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ABSTRACT

This paper addresses the problem of the non-unitary joint
block diagonalization (NU — JBD) of a given set of matrices.
Such a problem arises in various fields of applications among
which blind separation of convolutive mixtures of sources and
array processing for wide-band signals. We present two new
algorithms based respectively on (absolute) gradient and rel-
ative gradient descendent approaches. The main advantage
of the proposed algorithms is that they are more general
(the real, positive definite or hermitian assumptions about
the matrices belonging to the considered set are no more
necessary and the found joint block diagonalizer can be ei-
ther a unitary or non-unitary matrix). These algorithms
also outperform the JBD algorithm based on an optimal step
size but “approximate gradient” approach that we had pre-
viously suggested in [12]. In fact, here, the exact calculus
of the complex gradient matrix is performed whereas it was
approximated in [12]. Finally, by ensuring the invertibility of
the estimated matrix, the relative gradient approach makes
the proposed NU — JBD algorithm more stable and conse-
quently more robust. Computer simulations are provided
in order to illustrate the effectiveness of the proposed ap-
proaches in two cases: when exact block-diagonal matrices
are considered and when they are perturbed by an additive
Gaussian noise. A comparison with the method presented in
[12] is also performed, emphasizing the good behavior of the
proposed algorithms.

1. INTRODUCTION

The problem of joint decompositions of matrices or tensors
sets arises in many multivariate signal processing applica-
tions.

One of the first considered problem was the joint-
diagonalization of matrices under the unitary constraint,
leading to the nowadays well-known JADE [4] and SOBI [1]
algorithms. The following works have addressed either the
problem of the joint-diagonalization of tensors [7][10][17] or
the problem of the joint-diagonalization of matrices but dis-
carding the unitary constraint [8][11][18][21][22]. A second
type of matrices decomposition has proven to be useful in
blind source separation, telecommunications and cryptogra-
phy. It consists of joint zero-diagonalizing a set of matrices
either under the unitary constraint [2] or not [6][11]. Most
of the proposed (unitary) joint-diagonalization (JD) and/or
zero-diagonalization (JZD) algorithms have been applied to
the problem of the blind separation of instantaneous mix-
tures of sources. Finally, a third particular type of matri-
ces decomposition arises in both the wide-band sources lo-
calization and the blind separation of convolutive mixtures
of sources problems. It is called joint block-diagonalization
since the considered matrices are block diagonal ones: a
block diagonal matrix is a square diagonal matrix in which
the diagonal elements are square matrices of any size (pos-
sibly even), and the off-diagonal blocks are zero matrices.
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Such a problem has been considered in [3][9] where the block-
diagonal matrices under consideration have to be positive
definite and hermitian matrices and the joint-block diagonal-
izer is required to be a unitary matrix. When the joint-block
diagonalizer is no more necessarily a unitary matrix, alter-
native solutions have been proposed. [13][19] address the
problem of the NU — JBD of a set of positive definite ma-
trices whereas this assumption is discarded in [12] and the
considered matrices simply have to be hermitian ones. Yet,
let us remark that this latter solution relies upon an approx-
imation in the calculation of the complex gradient matrix of
the considered cost function.

In this communication, we present two new algorithms
based respectively on a (absolute) gradient and on a relative
gradient-descendent approach. The main advantage of these
algorithms is that they are more general (the considered ma-
trices can be complex, non-positive definite, non-hermitian
and the joint block-diagonalizer is not necessarily a unitary
matrix). Besides, the relative gradient based algorithm en-
sures the invertibility of the joint block-diagonalizer (when
the step size is sufficiently small) and hence a greater numer-
ical stability and robustness of the resulting algorithm.

2. PROBLEM STATEMENT

The non-unitary joint block-diagonalization (NU — JBD)
problem is stated in the following way: let us consider a
set M of N, (N, € N*) square matrices M; € (CMXM, for
all i € {1,..., N;»} which all admit the following decompo-
sition:

D; 11 012 01,

where D; = 021 Diz22 , for all ¢ €
. . Or—1r
0,1 . 0pr—1 Di,'rr

{1,..., N} are N x N block diagonal matrices with r € N*,
D;jj,i€{1,...,Nn}, j€{1,...,r} are nj X nj square ma-
trices so that ny1 +...+n, = N where 0;; denotes the n; X n;
null matrix and (-)* the transpose conjugate operator. A is
a M xN (M > N) full rank matrix and the N > M matrix B
is its pseudo-inverse (or generalized Moore-Penrose inverse).
The set of the N,,, square matrices D; € CN*N is denoted D.
The NU — JBD problem consists of estimating the matrix A
or B and eventually the block-diagonal matrices set D from
only the matrices set M.

