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ABSTRACT literature [2, 4] concentrates on precoding of OFDM sym-

Orthogonal frequency division multiplexing (OFDM) pro- bols to provide diversity, we explore the use of post-diversity
vides a viable solution to communicate over frequency sell this work. We are interested in low complexity systems
lective fading channels. However, in the presence of fre@t the expense of bandwidth. An example of this scenario
quency nulls in the channel response, the uncoded OFDN# an ultra wideband (UWB) wireless personal area networks
faces serious symbol recovery problems. As an alternative t§nere the bandwidth constraint is not much of an issue as
previously reported error correction techniques in the fornfOMpared to transceiver complexity and/or power consump-
of pre-coding for OFDM, we propose the use of post-codingion- Different from precoded systems that introduce redun-
of OFDM symbols in order to achieve frequency diversity.dancy in data symbols, we introduce redundancy in OFDM
Our proposed novel post-coded OFDM (PC-OFDM) Cc)m_syr.nbols after performing the IFFT operation to save compu-
prises of two steps: 1) upsampling of OFDM symbols andations and power. In the sequel, we will refer to this system
2) subsequent multiplication of each symbol with unit mag-@SPost-coded OFDNor PC-OFDM in short.

nitude complex exponentials. It is important to mention that  Our goal in this paper is to establish a general framework
PC-OFDM introduces redundancy in OFDM symbols whilefor PC-OFDM systems to show low complexity implemen-
precoded OFDM introduces redundancy in data symbols beation and analyze their performance. After discussing the
fore performing the IFFT operation. The main advantages ofiecessary details of uncoded OFDM system in Section 2 we
this scheme are reduction in system complexity by havinglesign the encoder in Section 3. To facilitate the analysis of
a simple encoder/decoder, smaller size IFFT/FFT (inversthe system, we introduce a hypothetical equivalent precoding
fast Fourier transform/fast Fourier transform) modules, andnatrix. We observe a close resemblance between PC-OFDM
lower clock rates in the receiver and transmitter leading t@ncoder andignal space encoderssed to rotate the signal
lower energy consumption. The proposed system is found toonstellation in fading channels [5]. Section 4 discusses a
be equally good over Gaussian and fading channels whereldw complexity alternative to implement the decoder by ex-
achieves the maximum diversity gain of the channel. Simuploiting the polyphase decomposition of the channel. Before
lation results show that PC-OFDM performs better than exanalyzing PC-OFDM, we compare the complexity in Sec-

isting precoded OFDM and Pulse OFDM systems. tion 5 and found that the unique design of PC-OFDM results
in a lower complexity coded OFDM system that consumes
1. INTRODUCTION less energy due to lower clock rate. We perform probabil-

ity of error analysis in Section 6 and observe that though
PC-OFDM is designed primarily for fading channels, it per-
forms as good as uncoded OFDM over Gaussian channels.
For uncorrelated Rayleigh fading channels, it achieves the
aximum available diversity gain of the channel that is fur-
er confirmed through simulations in Section 7. Simulation
sults show the superiority of PC-OFDM over previously
proposed precoded OFDM [2] and Pulse OFDM systems [6].

Orthogonal frequency-division multiplexing (OFDM) offers
several advantages like resilience to multipath fading, in
tersymbol interference, low complexity and others. It is
believed to be a promising technique for future broadban
wireless communications. It has been adopted in many,
wireless standards, such as digital audio/video broadcastir}g
(DAB/DVB), the HIPERLAN/2 standard, the IEEE 802.11a
standard for wireless local area networks [1].

While OFDM systems convert a multipath fading chan-
nel into a series of equivalent flat fading channels, they lack
the inherent diversity available in multipath channels. When
there are frequency nulls in the channel response, the un-
coded OFDM performance decays gravely [2]. Itis therefor;

2. SYSTEM DETAILS AND PROBLEM
FORMULATION

onsider an uncoded OFDM system that is implemented
y using anN-point IFFT/FFT. The information symbols
qare mapped to the signal space according to the modulation
scheme. The serial stream of modulated data syniljels

are grouped in blocks of siz& such that theth block is

necessary to introduce an explicit diversity in the transmitte
symbols to improve system performance. Different code
OFDM systems have been reported that employ some for
of channel coding or precoding [3, 2, 4]. Ding et. al in [4]
designed minimum bit error rate precoders for wireline chan . . . )
nels. In [2], it was shown that complex field coding is bet-&xpressed as(i) := [b(iN), b(iN +1) ---b(iN + N —1)]..

