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ABSTRACT 2. STATEMENT OF THE PROBLEM

. ) o . The basic format of a bandpass SS signal for positioning is
As is known, satellite positioning is based on measuring the
delay experienced by a Spread Spectrum (SS) signal that w i(2nfot+0
propagates from the satellite to the receiver. In such a sce- X8P(t) = V2CO{ % ag(t— KTe) @lot0) 0 (1)
nario, the more accurate the delay estimation is, the more
precise user position computation will be. This paper derivesvhereC is the average power of the signal{-} denotes
a criterion to improve position accuracy, based on minimizthe real part of a complex-valued argumefatjs the carrier
ing the variance of time-delay estimation at the receiver. Ifrequencyg is the carrier phasd is the chip time, andt)
particular, it focuses on designing sequences with specifieid a real-valued shaping pulse with enefigy The sequence
constraints on the aperiodic auto-correlation sequence. The_ {ox = il}E:ol’ also referred to asanging code is a
techniques used to meet such constraints are based on diffgseudorandom binary sequence. For the sake of simplicity,
ence sets obtained from power residue classification. data modulation in (1) has been neglected.

Assuming ideal coherent demodulation, baseband-

equivalent of the received sighalan be modeled as

k=—o0

1. INTRODUCTION oo
zZ(t) =x(t—1)+n(t) =v2C cg(t—17—KkTe) +n(t

Satellite positioning is based on estimating in the receiver 0 =x )+ rk:z,m al o)+t
the propagation times of a set of Spread Spectrum (SS) sig- (2)
nals broadcast by multiple satellites at known locations. Byvhere 7 is the time delay experienced by the SS signal
performing at least four such measurements, the receiver cavhen propagating from the satellite to the receiver (as seen
uniquely obtain its own spatial coordinates and time referin the time reference frame of the receiver), ant) rep-
ence [1]. resents complex-valued additive white Gaussian noise with

In such a scenario, position accuracy thus depends di/0-Sided power spectral densiti ,
delay estimation accuracy. In other words, the variance of AS iS known, the ranging code has spectral properties
the delay error must be kept as low as possible, so that réiMilar to a random binary sequence, but is actually deter-

ceiver operation can be cast into a conventional paramet&iNistic [5]. As stated in the introduction, the problem of
estimation problem, to be tackled with the tools of estima-2ccurate positioning can be cast intparameter estimation

tion theory [2], and, particularly, signal synchronization [3]. problem. Therefore, optimization deals \{wth the fundamental
Acquisition and tracking issues for ranging codes are welccuracy bounds on parameter estimation. The @réao
documented in the literature [4], but the fundamental limits30Und (CRB) [2], which is a lower bound on the error vari-
of these functions and the techniques to get close to such lin@nce of any unbiased estimate, can provide a useful bench-

its are relatively less investigated. mark for positioning accuracy.
y 9 The CRB is formulated in terms of the likelihood func-

This paper deals with pseudorandom sequences whiGfyn of the scalar parameter to be estimated. (et be a

modulate the navigation data. In particular, this contributionsegment o consecutive chip interval of the noisy re-
is concerned with the design of new sets of spreading codeggjyed signal (2), i.e.

which minimize the Cram@r-Rao Bound (CRB) on the vari-

ance of delay estimation. Our approach follows cyclotomic N-1

theory and power residue classification. rt)y=v2C k;) kg (t—KTe — 1) +n(t). (3)
After this introduction, Section 2 investigates for the ) , R )

CRB, identifying the goals to be attained in improving time- _ SiNcec is known to the receiver, the only unknown pa-

delay estimation, whereas Section 3 describes the design EMeter is the delay. We can process the observed signal
optimum spreading sequences. Results are shown in 3. t) with someunbiased estimatoto derive an estimate of

while some conclusions are eventually drawn in Section 4. the signal delay. Let
A T—T

Tc
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be the normalized timing error. The variansg of any un-
biased estimator of (the so-calleditter variance) is lower
bounded by [2], [3]