The case of a unitary matrix A has been considered in [9]
where a first solution is suggested. Recently, two solutions
have been proposed in [13][19] for a non-unitary matrix A
and for a set M of positive definite matrices. Finally in [12],
the matrices in M simply have to be hermitian. However,
the calculus of the complex gradient matrix is an approxi-
mated one like in [21] for the JD problem.



3. JOINT BLOCK-DIAGONALIZATION BASED
ON GRADIENT APPROACHES
3.1 Principle

Our aim is to present a new algorithm to solve the problem
of the NU — JBD. The following cost function is considered
as suggested in [12]:

Nm

) =Y ||OffBdiag,,, {BMiB" }| %, (2)

=1

Csp(B

where ||-|| 7 is the Frobenius norm and the vector n is defined
as n = (ni,...,n,). Considering a square N X N matrix
M = (M), such that:

M1 Mz My,
M = M21 T . y (3)
Mrl MT‘Q Mrr
where M;; for all 7,5 = 1,...,r are n; X n; matrices. The
matrix operator Oﬂ"Bdiag(n)1 is then defined as:
017 M2 My,
Mrl Mr2 Orr

The NU — JBD problem is linked to the non-unitary joint
diagonalization (NU — JD) one. In this latter, D; j;,i €
{1,...,Nm}, j € {1,...,r} are no more matrices but scalars
(nj =1forall j € {1,...,7} and N = r). The zero block-
digonality operator can then be simplified as follows:
Ofdeiag<1>{M} = ((1 — (5ij)M¢j)1N = OfFDiag{M}7
where 1x is a N x N matrix whose components are all equal

to 1 which leads to the minimization of the following cost
function:

Cp(B) = i | OffDiag{BM B }||7. (5)

k=1

It has been used in [4] under the unitary constraint (i.e.
M = N and BB = BEB = Iy, with Iy the N x N identity
matrix). When B is not necessarily a unitary matrix, this
cost function Cp(B) has also been used in [11][16] [21][22].
We propose, here, to use a gradient-descent algorithm to
minimize the cost function given by Eq. (2) to estimate the
matrix B € CV*M | Tt means that B is re-estimated at each
iteration m and from now on denoted B™). It is updated
according to the following adaptation rule for allm = 1,2,. ..
B™ — gim—1 _ /LavaCBD(B(mil)), (6)
where u, is positive a small enough number called the step
size or adaptation coefficient and where V.Cpp(B) stands

for the complex (absolute) gradient matrix defined by [20]:
dCsp(B)
a B)=2———FF—

VaCsp(B) 9B (7)

(-)* stands for the complex conjugate operator.

1When there is no ambiguity, this notation OffBdiag () {-} will
be simplified into OffBdiag{-}

Pis.

To ensure the invertibility of the matrix B and hence the
stability of the algorithm, one can use another optimization
scheme called relative gradient method [5]:

B™ =B™ Y _ 1, V,Cap(BMBMY,
= (IN — MT‘VTCBD(B(m_l))) B(m_l)v (8)
where
V,Ci0(B) = 80%@ " _v,cop(B)B)T.  (9)

The complex absolute gradient matrix V,Cpp(B) (given by
Eq. (7)) of the cost function Cpp(B) has to be calculated to
derive the algorithm.

3.2 Gradient matrix of the cost function Cpp(B)
Let us introduce some notations: tr{-} denotes the trace
operator, d(-) stands for the differential operator, vec (+) is
the vec-operator (applied on a matrix M € CN*N it stacks
its columns into a column vector belonging to (CNzXl) and
Tgog is the N2 x N? “transformation” matrix defined as:

Tpiag = diag{vec(Bdiag,,{1n})},

Tgot = In2 — Thiag,

where Iy2 = Diag{ly2} is the N? x N? identity matrix,
diag{a} is a square diagonal matrix which contains the el-
ements of the vector a on its diagonal and Bdiag,){M} =
M-OffBdiag,,){M} (generally Bdiag,,{-} is simply denoted
by Diag{-}). Considering three N x N square matrices D1,
D; and D3 and two rectangular matrices Dy (M x N) and
D5 (N x M) and a square N x N matrix Dg, our develop-
ments are based on the following properties [15][16]:

P.. ||OffBdiag{D1}||} = tr { (OffBdiag{D:})" OffBdiag{D:} }
= tr {D{'OffBdiag{D1}} .

P,. tr{D1} =tr {D7 }.

