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ABSTRACT

The problem of interpolation and decimation of jointly
spectrally correlated (SC) discrete-time stochastic processes
is addressed. Jointly SC processes have Loeve bifre-
quency cross-spectrum with spectral masses concentrated on
a countable set of support curves of the bifrequency plane.
Jointly almost-cyclostationary (ACS) processes are obtained
as special case when the support curves are lines with unit
slope. It is shown that two jointly wide-sense stationary or
jointly ACS processes expanded or decimated with different
rates give rise to jointly SC processes. In addition, inter-
polation filtering of jointly SC processes is considered and
sufficient conditions for alias-free filtering are provided.

1. INTRODUCTION

In multirate digital signal processing, systems constituted
by complicate interconnections of interpolators, decimators,
and linear time-invariant (LT]) filters acts on input stochastic
processes [2], [13]. Since interpolators and decimators are
linear time-variant systems, the stationarity or nonstationar-
ity properties of the input processes turn out to be modified
at the output. For example, the expanded version of a wide-
sense stationary (WSS) process is cyclostationary with pe-
riod of cyclostationarity equal to the expansion factor [11].

The effects of multirate systems on second-order WSS
and cyclostationary processes are analyzed in [11]. In [1],
conditions that preserve at the output of an interpolation filter
the wide-sense stationarity of the input sequence are derived.
Moreover, conditions for the joint wide-sense stationarity of
the outputs of interpolation filters are also obtained. Almost-
cyclostationary (ACS) processes and higher-order statistics
are considered in [5].

In [1], [5], and [11], multirate operations on a single pro-
cess are addressed and no cross-statistics between a process
and its expanded or decimated version are considered. More-
over, no cross-statistics are considered between processes ob-
tained by multirate elaborations of the same process with dif-
ferent rates.

In the present paper, results of [1], [5], and [11], are ex-
tended to treat cross-statistics of stochastic processes elabo-
rated with different expansion or decimation factors. Elab-
orations of one process with different rates or scales is en-
countered, for example, in tree-structured filter banks. It is
shown that in several cases of interest the (joint) nonstation-
ary behavior of such processes can be modeled by using the
(jointly) spectrally correlated (SC) processes. SC processes
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are finite-power processes whose distinct spectral component
are correlated and are characterized by Loeéve bifrequency
spectrum with spectral masses concentrated on a countable
set of support curves in the bifrequency plane [8]. The case
of support lines with non necessarily unit slope is treated in
[6]. ACS processes are obtained as special case of SC pro-
cesses when the support curves are lines with unit slope [3].
In such a case, spectral components of the process are cor-
related when the frequency separation belongs to a count-
able set which is the set of the cycle frequencies, that is,
the frequencies of the Fourier series expansion of the almost-
periodically time-variant autocorrelation function. WSS pro-
cesses are obtained as further specialization when the unique
support line of the Loeve bifrequency spectrum is the main
diagonal of the principal frequency domain. In such a case,
distinct spectral components are uncorrelated.

It shown that expansions with different rates transforms
jointly WSS, jointly ACS, and jointly SC processes into
jointly SC processes. An analogous result is obtained by
decimation with different rates. The effects of interpolation
filters on jointly SC processes are also considered. Suffi-
cient conditions to assure that the Loeve bifrequency cross-
spectrum of the interpolated processes is a frequency-scaled
alias-free version of that of the original processes are derived.
The case of jointly ACS input processes is treated in detail.
Furthermore, some known results for a single ACS input pro-
cess are obtained as special cases.

2. SPECTRALLY CORRELATED PROCESSES

In this section, the second-order characterization of discrete-
time SC processes is briefly reviewed. For the sake of gen-
erality, a joint characterization of two processes xj(n) and
xy(n) in terms of cross-statistics is provided.

The discrete-time processes x; () and x (n) are said to be
second-order jointly harmonizable if their cross-correlation
function can be expressed by a Fourier-Stieltjes integral

E{xi(n) 2 (n2) |

— /[ o 2T Vi +(=)vany] d%(vi,v) (1)
—1/2,1)2

where Y% (Vy,V2) is a (spectral) cross-correlation function of
bounded variation [7]
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In (1), superscript (*) denotes optional complex conjugation,
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(-) is an optional minus sign which is linked to (*), and sub-
scriptx = [x ,xé*)].

