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ABSTRACT

Intime-delay parameter estimation theory, predicting the
performance of the Maximum Likelihood Estimator (MLE) is
of great interest. The Cramér-Rao Bound (CRB) is widely
used to estimate the variance of the MLE. But, in the case of
low signal to noise ratio, the CRB becomes inefficient. The
Ziv-Zakai Bound (ZZB) was therefore developed to estimate
this variance at low SNR by taking into account the a priori
parameter density. e propose in this paper an improve-
ment of the ZZB which predicts a more accurate MLE vari-
ance. Moreover, we derive a closed-form expression of this
improved ZZB using the saddlepoint approximation method.

1. INTRODUCTION

Defining the lower bounds for the Mean Square Error
(MSE) of the Maximum Likelihood Estimator of a signal
parameter 6 from noisy observations always remains a
problem of interest when the exact MSE is difficult to
estimate. The most popular bounds include the well known
Cramér-Rao Bound (CRB) and the Ziv-Zakai Bound (ZZB).
For high Signal to Noise Ratio (SNR), the CRB accurately
approaches the MSE. In the case of low SNR, the CRB,
which is only evaluated around the principal mode of the
likelihood function, does not take into account the presence
of undesirable peaks and hence strongly under-estimates
the MSE. The ZZB, based on a prior distribution of the
parameter to estimate, takes into account these undesirable
peaks and better approachesthe MSE at low SNR.

The ZZB [1, 2] is derived by lower-bounding the MSE
with aprobability of error (also called risk) of an optimal sta-
tistical test, namely the LRT (Likelihood Ratio Test). In spite
of the great improvement with respect to the CRB in the case
of low SNR, the BZZ can be improved to better approach the
MSE. The goal of this paper is to propose a new risk, built
from the Generalized Likelihood Ratio Test (GLRT), which
is greater than the classical one but remains lower than the
MSE. This modified ZZB is shown to better bound the M SE.
This paper isdevoted to the particular case of time-del ay esti-
mation but can be easily extended to other cases. The organi-
zation of the paper is asfollows. Section 2 presents the prob-
lem and recalls the classical bounds. Section 3 describes an
improvement of the classical ZZB by defining a new statis-
tical test. Thistest being difficult to be calculated, section 4
presents a powerful tool, the Saddlepoint (SP) approximation
method which enables an easy derivation of the new bound.
Finaly, the last section gives some examples on time-delay
estimation performance and compares the new bound to the
others.
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2. CLASSICAL CRAMER-RAO AND ZIV-ZAKAI
BOUNDS

We consider here a vector Y = [y(t1),y(t2),...,y(tn)]" of
noisy observationsy(ty), 1 <k < N:

€

where the general transformation Ty with unknown param-
eter 6 to estimate (doppler shift, time-shift, time-scale, ...)
is applied on avector S= [s(t1),s(t2),...,s(tn)]" built from
real samples of signal s(t), where the parameter A isthe pos-
itive amplitude and N is a real zero-mean Gaussian vector
with known covariance matrix 21. In the sequel, we fo-
cus, without loss of generality, ontime-delay estimation, i.e.,
Sy = [s(ty— 0),s(ta—6),...,s(ty — 0)]". Thesignal S and
itstransformation Sy are supposed to respect the energy con-

servation, i.e.:
S's=5lS =1. @)

Up to aconstant, thelog-likelihood function f is defined,
for any 6, by:

Y =ATp[S|+N=ASy +N,

-1

fao(Y) =53 (Y=AS)T (Y-AS). (3

and the Maximum Likelihood Estimators (MLE) are given
by

(A(Y), () = argmax fa o (Y) . @
For aknown amplitude A, the MLE 6(Y) is:
0(Y) =argmaxYTSy. (5)
0

When A is unknown, its estimator A(Y), for agiven 6, is
obtained by maximizing fa ¢ (Y) with respect to A:

