinbt@iro
To enable a fair comparison with previous work in the areahae  the sequencey and then transmitted from tHé" transmit antenna.
adopted the same PQRD system as implemented in [5], i.eg usin\ote that the transmitted signal in equation (8) at timewhere

a Bell Laboratories Layered Space Time encoding architecdti 1 — (... 2(N,/q— 1), now relates to the independent substreams
the transmitter and Turbo equalisation at the receiver. dMegall 55 follows

polynomial matrix decomposition system that has been usethé
simulations in Section 5 is now described. X(T) = [x1(T),%o(T), ... ,xq(r)}T (20)

4.1. Transmitter Design wherex (1) is thet" element of the vectax. A block diagram of

o L the transmitter design, using the H-BLAST encoding stmgtaan
When communicating over a MIMO system, it is advantageous ta

use all available antennas as this will enable the systerchizze 1other BLAST architectures can be used within this schemBLAST
full diversity order [7]. Horizontal Bell Laboratories Layed Space is demonstrated throughout this paper as an example.
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Fig. 2. Block diagram for the iterative Turbo equalisation (joggualisation and decoding) scheme when applied tdithe
substreany,. This process is applied to each substream of data from eaeive antenna as demonstrated in Figure 3.
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Fig. 3: Receiver design for the H-BLAST PQRD system for a threesmaitter and three receiver system.

be seen in Figure 1, where it is assumed thatq = 3 as these are
the dimensions of our channel model in Section 5.

4.2. Receiver Design

Assume the signal received at #iB antenna at time is y, (7). Then
the set of received signals at timecan be expressed in vector form

as

(21)

Assuming the channel matrix to the system is known at thewece
and does not vary in time with each data block, the PQRD oftiais
trix can be calculated according to equation (3). The recksignals

are firstly filtered by the paraunitary matrix to obtaiiit) e CP*1,

The g element of this vector can then be expressed as the single

channel equalisation problem in equation (15) and can neselved
to obtain an estimate of thg" transmitted signal, i.eXq, Using a
standard method for SISO channel equalisation. For thétsgme-
sented in this paper, an iterative process of equalisatidrdacod-
ing has been implemented, which exchanges extrinsic irdoam
between the two components to improve the overall bit erate r
performance. The iterative process is known as Turbo esatain

and is now explained.

At each iteration of this process the following three stagire

is implemented,

1. Firstly, the equalisation of the SISO polynomial problesmper-
formed using a minimum mean squared error (MMSE) equaliseFigure 2. Once an estimate &f has been obtained, this can be used
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to obtain a soft output estimatexy, this is referred to aﬁ The
series of coefficients ojqq(z) that are used within the equalisa-
tion process are also truncated to ensure that the process is
unnecessarily computationally slow to implement. A dethil
description of this equalisation function, including thertcation
process, can be found in [5, 6].
2. The soft estimate of; is then deinterleaved.
3. A maximum a posteriori (MAP) decoder is then used to obtain
an estimate of, from the deinterleaveg. For each transmitted
symbol, the MAP decoder generates a hard estimaty ahd
also a soft estimate in the form of tleeposteriori probability
of the received sequence, referred topasvhich is then inter-
leaved and used within the MMSE equaliser in the subsequent
iteration. This exchange of information between the défer
stages of the joint equalisation and decoding process nalbke
improved performance of the system.

This routine is now repeated incorporating the soft feektfemm
the MAP decoder into the MMSE equaliser as this will gengrall
demonstrate significant improvements in the BER. For a leetdie-
scription of this technique see [5, 6, 11] and referenceethe For
the results presented in this paper three iterations ofding ¢qual-
isation and decoding process are required. Further itembffered
no further improvement in terms of average BER performanke.
block diagram of the joint Turbo equalisation scheme carele@ ¢



6. CONCLUSIONS

This paper has demonstrated how a polynomial matrix QRD-algo
rithm can be used as part of a broadband MIMO communications
system. This paper has also discussed the possible eredrarth
encountered when formulating the QR decomposition of arusly

5. SIMULATION RESULTS mial matrix. In particular, average BER simulations haverbased
The PQRD algorithm was applied as part of a broadband MIMCto illustrate the effect of various levels of channel stafeimation
communication system as described in Sections 3 and 4, velvere upon the performance of the system. Future work aims to coempa
erage BER results will be used to assess the performance efth  this method with other approaches of communicating oveadbro
tem over a range of signal-to-noise ratios (SNR). The palyiab  band MIMO channels, in particular to compare this methodhait
channel matrix for the systes(z) € C3*3 is chosen to be of order MIMO orthogonal frequency division multiplexing QRD appwh,
four, where the series of coefficients of each of the polymbmlie-  also when there is error present in the estimate of the charatex.
ments are drawn from a circular complex Gaussian distobuiith
mean zero and variancgd. The BER results, averaged over 1000
Monte-Carlo simulations, found when using this PQRD systeen

to obtain an estimate @f;_; using back substitution as described in
Section 3. This process is repeated until all substreamzua$mnit-
ted data have been recovered. The overall receiver desitptdded

in Figure 3, where it has again been assumedizag = 3.
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