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ABSTRACT

This paper concerns the study of the Cramér-Rao type lower
bounds for relative sensor registration (or grid-locking)
problem. The theoretical performance bound is of funda-
mental importance both for algorithm performance assess-
ment and for prediction of the best achievable performance
given sensor locations, sensor number, and accuracy of sen-
sor measurements. First, a general description of the rela-
tive grid-locking problem is given. Afterwards, the meas-
urement model is analyzed. In particular, the nonlinearity of
the measurement model and all the biases (attitude biases,
measurement biases, and position biases) are taken into
account. Finally, the Cramér-Rao lower bound (CRLB) is
discussed and two different types of CRLB, the Hybrid
CRLB (HCRLB) and the Modified CRLB (MCRLB), are
calculated. Theoretical and simulated results are shown.

1. INTRODUCTION

An important prerequisite for successful multisensor integra-
tion is that the data from the reporting sensors are trans-
formed to a common reference frame free of systematic or
registration bias errors ([1], [2]). If not properly corrected,
the registration errors can seriously degrade the global sur-
veillance system performance by increasing tracking errors
and even introducing ghost tracks. A first, basic distinction
can be made between relative grid-locking and absolute
grid-locking. The relative grid-locking process aligns remote
data to local data making the assumption that the local data
are bias free and that all biases reside with the remote sen-
sor. The problem is that, actually, also the local sensor is
affected by biases that cannot be corrected with this ap-
proach. The absolute grid-locking process assumes that all
the sensors in the scenario are affected by errors that must be
removed. One source of registration errors is sensor calibra-
tion (or offset) errors, also called measurement errors. Al-
though the sensors are usually calibrated in an initial calibra-
tion procedure, the calibration may deteriorate over time.
There are three measurement errors, one for each component
of the measurement vector, i.e. range, azimuth, and eleva-
tion. Another kind of registration errors are attitude, or ori-
entation errors. Attitude errors can be caused by bias errors
in the gyros in the inertial measurement unit (IMU) of the
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sensor. There are three possible attitude errors, one for each
body-fixed rotation axis. The last source of registration er-
rors is represented by the location (or position) errors caused
by bias errors in the navigation system associated with the
sensors. There are three kinds of location errors, one for
each component of the location vector defined in a three-
dimensional coordinate system.

Various algorithms for sensor bias estimation have been
proposed in the literature both for relative and absolute grid-
locking process. In [3], both sensors are considered biased
(i.e. affected by bias errors), but only the measurement er-
rors in range and azimuth are taken into account; i.e. a 2-D
scenario is considered and the elevation is neglected. A lin-
earized measurement model is assumed and the CRLB is
evaluated under this ideal assumption. In [4] both sensors
are considered biased, but only two attitudes bias errors and
two location bias errors are taken into account. A 2-D sce-
nario is considered and the CRLB is not provided. In [5],
two 3-D radars are considered. The location errors are ne-
glected and a linearized measurement model is assumed.
Also in this case, the CRLB is not provided. Finally, in [1]
and [6], both sensors are considered biased and both the flat
model and the ellipsoidal model for the Earth are consid-
ered. However, only the measurement bias errors are taken
into account and the CRLB is evaluated under a linearized
measurement model.

In this paper we derive two theoretical Cramér-Rao—like
lower bounds, the Hybrid and the Modified CRLBs for rela-
tive grid-locking process. Unlike [3] and [6], no hypothesis
of linearity of the model is made and all possible bias errors
are taken into account. In our formulation, we need only the
following assumptions: (1) one of the two radars is assumed
as unbiased (relative grid-locking), i.e. free of registration
errors; (2) the registration biases are time invariant during
the observation interval; (3) K synchronous pairs of meas-
ures coming from a common target are available; (4) the
Earth model is the flat model.