A(Y) = argmax fao(Y) =Y Sy. (6)
A
Under condition (2), replacing A(Y) in (3) provides the
MLE 6(Y):

0(Y) = argmax fzy, 4(¥) = argmx (YTs9)2. (@)

In both cases (A known and unknown), estimators (5) and (7)
arethe same.
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2.1 Cramé&r RaoBound

The efficiency of the unbiased estimator 6 is generally mea-

sured by the MSE €3 = E [(6(Y) — 6)?] which has a lower
bound given by the CRB. When the constraint (2) is re-
spected, the MLE is (for amplitude A known or unknown):

1

<Y>)2D_l=§—§( ) @

By dencting ofz, the spectral variance of s(ty), equation (8)
o’ 1

A2 4202’

The CRB is generally easy to derive but it over-estimates

the performance, particularly at low SNR. The Ziv Zakai
bound allows to circumvent this problem.

55 0%
00 90

leads to the well-known CRB: ¢2 >

2.2 TheZiv-Zakai bound [1, 2]

Let us consider here a scalar random parameter 6 with a pri-
ori uniform Probability Density Function (PDF) pg(6) de-
fined on [0, Ta). The problem of interest is to lower-bound
the MSE ¢2 which has the following form:

5:2/+w <|9 —0> )hdh ©
WherePr(|é(Y)—9>g):
[ o)+ polo+ ) Ro(ehyde, (10
and Ro(,h) =
pe(w)rféfchJrh)Pr(é(Y)NH i (p)
e (00 <5l =oen).

The term in square brackets in (11) can be seen as the
probability of error Ro(¢, h) (also called the risk) of the fol-
lowing test ¢o:

h
f

¢+3

if
if

0(Y) <o+
oY) >

0=¢
0=¢+h

Pe (¢)

~ Po(g) + po(@+h)
Hy) — Po(® +h)
1) =

Po(¢) + Pa(p+h)
By defining the log-Likelihood Ratio:

A1(Y)=Tfa0=¢(Y) = fao=g+n(Y)

_A (STY —ShinY) .

(11)

Y

(12)

the risk Ry(g, h) can be lower-bounded by the minimum risk
Ri1(@,h) obtained from the log-likelihood ratio of the follow-
ing optimum Likelihood Ratio Test (LRT) ¢1:

¢1{n
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0=¢ if Aj_(Y) >0
0 =¢+h otherwise

0

0 (13)

961

For an equally likely hypothesis, therisk of thetest ¢, is:

Rl((p,h):%Pr[Al(Y) <0[6 =g
+%Pr[A1(Y) >00=g+h, (14

and the M SE finally verifies the inequality:

2
€p

1 =] —+ oo
>3 [, han [ Ra(@.) (po(e) -+ pole -+ ) do
(15
Equation (14) can be reduced by symmetry to
Ru(@,h) = Pr [s;v —ShY < o‘ 6 = cp] . (19
Let us denote p(h) = SqTD Sy-+h, the time-delay autocor-
relation function (| (h)| < 1 and independent of ¢). By re-
calling that under 6 = ¢ hypothesis Y is a Gaussian vector
N (AS,,02l), the exact expression for Ry isindependent of
@ and can be obtained by:

A2
Ri(h) = q>< 252 (1P(h))> ) (17)
where @ is the complementary error function:
foo
D(x :—/ e Y/?du. 18
(X) Nerdl (18)

When py isuniformon [0, T, replacing (17) in (15) and
integrating over ¢ lead to the classical ZZB expressed by:

€2 > 77B; (19)
where
Ta h A2
ZBBl:/O h (1_ﬁ) q>< s (1- p(h))) dh.
(20)

A very precise and simple approximation ZZB; of (20) has
A2

been described in [2]:
(0}
12 < 2—02> +4n2A20f2r3/2< >
(2 \"* = r(A_Z) -
472N02 | 3T,v2r 2\402)’

where T'y(.) is the incomplete gamma function. For the low
SNR, it can be proved that the bound tends to the variance
T2/12 of thea priori uniform PDF pg. Therefore, the MLE

is nearly uniform on [0, Ty]. In the opposite, for the high
SNR, the CRB given by (8) can be retrieved.