Ps. tr{Dy1 + D2} =tr{D:1} + tr {D2}.

Py. tr {D1D2D3} = tr {D3D1D2} =
tr {D1D2} = tr {D2D1}.

Pi; tr {D4D5} = tr {D5D4}.

P;s. tr {D{'D;) = (vec (D))" vec (Dy).

Ps. vec (OffBdiag{Ds}) = Trogvec (D).

P;. d(Df') =d (D))"

tr {D2D3D1} =

Ps. d(D}) =d(D1)".
Po. d(D1D2) —d(D1)D2+D1d(D )
Pio. d(D1+D2) —d(D1)+d(D2).
P d(t {D1}) = tr {d (Dl)}
P12 d(vec Dl} —vec(d(Dl))
Pis. d(f(Z =tr{D{Z + Z"D,})
= tr{DTdZ +D3dz"} = &L =D, and 2L = D..
Pis. vec(D1D,2D3) = DT ®D1vec (D2) where ® denotes the

Kronecker product.
(D1 ® D2)"” = DY ® DY.

Using P, Cep(B) can be expressed as:
Nm

)= {(BMiBH)HOfdeiag{BM,-BH}} .

=1

Cep(B



From the properties P3, Pg, P1p and P11, the differential of
the cost function can be obtained as:

dCsp(B Ztr {d ( BM,B")" OffBdiag{BM; BH})}
- thr {d ((BMZ-BH)H) OfFBdiag{BMiBH}}

" v
~~

F(B)
Ny,
+ {(BMiBH)Hd (OfFBdiag{BMiBH}) } .
=1
o(B)

(12)

The properties P2, P3, P4, P4, P7, Poy, Ps and Py imply
that:

N,
FB) = tr {BMfIdBHOfFBdiag{BMiBH}}
=1
Nm
+> b {dBMfBHOfFBdiag{BMiBH}}
=1
N’"l

=3 tr { (OfFBdiag{BMiBH}BMf> " aB* }
=1

Nm

+3 { <(OfFBdiag{BM¢BH})T B*Mj) ' dB} .

While properties Pa, P3, P4, P4, Ps, Pg, Ps and Py involve

g(B) = %(VGC(BMZ-BH))Hvec(d(OfFBdiag{BMiBH}))
- NZ (Tgoﬁvec (BMiBH))H vec (d (BMZ-BH))
- %(vec(OfFBdiag{BMiBH}))Hvec(d(BMiBH))

:Ztr

.

{ (OfFBdiag{BMiBH}) " (BMiBH> }
j tr { ((offediag{BM:B"}) B M) ! dB}

Ftr { ((Ofdeiag{BMiBH}) " BMZ) LB } .

We replace F(B) and G(B) in Eq. (12) to finally find that:

Nm

Z tr { (((OfFBdiag{BMiBH}) ’ B*Mf) '

+ ((offBdiag{BM;B"}) B"M] ) T) dB}

dCep(B

+tr { <((OfFBdiag{BMiBH}) BM! )T

+ ((Ofdeiag{BMiBH})H BMZ-> T) dB*} .

Using the property P13 we obtain:

BCBD 5 (OfFBdiag{BMiBH )TB*M
};3
+3" (offediag{BM/B"}) B'M
=1
Csp(B) _ %n: (OfFBdlag{BM B }) BM;’
oB* i=1

z

n

H
+ (OfFBduag{BMB }) BM,.

1

-
Il

Leading to the following result:

NTn
VaCpp(B) =2 [Z OffBdiag{BM,;B”" }BM/

1=1

+ (OfFBdiag{BMiBH})H BMl} (13)

Eq. (13) is then used in the absolute gradient descent algo-
rithm given by Eq. (6).

3.3 Summary of the proposed algorithms

The proposed non-unitary joint block-diagonalization algo-
rithms based on absolute gradient and relative gradient-
descent approaches are respectively denoted JBDwu,g; , and
JBDnu,cp - Their principle is summed up below:

NU — JBD algorithms
IA1. JBDny,gr , based on a (absolute) gradient approach,
IA2. JBDnu,G r based on a relative gradient approach.

The N,, square matrices of M are denoted by
M;,Mo,..., Mn,,-

Given an initial estimate B(® (for example, in the
square case (N = M), one can choose B = I,,).
Form=1,2,...

- Compute V,Cpp(B™) given in Eq. (13).

- (A1) Set B™ =B™Y _ 1, v,.Cpp(BMY).

- (A2) Compute V,Cpp(B) given in Eq. (9).