Section 2 provides a description of all the geometrical pa-
rameters involved in the relative grid-locking process. The
measurement models for the measures coming from the two
radars are discussed in Section 3. A brief overview on the
CRLB is given in Section 4, where we also evaluate the
HCRLB and the MCRLB. In Section 5 some numerical re-
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sults are shown and discussed. Finally, the conclusions are
collected in Section 6.

2. DESCRIPTION OF SCENARIO

The geometry of the scenario is shown in Fig. 1. The main
parameters are:

. (xSI,ysl,le): radar #1 reference system. Radar #1 is

assumed to be ideal, then its reference system coincides
with the absolute one.

. (sz 2 Vs, Zs, ) : radar #2 reference system.

e OP*: true target position vector in the absolute reference
system.

e OS,: true position vector of radar #2 in the absolute ref-
erence system.

e S,P" true target position vector in radar #2 reference
system.

From the geometry of the problem (Fig. 1), the following

relation holds:

OP* =R(y,p,&)-S,PF +08,, (1)

where £ is the time index, R is the rotation matrix of angles y,

w and ¢ that aligns the radar #2 reference frame to radar #1

reference frame. The angles y, w and ¢ are named roll, pitch

and yaw and represent the rotation angles around x, y and z

axes, respectively. As pointed out before, there are three dif-

ferent types of biases to take into account: attitude biases,
measurement biases and location biases. In the rest of the
paper we use the following notation:

o Attitude biases: we denote by O,=(y, v, f,)T, Q.= W
&) and dO=(dy dy dé )" the true attitude angles, the
measured attitude angles and the attitude bias errors, re-
spectively.

e Measurement biases: we denote by v,k=(ptk o} 6,k)T,
Vo =(pu* 0,F ,5)" and dv=(dp d6 de)" the true target po-
sition vector in spherical coordinates, the measured target
position vector and the measurement bias errors, respec-
tively.

e Location biases: we denote by t,=(t,, t,, )", tu=tem bym
L)' and dt=(dt, dt, dt.)" the true relative position, the
measured relative position and the location bias errors,
respectively. It can be noted (see Fig. 1), that t=0S,.

The assumption adopted in this paper is that the biases must

be added to the measured value to obtain the true value of

the specific parameter. According with this assumption, we

have the following equations for the attitude angles (eq. (2)),

for the relative position (eq. (3)) and for the measurement

model (eq. (4)):

0,=0, +dO, )
t, =t, +dt, 3)
vE =vE_avin*, )

where n* is a zero-mean, Gaussian discrete random process
with diagonal covariance matrix C,. It must be noted that,
without loss of generality, if the rotation around z is applied
first, the azimuth measurement bias d6 and the attitude bias
dé cannot be distinguished and have to be merged into a

single bias. Because of this geometrical coupling, we can
define a single bias error as d&' = d& + db.

In the rest of the paper we define the unknown parameters
vector as:

O=(dp de dy dy d& di, di, di) . (5

z=12z z

Sensor 2
reference system

Ys

Absolute
Reference system

P

Figure 1 - Scenario’s geometry.

Finally, in this paper, vectors indicated with r define the
position vector in Cartesian coordinates, while the ones in-
dicated with v define the same position vector in spherical
coordinates. The spherical to Cartesian transformation is
denoted with h(-) and its inverse with h™'(-). In order to han-
dle the non linear transformation of the measurement noise
n*, we introduce the unbiased conversion function from
spherical to Cartesian coordinates. In the following, we de-
note with h“(*) such conversion function, defined in [7], as:

25" 2 p, cose, sind,
h* (meHm’SM): ﬂ’;lﬂ’glpm cos &y, COSHm ? (6)
j'«E_lpi’}'l Sln gﬂl