2 AZ

4072

o 2
27B1=-= Ta P

3. IMPROVED ZIV-ZAKAI BOUND

We can improve the ZZB based on the LRT with A known
given by (15) or (19). When the energy does not depend
on 6 (2), the MLE of 6 which maximizes the correlation
is independent of A. Therefore, the MSE remains the same
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considering A known or A unknown. The goal of this section
isto build a GLRT in considering A unknown which gives a
different risk R, than the LRT risk R;. By denoting

Az(Y):Slip(fA,e(Y)w =9) fsgp(fA,e(Y)I@ =g+h)

~ g0z (S~ (shav) ).

53 (22)
let us now consider the following test ¢, based on the GLRT,

T 202

Ho
Hy

0=¢ ifAz(Y)ZO

0 =¢p+h otherwise. (23)

$2(Y) = {

Therisk Ry associated with the test ¢» becomes:

Ro(g.h)= 3 Pr{Aa(Y) <010 = ]
FSPrAY) 200 =g+ 1
—Pr {(S;Y)Z (S;+hY)2<O‘9(p} . (24)

We clearly have

V(;D,h RZ(Cpah) Z Rl((p7h>a

because the test ¢1 given by (13) is LRT and thereforeiit is
Uniformly Most Powerful. The invariant test-theory states
that Ry(@, h) > Ry(@,h) where Ais considered as a nuisance
parameter [3, 4]. Indeed, ¢o in (11) isinvariant by scaling,
i.e,

(25)

6(AY) = argmax (SZAY)2 = argmax (SEY)Z, (26)
6 6

that is ¢o(AY) = ¢o(Y). Secondly, thetest ¢, in (23) isaso
invariant by scaling, and, since it is based on the GLRT, it
is nearly Uniformly Most Powerful Invariant, i.e, it has the
minimum risk among the class of invariant tests by scaling.
Recalling that ¢¢ belongs to this class, we obtain the desired
result, namely: Ro(@,h) > Rx(@,h) which gives, together
with (25), amore accurate lower bound for the M SE:

€2 > 72ZB, > 7ZB; (27)

1] ~+o0

where
1
228, =5 [ [ Relg.) (po(@)+ Po(g -+ ) dnd.
C (29

Now, let us examinehow to computetherisk R,. By denoting
T
] Y, therisk Ry(¢p, h) to calculateis:

z[zﬂg

p+h

Ro(@.h) =Pr[ZTWZ < 0|6 = ¢] , (29)

where Z is the 2-dimensiona Gaussian random vector
with mean E[Z] = A[Lp(h)]" and covariance matrix

Q:oz( p(lh) P(lh) )andwhereW: ( é _2 ) It

can be noted that ZTW2Z depends only on theratio A/ o and
p(h). Therisk Ra(@,h) being therefore independent of ¢, it
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will be denoted Rx(h).

The PDF derivation of the quadratic form Z TWZ is not
straightforward because W is not positivedefinite. A very ac-
curate and fast method called the saddlepoint approximation
allowsto give an explicit and simple expression for this PDF.
The next section describes the general law approximation of
such quadratic forms by the saddlepoint method.

4. THE SADDLEPOINT METHOD

4.1 Saddlepoint background and its adaptation to PDF
derivation of general quadratic forms

The saddlepoint method was originally devel oped to approx-

imate the PDF of the mean of ni.i.d. random variablesx; [5].