- (A2) Set B(m) =
(In — urVoCpp(Bm—1)) Bm—1),

- Eventually normalize B = B/||B||r.

- Stop after a fixed number of iterations or when
[B(™ —B™~Y || < & where ¢ is a small positive
threshold.

EndFor

4. COMPUTER SIMULATIONS

We present simulations to illustrate the effectiveness of the
proposed algorithms. We consider a set D of N,, = 20 (resp.
100) matrices, randomly chosen (according to a Gaussian
law) of mean 0 and variance 1. Initially these matrices are
exactly block-diagonal, then a random noise matrix of mean
0 and variance o7 is added. The signal to noise ratio is

defined as SNR = 10log( ;) (in this case o = 0.01 implying
b
SNR = 20 dB).

To measure the quality of the estimation, the following per-
formance index (which is an extension of the one introduced



in [17]) is used:

1 r r el » 2
Lono(G) = —— 3 _NGiglle
r(r—1) = \i= mlaxH(G)i,gHF
~ (v (G)isl?
+ M )isllE :
2\ X i@l

where (G);; for all i, € {1,...,7} is the (4,7)-th block
matrix of G = BA. The better results are obtained when
the index performance Icon(-) is found to be close to 0 in
linear scale (—oo in logarithmic scale). All the displayed
results have been averaged over 10 Monte-Carlo trials. The
non-unitary joint block diagonalization presented in [12] and
based on an optimal step size but approximated gradient is
denoted by JBDnu,g,- We use a mixture matrix A whose
components are randomly generated according to a uniform
law in [—1,1]. It remains unchanged through the Monte-
Carlo runs. We consider M = N =9, r = 3 and n; = 3 for
all j =1,...,3. Here, the initial matrix B has been chosen
equal to In. Let us, however notice, that a good initial
estimate remains important to ensure the convergence to the
true solution. One possible way to initialize is to consider the
solution given by the orthogonal joint block-diagonalisation
[9] to start in the neighborhood of the solution.

First, we compare the performance index obtained thanks to
the three algorithms (JBDnu,ce 5, JBDnu,Ge x and JBDnu,G,)
versus the number of iterations for N,, = 100 matrices in
a quasi noiseless context (SNR = 100 dB) on the Fig. 1
and then in a noisy context (SNR = 20 dB) on the Fig.
2. While the three algorithms behave quite similarly in the
nearly noiseless case since they reach nearly the same per-
formance (= —120 dB), the algorithm based on a relative
gradient approach outperforms the two other algorithms in
a noisy context (-43 dB instead of -38 dB and -36 dB). Let us
also notice that the convergence is quicker with the JBDnu,c,
algorithm since we use the “optimal” step size version of
the algorithm which is not the case with the two other al-
gorithms. With regard to JBDnu,G; ,, JBDnu,Gp g, We have
plotted the evolution of the performance index versus the
value of the step size: the convergence speed increases when
the step size increases.

Then, we show the influence of the size N,, of M. We have
displayed the performance index versus the number of iter-
ations for N,, = 20 matrices in a nearly noiseless context
(SNR = 100 dB) on the Fig. 3 then in a noisy context
(SNR = 20 dB) on the Fig. 4. These charts illustrate the
good behavior of the two proposed algorithms. One can ef-
fectively notice a decrease of the JBDnu,g, algorithm perfor-
mance in a noisy context especially when very few matrices
are simultaneously joint block-diagonalized. In a rather diffi-
cult context (noisy case + few matrices to be joint block diag-
onalized), the JBDny G ; algorithm seems to be numerically
more stable and exhibits better performances than those ob-
tained thanks to the other algorithms.

5. CONCLUSION AND DISCUSSION

In this communication, we have proposed two new algo-
rithms (namely JBDnu,Ge , and JBDNu,GF,R). The first one
is based on an absolute gradient descent approach while the
second one relies upon a relative gradient-descendent ap-
proach. They both perform the non-unitary joint block-
diagonalization of a given set of complex non necessarily
hermitian matrices. One of the main advantages of these
algorithms is that they are more general. The algorithm
JBDnu,Gp ¢ based on a relative gradient approach exhibits the

best performances in a difficult context (noisy case and very
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Figure 1: Performance index versus number of iterations:
N,, = 100 matrices and SNR = 100 dB.

few matrices to be simultaneously joint block-diagonalized).
These algorithms find applications in blind separation of con-
volutive mixtures of sources and in array processing (see for
example [14]). In the blind sources separation context, they
should enable to achieve better performances since the uni-
tary constraint is discarded. Extensions for futur researches
would be to study optimal step size versions.
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