_ 2 _ _ 2
where 4,' =e %02 and Al =e o2,

3. MEASUREMENT MODEL

In this Section, the measurements models coming from ra-
dars #1 and #2 are analyzed. In the following, the true target
trajectory in the absolute reference frame, i.e. OP* in Fig. 1,
is assumed to be a discrete random process and is indicated
with r/. If radar #1 is assumed to be unbiased, i.e. without
bias errors, its reference system can be assumed as the abso-
lute reference frame. Under this assumption, which charac-
terizes the relative grid-locking problem, the radar #1 meas-
urement model is:

v{im :h_l(rtk)+n{‘, @)
where the noise term n;* is zero-mean Gaussian distributed
random vector with diagonal covariance matrix given by

: 2 2 2 .
C, :dzag(ap,l,agyl,ag,l). Now we have to derive the

radar #2 measurement model. Eq. (1) can be rewritten as
function of the bias errors as:

OP" =r/ =R(©,, +d®)-S,P" +(t, +dt),  (8)
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and solving eq. (8) for S,P yields to:
S,P“ =R" (@, +d0)[r} (1, +dt)]. (9
where we have used the fact that if R is a rotation matrix,
then R'=R”. Finally, by applying the inverse coordinate

transformation and by adding the measurement bias errors
and the measurement noise, we get:

Vi, =0 (R (0, +d0)[rf ~(t, +dt)])-av+n}
(10)
k k

= p(rt ;(I))+n2,
where n,’ is a zero-mean, Gaussian distributed random vec-
tor  with diagonal covariance matrix given by

Co, —dzag( p29o-927 522)

4. CRAMER-RAO LOWER BOUND

The Cramér-Rao lower bound of the parameters vector @ is
defined, for unbiased estimators, as [8]:

CRLB(d,)=[ 17 (®)] (11)

123

where I(®) is the Fisher Information Matrix (FIM) whose
entries are defined as:

[I(q))]ij = E{%m(p(z;q)))%ln(p(u@))}

i ! (12)

:—E{#&%ln(p(z;d)))},

where z is the observation vector. To evaluate the CRLB for
the estimate of the grid-locking parameter vector defined in
eq. (5), first we define three sets of K elements as follows:

v, = {v{‘,m }f:l 7, :{v’g,m }; R ={rj‘}f:l, (13)

where ¥ and V, are the sets of the K observations coming
from radar #1 and #2, and R is the set of the K true targets
positions. In order to evaluate the CRLB on ®, we need to
know the joint probability density function (pdf) of V; and V.
From egs. (7) and (10), we get:

(7 V25®) = [ p(VVa |[Rs®)p(R)dR .
= Ex{p(V..7:|R; @)},
By using eq. (12), the FIM can be expressed as:
o2
I LA ]
(15)

= _Z {8@ o, InE, {p(vfm,vlzim rf ;(I))}}.

Unfortunately, no further manipulation is possible because
the logarithm of the expectation operator w.r.t. r/* cannot be
evaluated analytically. To overcome this mathematical prob-
lem, we solve the problem differently.

As pointed out before, for the estimate of ® we have at dis-
posal the measurement coming from radars #1 and #2 mod-
elled as in egs. (7) and (10). The classical way to arrange
such measures is to assume as true target position the radar

#1 measures and plug them into the radar #2 measurement
model, so obtaining:

v, = (0 (vE, ):@)+nb. (16)

With this model, we have:
Vlzf’m V{im ~ ./l/(u’(vﬁm;(I)),Cn2 ), (17)
Vﬁm T, ~/|/(h_l(r,k),Cnl), (18)

where, for ease of notation, in eq. (17) we have defined the
function p’(vfm;(b)ép(h“ (vf’m);(l)). Such notation is

used in the rest of the paper. It can be noted that the radar #2
measurement model implicitly depends on the realizations of
the target position process r,* through v,*.