If the Moment Generating Function (MGF) of the variable x;

can be computed, the classical SP method provides the PDF
n

_ 1 . .
of themean x = - Ex.- in the following manner:
i=1

e Computethe MGF, M(t) = E [exp(tX)],
e ComputethelogarithmK(t) of theMGF M(t) and itsfirst
TR dK , d?K(t)
and second derivatives K(t) = e and K(t) = 0
e Compute the root to, called the saddlepoint, of the equa-
tionK(t) =x,
e Compute the PDF approximation of the mean by:

(%) ~ ,/Zﬂ,ﬂ(to) ep(n(K(to) ~toX).  (30)

This SP approximation is very precise and generally pro-
vides relative errors uniformly bounded by 1/n even in the
tails regions. Moreover, in practice, n can be very small
(starting from n = 2). Note that if the goal is to estimate the
CDF, is is more efficient to use a closed-form formula [6]
instead of integrating the SP approximation of the PDF.

The SP approximation can be adapted for estimating the
law Pr(X < n) of general quadratic forms X = Z TWZ where
W isad x d not necessarily positive definite matrix. To this
end, we need to compute the MGF M(t) = E[exp(tX)] =
E [exp (tZTWZ)] where Z is a multidimensional Gaussian
distribution with mean m = E [Z] and covariance matrix Q:

dz, (31

1 3
M(t) = 7/ ex t
whereQ(t) =tZ"Wz — % (z-m)" Q1 (Z—m). Thispre-
vious equation can be factorized as:

1

> [2—a) ) 2 - a()] + D),

(32

D(t)=taT (t)W a(t) — % [a(t) —

C(t)= (@ 1—2tw) ",
at)=Ct)Qtm.

"2 a(t) —m],
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Therefore, it can be proved that thelogarithm of the MGF
of X issimply,

K(t) =logM(t) = %Iog (lcta ) +Dr). (393

The function K(t) only exists if the matrix (21— 2tW)
is positive definite. By setting © = UUT and by denoting A
the eigenvaluesof the symmetric matrix UT (W +WT) U/2,
this condition is verified if and only if t €]ty,to[ where
Jtt[=(){teR / 1-2tA >0}

|

_ The SP method involves the computation of K(t) and
K(t). Some matrix properties derivations allow to write:

o-gr(e o) R

Finally, let us find the SP root solution tg €]ty,ty[ of the
nonlinear scalar equation: K(tg) = n. The saddlepoint the-
ory states that K is convex around tg which allows to find
numerically to by Newton-Raphson like algorithm. The SP
approximation PDF of X = Z "WZ finally reduces to:

1
f(X) ~ ————— exp(K(to) — toX) - (34)
0% s @ (K(t0) 0¥
CDF of the quadratic form: comparison SP and MC
1
ool | e

08]- SNR = -60B

0.7

SNR = 6dB

0.6
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0.4

0.3

0.2

0.1

0
Threshold

Figure 1: Comparison between SP approximation (35) and
Monte-Carlo trials versus threshold n.

Instead of integrating (34) to define Cumulative Density
Function (CDF), a more precise approximation was derived

by [6]:
1 1

Pr(ZTWZz <n) ~1—®(v) - ¢(V) (G\_/) . (35)

where u = to/K(tg), v = sign(tp) /2(ton —K(tg)) and

where ¢ (v) isthe standard Gaussian PDF.
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Figure 1 presents, for two different SNR and for p = 0.8,
a comparison of the SP approximation (35) and Monte-Carlo
computation. Thisfigure shows that the SP approximationis
everywhere very accurate.

4.2 Closed-form Saddlepoint approximation for R, risk

The SP method of the previous section is applied to the ap-
proximation of the risk Ry with p = 0 in (35) defined as in
(29):

Ro(h)=Pr(z'wz <0), (36)

where W = ( (1) 72 > and where Z is a 2-dimensiona

Gaussian vector with mean A [1,p]" and covariance matrix

Q= ( 2) ’i ) Note that p depends on h. Therisk Rx(h)

depending only on A/ o, the value of o will be chosen equal
to onein the following for simplicity.