For complex-valued processes, both cross-correlation
functions E{x;(n;)x}(n2)} and E{x;(n;)x2(n2)} must be
considered for a complete second-order characterization
[12]. Notation in (1) allows to treat both second-order cross-
moments by considering or not the optional complex conju-
gation.

Let x;(n) and xp(n) be discrete-time complex-valued
second-order jointly harmonizable stochastic processes.
Their Loéve bifrequency cross-spectrum is defined as [7]

Sx(vi,vn) = E{XI(VI)XZ(*)(VZ)} (3)

where
A . —j2mvn
= E xi(n)e 4)

nez

is the Fourier transform of x;(n), (i = 1,2), and is assumed to
exist (at least) in the sense of distributions [4]. It results that
d%(vi,v2) = 8x(vi, v2)dvidv,.

Let us assume that x| (n) and x, (n) do not contain any ad-
ditive finite-strength sinewave component. The processes are
said to be jointly spectrally correlated if their Loeve bifre-
quency cross-spectrum can be expressed as [8]

Sx(vi,v2) = st vi) (Vz—‘PJ(ck>(V1)) (5a)
kel

= Yaw)s(m-alw)). ¢b
kel

In (5a) and (5b), I is a countable set and 5(v) e Ypez6(v
p) is the periodic Dirac delta train with period 1. In addition,

the complex valued functions Sfrk) (v) and G,(ck) (v), referred
to as spectral cross-correlation densities, and the real-valued

functions ‘I‘,(tm (v) and q)frk) (v), referred to as spectral support
functions, are periodic functions of v with period 1. Further-

more, each ‘I{(tk) (+) is assumed to be differentiable and locally

invertible in every interval of width 1, CIDJ(CI<> () assumed dif-
ferentiable is the periodic replication with period 1 of one
of the local inverses and, accounting for the variable change
property in the argument of the Dirac delta [14, Sec. 1.7], it
results

s = )| e (B wm)) e
w) = |ew)|s? (e W) @)

with superscript’ denoting first-order derivative.
From (5a) it follows that discrete-time jointly SC pro-
cesses have Logve bifrequency cross-spectrum with spectral
masses concentrated on the countable set of support curves

V) = lI‘,(rk)(vl) mod 1, k € I, where mod 1 is the modulo 1
operation with values in [—1/2,1/2). Moreover, the spectral
mass distribution is periodic with period 1 in both frequency
variables v; and v,. Without lack of generality, it can be
assumed that two support curves v, = ‘P,(ck)(vl) mod 1 and

/
Vv, = ‘I{(tk )(vl) mod 1, with k # &/, intersect at most in a fi-
nite or countable set of points (vy,V,).

Note that in the general case of nonlinear support func-

tions ‘P,(ck) (+), for every k, two spectral cross-correlation den-
sity functions (6a) and (6b) should be considered, depending
on which one of v; and v; is considered as independent vari-
able in the argument of the Dirac deltas in (5a) and (5b).

SC processes are an appropriate model for signals oc-
curring in mobile wide-band communications [8] and in the
analysis of fractional Brownian motion [10].

Almost all modulated signals encountered in commu-
nications, radar, sonar, and telemetry can be modeled as
almost-cyclostationary. That is, their statistical functions
such as distribution functions, moments, and cumulants
are almost-periodic functions of time [3]. Second-order
jointly ACS signals in the wide-sense are characterized by
an almost-periodic cross-correlation function. That is [3]

E{a(irmd)m} = ¥ REme>™™ @)
acd
where the Fourier coefficients
N

a A 1; (%) —j2man
Ry (m) = lim S5 n;NE {x‘ (n+m)x; (”)} ¢
3

are referred to as cyclic cross-correlation functions and

Ry (m) #0} ©)

is the countable set of cycle frequencies & in the principal
domain [—1/2,1/2). By double Fourier transforming both
sides of (7), the following expression for the Lo¢ve bifre-
quency cross-spectrum is obtained