ter than Galois field coding as it produces the codes that alle(_at Fy be theN x IV FFT (fast Fourier transform) matrix

better suited for fading channels. While most of the presenfiith (1, k)th entry as:[F ], . = (1/v/N)exp{—j2m(n —
1)(k—1)/N}. Ignoring the block index, the output of IFFT
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the form of N x 1 vector and is given by whereA isanN L x N constructed as
x=F}b. 0 A [A],x=e" for(n,k)=(iL—1,i)andi=1,---,N
. . . ) _ otherwise
The insertion of the cyclic-prefix (CP) at the transmitter and 4)

CP-removal at the receiver, renders the channel mbran |1 s easy to verify that\ is unitary matrix, i.e. A" A = I.

N x N circulant matrixH. The received OFDM symbol can Thijs property helps us to establish an important result later.
therefore be expressedms Hx + 7, wheren represents the Example 1:Consider the design of PC-OFDM encoder
N x 1 additive Gaussian noise vector. At the receiver, mulfor N = 2 andL = 2. The encoding matrixA is given by:
tiplication with the FFT matriX' ; diagonalizes the channel

matrix H such that it contains th& point discrete frequency et 0

response of the channel given by [7]: A— 0 O
10 e

FyHFY = H), = diag [FNﬁ} , ) 0 0

- ) ) that jointly accounts for upsampling &f = 2 OFDM sym-
whereh is N x 1 vector obtained from the concatenation of ho|s by factor ofL = 2 and multiplication with sequence

Ly, channel taps{h;},", and N — Ly, zeros. Thus, the de- {eim}d .
modulated OFDM symbols can be simply written as: In precoded OFDM, the transmitted OFDM symbols can
be written as:
u=Hpb+n. 3) y =F%, Ab. (5)

The diagonalization dH converts an ISI channel into an I1SI While in case of PC-OFDM, we encode the OFDM symbols
free channel and eliminates the need for a complex receivedfter the IFFT as:

Although OFDM systems provide a means to have simple re-

ceivers, the system performance deteriorates severely in the y = Ax = AF}b. (6)
presence of channel frequency nulls. This deterioration can

be avoided by employing explicit diversity or redundancyIn both cases, we consider complex field codireg A (or
(coding) in the OFDM symbols, which is the subject of thisA) € CX*V with K > N, instead of Galois field as it pro-

paper. vides more degrees of freedom [2]. It is important to note
that. any postcoding sche_me can be made equivalent to a pre-
3. THE PROPOSED PC-OFDM SYSTEM coding scheme by selecting
3.1 Encoder Design A = Fy, AFY. 7)

Here we consider frequency diversity in OFDM symbols that

can be fairly easily achieved by upsampling the output oHowever, the converse is not true as PC-OFDM corresponds
IFFT. In an apparently similar approach, [8] introduced frac-to precoded OFDM with a constrained precoding structure.
tionally sampled OFDM (FS-OFDM) where upsampling is  Example 2:Using (7), the equivalent precoding matrix
done at the receiver but not at transmitter as in our caséor Example 1 is given by:

Since upsampling the signal in time domain creates multiple

replicas of the signal in frequency domain, this operation is el fei3 il _ i3
equivalent to repeating the modulated source symbols prior 1 |edl —¢i3 @il 4 eis
to IFFT. Since repetitive coding cannot harness the full cod- A= Tﬁ eIl L i3 @il _ i3 | (8)
ing advantage in general, we therefore multiply the upsam- eIl — i3 @il 4 i3

pler output with unit magnitude complex number sequence.