With the formulation of section 4.1, it can be shown that
the function K (t) determining the SP approximation have a
closed-form:

_tAZ(1-p?) (2t+1) 1
)= 1-4t2(1-p2) 2

og(1-4t?(1-p?)).
(37)

K(t) existsfort €]ty to[, witht, = andt; = —t.

1
_ 2y/1—p?
Solving K(tp) = O leads to compute the roots of a 3rd order
polynomial which yields:

A2 A (1—-p2)+ 12+ 12A2 T+W¥
= \/ 3%(1-p?) cos( 3 ),(38)

AZ(A(1—-p?) +18A2+72) /1 p?
(A% (1—p2) + 12+ 12A2)%2
Finally, the ZZB, takes the following form:

where cosW =

Ta
7BB, :/ h (1 ﬂ) Ry (h) dh. (39)
0 Ta

where Ry(h) is computed using (35) with n = 0 and using
(37) and (38). Although this paper is devoted to real signal
and noise, the results remains valid for complex variables as
well. The next section gives some examples of performance
gain achieved between ZZB; and ZZB, in the complex case.

5. SIMULATIONS

Inthis section, we choosealinear frequency modulation code
s(t) with bandwidth B and duration T defined as:

s(t) = exp (in?tz) te[-T/2,T/2 (40)

: Lo inTBh
whose autocorrelation function is p(h) = SNTER e

wBh
denotein the following the SNR as A%/ 2.

Figure 2 represents as a function of p the risk Ry
computed by (17) and the risk R, obtained by (36) for three
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different SNR. It can be observed that R, is aways greater
than Ry as predicted by the theory (27).

Comparison of the risks R1 and R2

SNR = -6dB

03l : //
> /
%025 / /
[ : > /
/
/ /
02 o yé
o /
SNR = 6dB / 4
0B P

01F -

= — RiskR2
Risk R1
0.05[-  SNR = 10dB

0 I I I I I I I I I |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

P

Figure 2: Comparison of therisks R; and Ry.

Figure 3 compares the MSE of the MLE obtained by
Monte Carlo trials and the CRB with the Ziv-Zakai Bounds
Z7ZB; and ZZB; for different SNR and for T, =T/2,T =
1,B = 512. All variances have been normalized by the vari-
ance of the prior T,2/12. It can be observed that the ZZB,
bound is greater than ZZB1 and remains lower than the MSE
of the MLE as predicted by the theory (27). The performance
gain between ZZB; and ZZB; is around 3dB in the low SNR
region. Thus, the ZZB, can be used to better predict the
MLE performance. The high SNR region corresponding to
the CRB is shownin Figure4. In thisfigure, a comparison of
ZZB for different parameters T, of the a priori density py is
presented. It can be noted that all the ZZB bounds reach the
CRB in the high SNR region.

Comparison Bounds vs MLE

T
— MLE
— ZBB2

ZBB1

Normalized Delay Variance

10 15 20

5
SNR (dB)

Figure 3: Comparison between the MSE, CRB and ZZBsfor
agiven prior parameter T, =T /2.
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Comparison Bounds vs Ta

—— Ta=2T
Ta=T/2
Ta=T/8

- Ta=T/32

* CRB

Delay Variance (dB)

*
*
-60 - * % \
H % \
* 5 .
* 5 \
* %
* %

Foey
o

Asymptotic
region

A priori region Ambiguity region

_90 | | | |
-10 -5 0 5 10 15 20
SNR (dB)

Figure 4: Comparison of the CRB (*), ZZB1 in dotted lines
and ZZB, in solid lines for different prior parameters Ta.

6. CONCLUSION

In this paper, we have derived an improvement of the Ziv-
Zakai Bound for time-delay estimation which better ap-
proaches the Maximum Likelihood Estimator variance. The
improvementismade using aGLRT test whoserisk isgreater
than the classical one, based on the LRT. This modified
bound is derived by the Saddlepoint approximation method,
which gives a simple closed-form expression. Simulations
show that this approximation is very accurate and prove that
the time-delay MLE performance are better predicted with
this proposed bound.
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