ZSO‘ V1

acd

= Z R (m

mez

adE{ae[-1/2,1/2):

x(Vi,V2) Vz—( (o —vy)) (10)

where ‘
) e—J27th (l l)

are the cyclic spectra. From (10) it follows that discrete-
time jointly ACS processes are obtained as special case
of jointly SC processes when the spectral support curves
are lines with slope %1 in the principal frequency domain
(vi,v2) € [=1/2,1/2]?. When (%) is present, if the set ./
contains the only element & = 0, then the cross-correlation
function does not depend on n and the processes x; and x;
are jointly WSS. In such a case the Loeve bifrequency cross-
spectrum has support contained in the main diagonal of the
principal frequency domain.

More generally, the processes x;(n) and x(z*)(n) are said
to exhibit joint almost-cyclostationarity at cycle frequency
oy if the cross-correlation function is not necessarily an
almost-periodic function of n but contains a finite-strength
additive sinewave component at frequency . In such a
case, the cyclic cross-correlation function (8) is nonzero for
a = 0. Second-order ACS processes are those processes
with almost-periodic autocorrelation function that are also
SC [8], [9].

3. EXPANSION AND DECIMATION

In this section, the effects of expansion and decimation oper-
ations on jointly SC processes are analyzed. The special case
of jointly ACS processes is treated in detail.
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3.1 Expansion
Let x;;(n) be the L;-fold expanded version of x;(n), (i =1,2).

That is
xi(ﬁ) n=kLj,k €Z
xii(n) & L; (12)
0 otherwise
whose Fourier transform is
X[,‘(V) ZXI'(VL,') . (13)

If x; (n) and x,(n) are jointly SC with Loeve bifrequency
cross-spectrum (5a), the Loeve bifrequency cross-spectrum
of the expanded processes x;1 (n) and x> (n) is given by

E {X[l (Vl)XI(;)(VZ)}
= E{xivL) X (mla)}

= ZS§k>(V1L1) S(V2L2 — \Pik)(vlLl))

kel
_ (k) ___L (k)
= %Sx (viLy) 2]16%5( ) L s (V1L1))

(14)

where, in the third equality, the scaling property of the Dirac
delta is used [14, Sec. 1.7]. From (14) it follows that the
expanded processes are jointly SC. In addition, their Loeve
bifrequency cross-spectrum is periodic in v; with period
1/L; and in v, with period 1/L,.

In the special case of xj(n) and x(n) jointly ACS, ac-
counting for (10), the Loeve bifrequency cross-spectrum (14)
of the expanded processes x;1 (1) and x> (n) specializes into

E {X[] (V])X[(;)(VZ)}
= Y SEWiLi) 8(voLy — (-)(at — ViLy))

oacd
_ a;g{sg(\;l[‘l h§i5(v2——— _)(%_% 1))

5)

Thus, E{X}; (v )X[(z*) (v2)} is periodic in v; with period 1/L,
and in v, with period 1/L;. In addition, from (15) it follows
that the Loeve bifrequency cross-spectrum of the expanded
processes x1 (n) and xj» () in the principal domain (vy,v,) €
[—1/2,1/2)? has support curves ((—) present)

Vy = (Ll/Lz)Vl

that is, lines with slope L;/L;. Consequently, x;;(n) and
xp2(n) are jointly SC. In particular, considering a single pro-
cess x1(n) = xa(n) = x(n), by taking L = 1, that is x;; (n) =

x(n), it follows that the ACS process x(n) and its expanded
version xp(n) are jointly SC with support lines with slope
1/L;. In the special case of x(n) WSS, x(n) and xp;(n) are
jointly SC with support constituted by a unique line. These
results constitute a strong motivation to treat the problem of
multirate processing within the framework of the SC pro-
cesses. In fact, even in the case of WSS input process, the

—OC/Lz aco (16)

joint characterization of input and output processes involves
jointly SC processes.