4.1 Hybrid Cramér-Rao lower bound
For the specific case in which the parameters to be estimated
are deterministic and the nuisance parameters, i.e. additional
parameters whose estimation is not strictly required, are ran-
dom, we can define the Hybrid CRLB (HCRLB) as the top-
left depxde (Where dg is the dimension of @) block matrix of
the inverse of the FIM for the joint estimation of the hybrid
vector ¥ ([9], [10]). In our case:
N
()]

J, whose entries can be

T
e hybrid vector: ¥ = (<I)T (v{m)

Iy, A
e hybrid FIM: I(¥)= AT
4

defined as: [I(T)Jy’ =E, {[IR (T)l‘i}’ where:

o’ Inp(V,.7,|R; @)
I:IR :I = VI‘R {EVZVI { 5‘1’,@‘1'] > (19)

e finally, using the matrix inversion lemma, the HCRLB
can be evaluated as:

HCRLB(®,) = [(I(D ~ALAT )1} . (20)

ii

First, we start to evaluate each entry of I (¥):

o’ Inp(V. V5 |R; @
[IR(T)]U,:—EVI‘R EVZVI{ (1 2 )}

6‘1‘,0‘{’]
K 62 In P(V{c,m s Vg,m ‘rk ;(D)
; V{:m rk VIZ(,m V{{,m a‘{llaqjj
X o n p(vi,|r* ;o)
ZEV m rk gl] (Vl maq))_ OV .OF . 2
k=1 B
(21
where
. o* lnp(vlzim Vi ;‘D)
&ij (th;‘p) - _Evé.m o oV, 0¥ 22
J i j
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that can be easily evaluated, starting from the model in eq.
(17) and following the approach in [8], as:

T
e

i J

It’s easy to show that g; represent the entries of a block ma-
trix G (vfm ; <I)) that can be expressed as:

F[k] 0,300 Bi  Oupsxi)
0
k 3(k—1)xd,
G(VL”';(I)): B ' N
! \
03k —i)xd 03k —yatk—i)

(24)
where dgp = dim(®), and the sub-matrix F[k], B, and N, are
given by:

[FLK]] 5= gy (VEni®)s i =1, do (25)

[Bi]y= gz/("{{,m;q’)»
i=l..,dg;j=de+(3k=2),....,dg +3k,

[Ni]y= 85 (Vims®@). .
i,j=de+(3k=2),...,dg +3k.

Finally, the first part of the expectation operator in eq. (21)
can be rewritten in matrix form as:

Sk, 4 [6(vh) = w(r)-

(26)

27

K
zEvlkm r {Fk} Ev} L {B,} Evlkm oK {Bk}
= " : .

| By (8} E, 0N 0.,

Evl’(m‘r“’ {Bﬁ} 0., Ev,“_'m P {NK}

(28)
Now, we have to evaluate the second term of the sum in the
expectation operator in eq. (21). By using the measurement
model in eq. (18), through some algebraic manipulation, such
term can be rewritten in matrix form as:

K o lnp(vﬁm‘rk;(l))
E ko |k = CK =
= Vim|f 6‘{’[6‘1’1»
i,j=1,....dg+3K
Odq,xdd, Odmxdﬁ, (29)
. -1

) Gl o 0y,

-1

Odq,xdd, 03><3 e Cnl

The expression in eq. (29) doesn’t depend on the particular
trajectory R. So, we get:

I, (¥)=W(R)+Cy, (30
and finally, calculating the expectation w.r.t. R, we obtain the
hybrid FIM I(¥). Both expectation operators w.r.t. V; in eq.
(28) and w.r.t. R are evaluated numerically through inde-
pendent Monte Carlo trials.

4.2 Modified Cramér-Rao Lower Bound
We introduce the Modified CRLB (MCRLB) for an unbiased
estimator of the parameters vector @, as described in [9]. The
MCRLSB is defined as the inverse of the top-left dgpxdg block
matrix of the hybrid FIM:

MCRLB(®, ) =[ I | 31)

where @; is the ith component of the parameters vector ®.