Again, equivalent to this operation in time domain will be &  Thjs appears similar to redundant diversity codes that are
linear combination of modulated source symbols. The bloclgenerally used to rotate the signal constellation to achieve
diagram of PC-OFDM system is shown in Fig. 1. While PC-petter performance in fading channels [5]. Thus in a sense,
OFDM performs thes_e operations in dlgltal domam,_asmﬂarthe PC-OFDM system does perform signal constellation ro-
scheme for fast hopping UWB-OFDM is proposed in [9]  tation through the multiplication with unit amplitude phasors
and improves the system performance over fading channels.

ot X y
5P il P erton H P8 1O e |-@—r 4. LOW COMPLEXITY IMPLEMENTATION
7

o MODEL OF PC-OFDM DECODER

While the analytical model reveals some important relation-
ship between postcoded and precoded OFDM systems, the
low complexity advantage of PC-OFDM will be clearer if
we apply the multirate signal processing concepts to the sys-
. tem. To develop this model, assume that itie OFDM

3.2 Analytical Model of PC-OFDM symbol can be expressed as(i) := [(i,0),--- ,z(i, N —
Using matrix notation, we can write the transmitted OFDM1)], where z(i,n) is a component of théth OFDM sym-
symbol with post-coding as given by = Ax = AFXb  bol alongnth subcarrier. In a similar manner, §(i) :=

Figure 1: PC-OFDM transmitter block diagram
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Figure 2: Equivalent model of PC-OFDM system with polyphase decomposition of channel

[y(3,0),---,y(i, NL — 1)] is the output of PC-OFDM en- der the channel matri¥I, in the pth branch as circulant

coder then, that in turn becomes a diagonal matrH, p, after pre- and
, post-multiplication with DFT matrix. Thus the demodulated
y(i,p) = {6”’37(2}1?— 1) forp=1,L,---,NL OFDM symbol at thepth branch of the receiver is given by:
’ 0 otherwise
u, =H,pb+n. (20)

For analytical simplicity, let us change the order of up-

sampling and multiplication in Fig. 1 such that the in-'" ' : ,
put to the upsampler can be expressedxés = Bx(i) ceiver, then it combines the output from all the branches and

whereB is an N x N diagonal matrix constructed aB — segrches f(_)r Fhe most likelihood symbol according to the fol-
diag [{e’P}] for p = 1,L,--- ,NL. This simplification re- lowing minimization:
sults in a cascade of upsampling and filtering (transmis-

If maximum likelihood (ML) detector is used at the re-

L—-1
sion through the channel) operation that can be equiva- r_ . _ _
lently expressed as a polyphase decomposition of the chan- b= argrn Z [, = HypBb;] (11)
nel. Writing thez-transform of the channel with coefficients p=0
L;—1 -
{r(D},Zy " inthe form 5. COMPLEXITY AND POWER COMPARISON
1 WITH PRECODED OFDM SYSTEMS
H(z)= Z 2P H,(25), The proposed PC-OFDM system is capable of lowering the
=0 implementation cost of coded OFDM system. For instance,

a PC-OFDM transmitter withV source symbols requires
where H, (%) := Y1 h(IL + p)=~'~ represents the up- an N-point IFFT module with computational complexity
sampled polyphase decompositionffz). Thus, the equiv- 0f O(Nlog N) per N data symbols. In contrast, a redun-
alent of cascade of upsampling and multiplication operatiolant precoded OFDM transmitter [2] WitNL x N (where
in Fig. 1 can be expressed as Arbranch multirate system L € R and L > 1) encoding has a computational complex-

as shown in Fig 2 where each branch contains a polyphasey of O(NLlog NL). Similarly, the polyphase decomposi-
decompositionH,,(z) = Lp-1 h(IL + p)z~" of the chan- tion of channel in PC-OFDM will allow us to usd-point

nel followed by anzugsanfgl?ng operation of factor Note ~ FFTs in all theL branches that results in total complexity of
O(NLlog N) at the receiver.

that this decomposition also shows that PC-OFDM effec - , . .
P In addition to the savings in FFT modules, the unique

tively implements a frequency domain coding scheme with ¢ . ;
veryylowpc):omplexity. g y g encoding scheme of PC-OFDM is a low cost operation and