By double inverse Fourier transforming both sides of
(15), it can be shown that when x;(n) and x,(n) are jointly
ACS, for L, # L, the cross-correlation function of x;; (n) and
xp2(n) does not contain any finite-strength additive sinewave

(%)

component. That is, x;(n) and x;,’ (n) do not exhibit joint
almost-cyclostationarity at any cycle frequency. In particu-
lar, their time-averaged cross-correlation is identically zero.
Moreover, xj(n) and xp»(n) are jointly ACS if and only if
Ly =L, = L. In such a case, the cyclic cross-spectra of x;1 (n)
and x,(n) are given by

X11%X7

%SfL(vL) al € o . (17)

In the special case of x; = xp, (17) reduces to [5, eq. (34)]
specialized to second order.

3.2 Decimation

Let xp;(n) be the decimated version of x;(n), with decimation
factor M; (i = 1,2). That s,
xD,-(n) zx,-(nM,-) . (18)

Its Fourier transform is

XDz -

PRI

Therefore, if x;(n) and x,(n) are jointly SC with Logve
bifrequency cross-spectrum (5a), by using (19), the Loeve
bifrequency cross-spectrum of xp; (r) and xpy(n) can be ex-
pressed as

). (19)

E{Xoi(v) X3 (v2)}
My—1M,—1

- Mlez ZZS"( )

p1=0 pr=0 kel
5(%—‘”(%))
- Ml Z ys ( )

p1=0 kel
Vi _Pl))
M,

Z 1) (Vz —h —MQ\P,(ck> (

heZ
where, in the second equality, the scaling property of the
Dirac delta [14, Sec. 1.7] is used. From (20) it follows that
the decimated versions of jointly SC processes are jointly SC.
In addition, their Loeve bifrequency cross-spectrum is peri-
odic with period 1 in both variables v; and v;.

In the special case where x| (n) and x, (n) are jointly ACS,

then

E{XDl(vl)Xé?(v2)}

(20)

1 M;—1

B Ep;Oagwsg(%)
T 5(va = obta— (v - P )20
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The delta train is periodic in both v; and v, with period 1.
In addition, from (21) it follows that the Loeve bifrequency
cross-spectrum of the decimated processes xp; (n) and xpp (n)
in the principal domain (vy,Vvs) € [~1/2,1/2)? has support
curves ((—) present)

V) = (Mz/Ml)Vl —aM, — (MZ/Ml)pl
ocd, ppef{0,l,.... M —1} (22)

that is, lines with slope M, /M;. Consequently, the decimated
processes xpi(n) and xpp(n) are jointly SC. In particular,
considering a single process xj(n) = x3(n) = x(n), by tak-
ing M; = 1, that is xp;(n) = x(n), it follows that the ACS
process x(n) and its decimated version xp, (n) are jointly SC
with support lines with slope M;. In the special case of x(n)
WSS, the support line is unique.

From (21) it follows that xpi(n) and xpy(n) are jointly
ACS if and only if M1 = M, = M. In such a case, their cyclic
cross-spectrum can be expressed as

1 M-1M—-1 MV —D
S¢ (V)= — ste—a)/ (—) @3
xDlxg)z) M p;() qg‘b * M

In the special case of x; = x», (23) reduces to [5, eq. (24)]
specialized to second order.

4. INTERPOLATION FILTERS

In this section, the effects of interpolation filters on jointly
SC processes are analyzed and sufficient conditions are
established to assure that the Loéve bifrequency cross-
spectrum of the interpolated processes yi(n) and y;(n) is
a frequency-scaled image-free version of that of x;(n) and
x(n).

Fig. 1 presents two interpolation filters. Each interpo-
lation filter (i = 1,2) is constituted by a L;-fold interpolator
followed by a LTI filter with bandwidth W; whose purpose
is to obtain image-free interpolation [13]. An additional LTI
filter with bandwidth B; precedes the L;-fold interpolator to
strictly bandlimit the input process xiy ;(n) in order to avoid
overlapping among images in the Lo¢ve bifrequency cross-
spectrum.