..
1

4.3 Relationships among the various bounds

In [11] it’s shown that when the marginal pdf p(V,;®) is
used, the resulting lower bound on ® is tighter than the
bound obtained for the joint estimation of the hybrid parame-
ters vector ¥, i. e. CRLB(®) > HCRLB(®). Moreover, tak-
ing into account that [I\y_l]d@xd@ > [Iq,]'ldmxdm [12], the equality
between HCRLB and MCRLB holds only when the estima-
tion accuracy of @ doesn’t depend on the nuisance parame-
ters (@ and the nuisance parameters are decoupled). Collect-
ing the previous results, we can write the following inequal-
ity chain:

CRLB(®) > HCRLB(®) > MCRLB(®) (32)
The distance between the HCRLB and the MCRLB gives us
an idea about how much the estimate of @ depends on the
nuisance parameters. If the HCRLB is much higher than the
MCRLB, the estimate accuracy is strongly affected by the
nuisance parameters, while if HCRLB and MCRLB are
similar, the nuisance parameters don’t affect the estimate.

5. NUMERICAL RESULTS

In this Section, the HCRLB and the MCRLB are calculated
in a specific scenario. Radars #1 and #2 are characterized by
the following parameters: 0, ;= 0,, = 50 m, 6y = 05> = 0.3°,
0.1 = 0.5 = 0.3° The target locations are generated ran-
domly, uniformly distributed in a given three-dimensional
area defined in the absolute reference system of Fig.1 as
H =[-x,,%]x[-y,,»]x[0,z], then rf~2z/(H). This
model is consistent with a real operational scenario, because
we don’t need to perform the plot-track association process.
At every new acquisition, we only need to know that the
measures collected by the two radars come from the same
target, without the need to know which particular target gen-
erated them. The true target position is generated according
to the following values: x; = y; = 5-10* m and z, = 5-10° m.
The actual bias errors values are: dp = -10 m, df = de =
=-0.0573°, dy = dy = -0.0573°, d& = -0.1146°, dt, = dt, = dt.
= -30m. The radar #2 position vector is OS* = t, =
= (1,1,1)-10° m. Finally, the number of the trajectories used
to evaluate numerically the expectation operator of the FIM
w.r.t. R is Ng = 100, while the number of noisy sequences n,*
used to evaluate the expectation operator in eq. (28) is N, =
500.
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Figure 4 - VHCRLB & ~/MCRLB for position errors.

In Figs. 2, 3 and 4, the square root of HCRLB and MCRLB
are shown. First, we can see that for the position and attitude
bias errors, except for d&’, the hybrid and the modified CRLB
are equal (Figs. 3, 4). This means that the estimate of such
parameters is uncoupled with the nuisance parameters. A
different behaviour is observed for the HCRLB and the
MCRLB on the estimate of the measurement bias errors ex-
plained by noting that there exist a coupling between the
radar #1 measurement noise n,* and the estimate of dp, d6
(through d¢') and de since both n,* and dv are directly in-
volved in the measure’s inaccuracy of the target position.
Finally, it can be noted that the bound on the estimate of the
position error along z, dt, is higher than the ones on the esti-
mate of df, and dt,. This fact is due to the geometrical asym-
metry of H with respect to the position of radar #1: the z
component of the target position vector is forced to be always
non-negative (i.e. there are no targets under the sea or ground
level), while this geometrical constraint is not present for x
and y components.

6. CONCLUDING REMARKS

In this paper, the HCRLB and the MCRLB have been dis-
cussed and explicitly derived for the estimate of the relative
registration errors. The mathematical problems involved in
the evaluation of the classical CRLB have been also shown.
The HCRLB and MCRLB have been derived to overcome
such problems, given a particular measurement model for the
biased radar. We have found that the HCRLB and the
MCRLB are generally identical, except for the estimate of
the measurement errors that presents a coupling with the nui-
sance parameters. Future work will explore the performance
bounds for the absolute grid-locking process.
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