9 A1
02 =E.{e’} >CRBe) £ [Er{{Tcarmp(rm} H :

(4)
wherer is a vector representation oft) on a complete
orthonormal basis [2]p(r|7) is the conditional probability
density function (pdf) of- for a givent (thelikelihood func-
tion of 1), andE,{-} denotes statistical expectation with re- 53ng
spect top(r). A [+1,

Equation (4) gives a criterion to optimize the perfor- sgr{x} = {_1
mance in terms of position accuracy by optimizing delay es- ’
timation accuracy. It can be shown [3] that the estimation Our aim is to find a se¥’ of optimum codes to be pos-
variance of the simple Delay Locked Loop (DLL) attains thesibly assigned to different satellites. So far, no considera-
CRB. So it makes sense trying to find the particular rangingions were made about off-peak auto-correlation and cross-

andm[—¢] = m[¢]. Thus,copt can be well approximated by

Copt & argmm{ ) sgn{m{¢]}RY" <f>},
1

whereR? (¢) is theaperiodicauto-correlation ot

-1-
N
= ZO CnCn+e,

x>0,
x<0.

(8)

codesc’s that minimize the CRB (4) for delay estimation.

3. MINIMIZATION OF CRBEe) UPON THE CODE
3.1 Optimization criterion

In this section, the relation between ranging codes and

CRB¢) is investigated. The dependenceGRB¢) on the
ranging code: is not apparent in (4). Nonetheles$t) and
thusr depend or{ci} as in (3), and S€RB(¢) is a function
of the particular values ofc}.

After some manipulation§RBe) can be rewritten as

CRB(e) = (5)

whereTyys is the observation interval. Therefore, to increase e for each pairc(®
accuracy, the optimum ranging codg should be such that

Copt = argma>{ } (6)

Tobs

Let Tohs= NT¢, with N > 1. Neglecting the constant term
v2C in (3) and taking into account the boundary effect iny,5¢

(6),
lox(t—1)|?
/ ot dt
Tobs
N-1N-1
N;) Z)qck/gt Te—1)gt—KTe—T)dt, (7)
with g(t) £ ag(t) /at. Letm(f] £ 25 [g(t) © g(~1)] k. In

view of Parseval’'s theorem, (7) can be rewritten as

/‘8x

Tobs

N-1N-1
=-T, /Z Z ceoxmik — £].
/=0 k=0

As can be verified, for each finite-energy pulge) there ex-
ists ¢ such thaim[¢]/m[0]| < 1 for |¢| > ¢, with m[0] < O

correlation properties, which play a central role in systems
engineering [6]. Let

9)

and

£ (modN)

A
C<s>c<t> N ZOC”

be theperiodic auto-correlation sequence of® and peri-

odiccross-correlation sequence betwe&handct), respec-
tively. Ideally, our sequences should belong to &sewhere
the following two properties hold:

e for each sequenczféS €C, ‘R © ) )|« 1foré #£0;
Ve, [RE) 0] <1ve
In particular, these two conditions can be expressed as

RP)(0)] < Aa, Ve#£0,¥c® €€, (10a)
Rf:(pﬁ)c (O] <A, VLY,V es. (10b)

Let us now go back to the main issue. It can be shown [8]

R (6) = RY (0) + R (¢~ N).

For small values of, as in (8),R<(;a) (¢ —N) cannot be large,
as the number of correlated symbols is small. In particular,

IR (¢—N)| < £/N. Thus,

4 4
RE() - <RI <RP 0+,
and we can use such (lower or upper) boundsf-{S)r(Z) to
minimize (8) according to sgm(¢]}.
Under the constraint given by (10&)h, may be chosen
such that

R (£) = —sgn{m[{]} - 2,

Unfortunately, this method generates a very low num-
ber of sequences. To increase the cardinalitygofsubop-
timal sequences can be designed, where an allowed interval

1<e<?.