If xin 1 (1) and xiy 2 (n) are jointly SC processes, then x; (1)
and x,(n) are jointly SC processes strictly bandlimited with
bandwidths B and B;, respectively. Using (14), the Loeve
bifrequency cross-spectrum of y; (r) and y,(n) is given by

E{Yl(vl)Yz(*)(vz)}
= HW](VI)HW2(V2)E{X11(VI)X;;>(V2)}
—  Hw, (W) Hw, (v2) Y59 (i)
kel
5 (szz —W§k>(v1L1)) (24)

where Hy, (V) is the Fourier transform of the ideal low-pass
filter hw, (n).

Accounting for the band-limitedness of x; (n) and xz(n),
the support of each term in the sum over k € I in (24) is such

that
Supp{S‘sk)(VlL]) g (Vsz — lPJ(rk)(VlLl)) }
c {(vl,vz) ERxR: |(viL;) mod 1| < By,

’lP,\(rk)(VlLl)‘ < By, valy =W (viLy) mod 1}

= yury, (25)

U ELLEZ

where

>

FZ()ZZ = {(Vl,VQ)ERXR:|V1—€1/L1|§31/L1,

1
Vo —la/Ly| < By/Ly, Vo —¥s /Ly = L—Z‘I‘;(rk)(vlLl)}
(26)

In addition, we also have

supp{ Hw, V) i, v2) } = U U Bumy @7)

myELmy€EL

where

A
Ay, my =

{(Vl,VQ)ERXRZ |V1—m1|<W1,
|v2—m2|<W2,}. (28)

Since B; < 1/2, (i = 1,2), images do not overlap. Fur-
thermore, since W; < 1/2, (i = 1,2), then the filter supports
do not overlap. If B;/L; < W, (i = 1,2), then the low-pass
filters Hw, (vi) and Hyw, (V) capture the main images, i.e.,
those centered in (Vi,Vy) = (my,my) € Z*. That is, Vk € I it
results ®

leLl ,mpyly g AmlmZ . (29)

Moreover, if W; < 1/(2L;), (i = 1,2), then the low-pass filters

Hyw,(v1) and Hy, (v2) do not capture images different from
the main ones. That is, Vk € I we have

k

sz NAmymy, =0 for (1,62) # (miL,mLy).  (30)

The sufficient conditions such that (29)—(30) hold can be
summarized into

B; 1
< <

T i\2_Li

i =1,2 31
I i=1, 31

which is therefore a sufficient condition to assure that the
Loeve bifrequency cross-spectrum E{Y;(v;) Y;*)(vz)} is a

frequency-scaled image-free version of E{X; (v;) Xz(*) (va)}.
Condition (31) is independent of the shape of the support

curves V, = ‘I‘,@ (v1). Moreover, in the special case of a sin-
gle ACS process and L; = L, = L, is less restrictive than [5,
eq. (56)] specialized to second-order. In fact, [5, eq. (56)]
assures the lack of images in the densities of spectral cor-
relation (the cyclic spectra) for v, € [-1/(2L),1/(2L)] and
cycle frequencies a € [—-1/(2L),1/(2L)].

It can be shown that

B <1/2 and 1 >B2+max{32,sup
k

W (£1/2)[}
(32)
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Figure 1: Interpolation Filters.

is a sufficient condition such that the density of Loeve bifre-
quency cross-spectrum (24) along every support curve is a
frequency-scaled image-free version of the corresponding
density of the Loeve bifrequency cross-spectrum of x; and
xp for every v; € [—1/(2Ly),1/(2L;)]. In (32), “+” or “-”

sign should be taken if lI‘,(rk)(-) is increasing or decreasing,
respectively.

5. CONCLUSION

The joint statistical characterization of processes elaborated
with different scales or rates is provided within the frame-
work of the (jointly) SC processes. By using the Loeve bifre-
quency cross-spectrum as a tool, it is shown that jointly WSS,
ACS, and SC processes expanded or decimated by differ-
ent factors give rise to jointly SC processes. For interpola-
tion filters, sufficient conditions on the expansion factors and
the LTI system bandwidths are derived such that the Loeve
bifrequency cross-spectrum of the interpolated processes is
a frequency-scaled alias-free version of that of the original
processes. The derived results are useful in the joint statis-
tical characterization of processes in systems with different
rates as those occurring in tree-structured filter banks.
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