The polyphase decomposition of channel leads us to dé€duires onlyO(N) complex multiplications as compared
sign a dual system with downsampling and delay operation@ O(N"L) complex multiplications/additions in precoded
at the receiver such that the branches can be separated FDM. Table 1 compares the.computatllon cost of FFT/IFFT
at the receiver as shown in Fig. 3. This is possible due t§0dules and encoding/decoding operations for precoded and
the factorization property of the FFT matrix. For example, aP0St-coded OFDM systems. The reduced complexity of PC-
9N x 2N FFT matrix (F2) can be factored as follows [10]: OFDM system makes it suitable for wireless personal area

networks.
Fyy — In Wy |[Fy Ox][ even-odd © It is important to mention that yhe IFFT/FFT operations
Iy —Wy| |Oy Fu| |permutation’ in PC-OFDM are performed at information symbol data
-~ rate, however, in precoded OFDM these operations are per-
Dy formed after encoding and at higher sampling rate. Since

where Iy is the N x N identity matrix, Wy =

diag[l e 727/N ... ¢=i27(N-1)/N] andOy isthe nullma- b | e P T o —
trix of order N x N. From (9), it is clear that at the receiver E - [F] !,7 Muldpli- |
we need a downsampler to separate different phases and then D with Dy j

we can useV point FFT followed by multiplication with a : : - T and
sparse matrix of the fori . ‘ : : Diversity
For the sake of mathematical convenience, we can re- Combiner

write the channel inpuk(i) = BF b asx(i) = FABb,
whereB is an equivalent precoded matrix that can be ob- ] S
tained asB = FyBF’%. The use of cyclic prefix will ren- Figure 3: Simplified model of PC-OFDM
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power consumption of these DSP modules is proportional t®roposition 1. In a PC-OFDM system, the equivalent pre-

clock frequency, PC-OFDM saves power by computing thecoding matrixA is indeed a unitary matrix.

IFFT/FFT operations at lower rate. The comparison of re- 7

quired clock rate for different modules in precoded OFDMPT00f: From (7), we haveA = F y, AF . The result fol-

and PC-OFDM systems is shown in Table 2. lows by evaluatingA™ A and using the fact thai % F y =
Iy forall N andA™A =1u.

Pre-coded OFDM| PC-OFDM

IFFT O(NLlogNL) O(Nlog N) 6.2 For Uncorrelated Fading Channels

FFT O(NLIC;gNL) O(NVLlog N) To assess the performance of PC-OFDM over uncorrelated
Encoding O(N"L) O(N) fading channels, we adopt the average pairwise error proba-
Decoding O(N’L) O(NLlog N) bility (PEP) technique that has been derived in similar con-
. ) . textin[2, 13]. By definition, the PEP is the the probability of
Table 1: Comparison of computation cost of different operaerroneously detecting’ whenb was transmitted. In order
tions in precoded and post-coded OFDM systems to find the PEP (see [2] for details), we need to define a ma-
trix A, := (D, V)"D_,V whereV is truncated FFT matrix

with [V] ) = e792™*/NL andD, = A (b —b’). Now, for

IFFT | Transmitter DAC| FFT . . . .
Pre-coded OFDM| L/, 7. If. ;%I::E);\ fading channels with uncorrelated paths, the PEP is
PC-OFDM I Lfc fe '
. . . -G G’d -1
Table 2: Comparison of required clock rate for different , 1 d
modules f. = clock rate in Hz) Pr(b—b’) < <4N0 llj[lm)‘cvl ’ (14)

where N, /2 is the power spectral density of additive white
6. PROBABILITY OF ERROR ANALYSIS Gaussian noisey; = E[|h(1)|?] is the channel correlation and

It has been shown in the recent research that the criteria com. are the eigenvalues .. It can be seen from (14) that

monly used to design codes for additive white Gaussian noisée PEP depends on the following two factors:

(AWGN) channels have to be adjusted when dealing with a e Diversity gain (G;): Roughly speaking, the di-

fading channel (see [11] and references therein). As we shall versity gain represents the slope of the PEP curve

see soon, the performance of a code over fading channels especially at high SNR. It is related to the rank of

depends on the minimum Hamming distance and not on the A, [13].