14th European Signal Processing Conference (EUSIPCO 2006), Florence, Italy, September 4-8, 2006, copyright by EURASIP

is chosen for eacR” (0), L<e</?. If sgn{m[(]} = —1,
RP (¢) is allowed to stay in the intervdb(¢),As], where

0< 6(0) < Aa. Atthe same time, if sgim[¢]} = +1, R (¢)
is allowed to stay in the interval-A,, —6(¢)].

The approach discussed in the following first considers
constraints on auto-correlation and then tests the designed

sequences for acceptable cross-correlation properties.

3.2 Design Algorithm Description

Once the optimization criterion is settled, we have to find the

with 0 < x, <e-—1, where

ef—1-2yf —NA
nl_(x[)é’r 4‘1” a-‘

ef—1—-2yf+NA
nu(x[)é\‘ 41V aJ

(13)

denote the lower and upper bounds for eaghrespectively,
[-] and|-] denote ceiling and floor functions, respectively,
andy =e(mod 2.

For each?, 1 < ¢ < ¢, a correspondin@(¢) has to be

solution to the minimization problem (8). The method pro-established. To make sure that the constraint sed 8y is
posed for designing sequences with auto-correlation propsctually met, we can apply the following algorithm:
erties as in (8) requires a little number theory background, , vV xg, 0<x <e—1, initialize n.(x;) andny (x;) as in

which is the theoretical study of residue classes [7]. In par-
ticular, this algorithm applies only to codes whose lendihs

are prime numbers.

The periodic auto-correlation sequence (9) can be rear-

ranged as [8]

RE(0) = [0+ 0 (0 —pe (- p.(0)],

(13).
e foreachl, 1< ¢ <"
if sgn{m[¢]} = —1 and [ww > nL(X), then

nL(x) = [ef 1721£f +N6(€)W

wherep.. () is the number of agreements between symbols if sgn{m[¢]} = +1 and{%J <1nu(X), then

+1 of sequence and symbolst1 of the replica codeycli-
cally shiftedby ¢ steps.

Let any integere, such thatN = 1 (mode), be defined

as thenumber of residue classesd letf 2 (N —1)/e. By

() = {ef—l—Zth—NG(é)J |

viewing p+ (¢) in terms of residue classes, any arbitrary pe- e amidstthee! /[q! - (e—q)!] possible set’s of class iden-

riodic auto-correlation sequence can be written as

q-1g-1

R((:p)(g) _ % [N _4fq+4izb ]Zb(di —X¢,d; —X/j)j|7 (11)

whereq is the number of the residue classes that are actually
selected in the design of the cdde, is the identifier of the
residue class of, d; is the identifier of thé—th chosen class,

belonging to a set
7 { (o, ,0g 1) 10< o<+ < dg1 < e_1},

and(d; —x,,d; —x,) are thecyclotomic numberf9].

tifiers, choose all the ones such that

q-1g-1

LX) < (di — ¢, dj — %) < nu (%),
2, 2,4
0<x<e—1

¢ find the spreading code associated to e@clfollowing

+1,
Ck = 1

if X« € 2,
if x € 2 ork=0.

The algorithm can be applied a number of times up to

N>1 for each possible different value efin order to enlarge

Calculating the cyclotomic numbers can be performeqhze set of sequencés.

analytically only for specifidN [9], [10], because the com-

plexity of the system grows linearly with. Thus, in this
paper such numbers are obtained via computer search.
In view of (11), (10a) can be expressed as

gq-1g-1

’Rgm(g)‘ |; {1fef+4i;) ];(dixf,d,-x[)}

0<x<e—-1,

S A’av

(12)

where typical values fok, are derived in Section 3.3.
From (12) we get immediately

g-1g-1

55 k0

g—-19-1
(dh —x¢, dj —%¢) < Mu (%),
2, 2, (4

2To balance the number of symbolsl and—1, q is set toe/2 if e is
even, and tge—1)/2 if eis odd [7].

The last requirement to be verified is the constraint on

the cross-correlation (10b) to come to a final se¥iafimum
Jitter Sequence@JSs)% C €.

The periodic cross-correlatidﬁ(cgc(t) (¢) can be seen in
terms of number of agreements betweeh of ¢(® and+1
of cyclically shiftedc). For sequences with differess, it

is easy to verify tha*Rﬁf’s))Cm (6)‘ <A< Ac for everyl. The

same result can be observed for sequences with the game

but only with¢ # 0. The cross-correlatioﬁéfgc(t) (0) for se-
guences with the samemay be on the contrary quite larger.
This is because two sequenag8 andc® with the samee

bear a number of agreements proportional to the number of

class identifiers that belong to bo@® and 2() plus those
that (jointly) do not. By means of the relations betwégrf,

eandg, a sequence'® finally belongs to7 iff the relation

(e ) exeliemvet)
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Figure 1: Shape afn(t) with SRRC pulses.

is accomplishettc® € ¢, cV) £ ¢(9, wherey is the number
of class identifiers belonging to both® and 2.

3.3 Numerical results

This section contains some numerical results, obtained fo
lowing the method derived in Sections 3.1 and 3.2.

Figures 1 and 2 show the shapewt) when using SRRC
pulses with different roll-off factors, and filtered NRZ or
BOC pulsed [11] — [12], respectively. As can be seen, typ-
ical values are = 3 and/’ = 1, respectively. It can easily

be understood that the improvement that can be attained wi

MJSs is larger for larger values éf i.e. for strongly band-
limited pulses. In the following, we will use a SRRC pulse
with a = 0.25 and?’ = 3.

To provide a fair comparison with Gold codes for GPS
(C/A), the chosen length N = 1021, representing the clos-
est prime number to 1023.

Values ofA, andA; are chosen by means of probabilities
of missed detectiofyp and false alarni-p during the ac-

quisition stage in a typical scenario for GPS receivers. The

observation length is supposed to lbeN chip times. In a

first approximation, we model the interfering codes as Gaus-

sian interferenckindependent of thermal noise, so that the
variance of the total noise tefWi after correlation is

I
N’

L~NJr

(fvv:

wherel is the number of interferers amxf = No/(2E;), with
E; =C-T.. Hence RBup can be computed as

1-2

Oow

Pvb :Pr{1+W§7L}%Q<

| |

8th order Butterworth
low-pass filter, BT = 20
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Figure 2: Shape afn(t) with filtered NRZ and BOC pulses.
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Figure 3: Auto-correlation mask.

whereQ(x) £ J% Jir e/2dt, andPea is given by

R
Fea = PH{RP(0) +W > A)¢ £0} = Q (W)
2

of'2)

By choosingPyp = 103 and Pa = 1078, represent-
ing state-of-the-art values at such signal-to-noise ratio for
commercial GPS receivers, and assuniling 20, C/Ny =
40dBHz, T =1us,| =7, we get

Aa<1l-ow-[Q '(Aw)+Q (Ra)] = 0.16.

We also sefl, = Ac = 0.16, 6(1) = 0.13, 6(2) = 0.12,
ande(3) = 0.1, and we represent our constraints on the auto-
correlation sequence as a “mask” depicted in Fig. 3 (which
considers the particular values of §gml]} for L </ <3, as

Oow

3Even though “theoretical” GPS, SBAS and Galileo signals are speciin Fig. 1). Fig. 3 also reports the computed valied (0)
fied with rectangular (hence, infinite-bandwidth) pulses, some form of bandfgr g sequence resulting from our algorithm.

limitation is introduced by the satellite transponder. In Fig. 2, ideal pulses

are thus filtered with Butterworth low-pass filters.

We now compute the performance of MJSs with respect

4This approximation is used only for choosing design parameters. Pef0 Gold codes as far as acquisition is concerned. Compar-

formance with real interference will be derived by simulation later on.

ison is performed using a set whose cardinalj®/|(= 42)
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Figure 4: Performance in the acquisition stage. Figure 5: Gain of MJSs in terms of jitter variance.
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