Euclidean distance between codewords. In this paper, our o Coding gain (G.): The coding gain controls

main goal is to design the codes for fading channels. Nev- the shift in the PEP curve and depends on the

ertheless, it is important to see the system performance over i Lp,

AWGN channels. Therefore, we consider the probability of product of e|genvla;lct;de$>\e,l}l:1 of A. such that

error for AWGN and Rayleigh fading channels separately. G = (HzG:ﬂ /\e,l)

6.1 AWGN Channels ' I_t was shown_in [2] that the rank oA, is related.to the

] o minimum Hamming distance of the codewords.Afis the
It is well known that for AWGN channels the minimum get of codewords such thatb, Ab’ € A then the Hamming
Euclidean distance of the codewords determines the PVObGTstanceS( Ab, Ab’) between these codewords is the number
bility of error [11]. Considering ML detection, the probabil- of non-zero entries i\ (b —b’). The minimum Hamming

ity of error (P.) can be expressed as distance of the codesgt is defined as :
1 dmin Omin(A) = min{d(Ab,Ab’)|Ab,Ab’ € A} (15)
P, = -erfc , 12 min s ’ ’ =
2 (2\/ (No)> (12)

As stated in [2], the diversity ordef,; is upper bounded
where erfc is the Gaussian tail function defined as(ejfe= by the number of pathd, in the channel, i.e.Gq =

1/(V2r) [ e~ /24t andd,;,, is the minimum Euclidean min_{dmin(A),_L_h}.. The proposed encoder follows the fol-
distance. [t4 is the set of codewords, then it is defined as; |0Wing proposition:

dmin = min ||x —x’|| = min ||A(b—b)]|. (13) Proposition 2. The PC-OFDM system achieves the maxi-
x#x! b#b! T mum available diversity gain.

Simplifying the square of the norm in (13), we obtain proof: AssumeA is NL x N. The particular structure of
|A(b—b')[|?=(b—b')*A™A(b—b’). Thus,dmi, Which A guarantees that all of its elements are non-zero.In addi-
is the minimum Euclidean distance between the coded symion, all the elements in a row ok are different. Thus, each
bols can be different from the minimum Euclidean distanceblock of NV data symbols is mapped to a unique poiniit
between the uncoded symbols. However, if the coding madimensional space such that any two points differ in all the
trix forms a unitary transform pair, i.eA™ A =1, the min- components. This results i,;,, = N L which is generally
imum Euclidean remains unchanged [12]. In this situation]arger than the channel length and tiieig= L,.

the codes do not perform poorly in AWGN channels. The The second parameter that controls the shift in the PEP
PC-OFDM system encoder follows this important propertycurve is the coding gain. To see this dependence, we ob-
as stated in the following proposition: tain a series of PEP curves from (14) for two different values
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of G4 and three different values @f. as shown in Fig. 4.

It is obvious from Fig. 4 that the increase in diversity gain
from G4 =2 to G, = 4 causes a drastic improvement in sys-

tem performance by reducing the PEP while the increase in

coding gain fromG,. = 10 to G. = 25 does not improve the

system performance significantly.

Pairwise Error Probability
g

10 12
SNRin dB

Figure 4: Upper bound on the PEP

7. SIMULATION RESULTS

(2]

(3]

(4]

We perform simulations to compare the bit error rate (BER) 5]
of different coded OFDM systems as shown in Fig. 5. The

information symbols are BPSK modulated to yieRi=
{+1,—1} and transformed to OFDM symbols wifki = 4.

For all the coded OFDM systems considered in Fig. 5, we [6]

useL = 2 that results in code rate df/2. The simulations

are performed over Rayleigh fading channel with five taps

that are generated according to the Jakes model.

pare with precoded OFDM systems, we employ the real (re-

To com-.

(7]

ferred as precoded OFDM-a) and complex (referred as pre-
coded OFDM-b) precoders proposed in [2]. The BER results
of such precoders are obtained using ML detection and thd8!
results are shown in Fig. 5. As seen from Fig. 5, the BER
performance depends on the choice of the precoder. We also

obtain the BER performance of pulsed-OFDM [6] and the

results are shown in Fig. 5. The slope of the curve shows[9]

that pulsed-OFDM could not achieve the full diversity order

available in the system. The BER curve of PC-OFDM using
ML detector is also shown in Fig. 5 verifies the superiority of[10]

PC-OFDM in terms of BER performance.

8. CONCLUSIONS

(11]

We proposed a novel coded OFDM system in the form of

PC-OFDM that enjoys the benefits of low complexity and

power consumption, and retains the benefits of other similgn 2]
precoded schemes. Due to the unitary nature of encoding ma-
trix, PC-OFDM performs equally good over Gaussian chan-
nels. For fading channels, it achieves the maximum available

diversity gain of the channel while operating at a significantly

low complexity.
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