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ABSTRACT
Alpha stable distributions are widely accepted models for
impulsive data. Despite their flexibility in modelling vary-
ing degrees of impulsiveness and skewness, they fall short
of modelling multimodal data. In this work, we present the
alpha-stable mixture model which provides a framework for
modelling multimodal, skewed and impulsive data. We de-
scribe new parameter estimation techniques for this model
based on numerical Bayesian techniques which not only can
estimate the alpha-stable and mixture parameters, but also
the number of components in the mixture. In particular, we
employ the reversible jump Markov chain Monte Carlo tech-
nique.

1. INTRODUCTION

Many times in signal processing it is convenient to work un-
der the Gaussian assumption in order to simplify calculus
and to obtain analytical solutions. However this assumption
is not always sufficient to explain the behaviour of many real-
life signals. In electrical engineering, physics, astronomy
and economics, among other disciplines (see [1] for a re-
view), some signals present impulsive nature and asymmetry,
therefore the Gaussian assumption can not be used. α-stable
distributions have been widely and successfully used for this
class of signals since they have heavy density functions.

The problem of parameter estimation of α-stable distrib-
utions has been studied in the literature [2, 3]. In this work,
we are interested in inference on impulsive, asymmetric and
multimodal signals using a Bayesian approach. Due to the
lack of an analytical expression for the probability density
function for α-stable signals few works use Bayesian infer-
ence and a Monte Carlo approach to accomplish this goal.
Among the few available work, all of them on unimodal α-
stable signals, are: Buckle [4] took advantage of a partic-
ular mathematical representation involving the stable den-
sity to make inference using the Gibbs sampler. Tsionas [5]
developed a Gibbs and Metropolis sampler in models with
symmetric α-stable noise process using the scale mixture of
normal representation and more recently Lombardi [6] intro-
duced a random walk MCMC approach for Bayesian infer-
ence in stable distributions using a numerical approximation
of the likelihood function. In this work, we use the same
strategy as in [6] for α-stable density parameter estimation.

In a previous work, we have considered the mixtures of
α-stable distributions using a scale mixture of normals repre-
sentation for each α-stable component [7]. In this work, we
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extend the previous one to the non symmetric case. Casarin
[8] studied this task for a fixed number of sources but, in our
work, the number of components in the mixture are unknown
and they are accurately estimated using the Reversible Jump
Markov chain Monte Carlo (RJMCMC) algorithm proposed
by Green [9].

In this work, following the approach proposed in [6] for
density parameter estimation, we develop a fully Bayesian
methodology for inference in mixtures of α-stable signals
using a numerical approximation of the likelihood function.

The paper is organised as follows. In section 2, we in-
troduce the univariate stable distribution and the Bayesian
hierarchical model corresponding to the α-stable mixture
model. In section 3, we explain the Monte Carlo computa-
tion to sample from the full conditional distributions for this
model using MCMC and RJMCMC. Simulation results are
discussed in section 4 and in section 5 we present conclu-
sions and suggest future work.

2. BAYESIAN MODELS FOR MIXTURES OF
α-STABLE DISTRIBUTIONS

2.1 Univariate stable distributions

The characteristic function of an α-stable distribution
fα,β (γ ,µ) is given by:

ϕ(ω)=
{

exp(−|γω |α [1− isign(ω)β tan( πα2 )]+ iµω),(α �= 1)
exp(−|γω |[1+ isign(ω)β log(|ω |)]+ iµω),(α = 1)

where the parameters of the stable distribution are: α ∈ (0,2]
is the characteristic exponent which sets the level of impul-
siveness. β ∈ [−1,+1] is the skewness parameter. (β = 0, for
symmetric distributions and β =±1 for the positive/negative
stable family respectively). γ > 0 is the scale parameter also
called dispersion and µ is the location parameter.

2.2 Mixture models

We can write the α-stable mixture model for observations y i
as:

yi ∼
k

∑
j=1

wj fα,β (γ j,µ j)

independently for i = 1,2, ...N, where N is the length of vec-
tor observations, k is the number of components, w j, µ j
and γ j are the weights, location parameter and dispersion for
every j-component, respectively and α and β are the shape
and skewness parameter. In this kind of mixture models it
is convenient to use (see Richardson [10]) a latent allocation
variable zi ∈ [1,2, ...,k] for every observation i. These zi are
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Figure 1: Directed Acyclic Graph (DAG) for the α-stable
mixture model. Circles denote unknowns variables while
rectangles represent fixed (hyperparameters) or vector obser-
vation. Arrows denote the conditional dependence.

independently drawn from p(zi = j) = wj,( j = 1,2, ...k) and
conditionally on zi observations yi are drawn from

yi|zi ∼ fα,β (γzi ,µzi)

In this work, we consider the special case of mixture of com-
ponents with the same shape parameters α and β . The alpha
parameter in particular defines the member of the α-stable
family and this special case is a meaningful subset. The study
of the general case is left to a followup journal paper.

2.3 Bayesian hierarchical model

The lack of an analytical expression for the α-stable pdf have
been responsible for limited number of works on Bayesian
inference on stable distributions.. However nowadays it is
possible to make numerical evaluations of the stable den-
sity quickly and efficiently following different approaches
[11, 12]. We use the algorithm proposed by Nolan [11] to
evaluate numerically the likelihood thereby it is useful to
build a hierarchical scheme for Bayesian inference on the pa-
rameters of the mixture model.

The joint distribution of all variables involved can be ex-
pressed as

p(k,w,z,α ,β ,γ ,µ ,y)∝ p(y|k,w,z,α ,β ,γ ,µ)p(k,w,z,α ,β ,γ ,µ)

where, following a Bayesian approach, p(·|·) denotes condi-
tional distributions.

This expression can be expanded introducing an extra
layer for full flexibility, with the hyperparameters (hyperpri-
ors) a,b,ξ ,κ ,α0,β0,k0 and ζ .

lll p(k,w,z,α ,β ,γ ,µ ,y) ∝ p(k0)p(ζ )p(a)p(b)p(ξ )
×p(κ)p(α0)p(β0)p(k|k0)p(w|ζ ,k)p(z|w,k)p(α |a,k)
×p(β |b,k)p(µ |ξ ,κ ,k)p(γ |α0,β0,k)p(y|α ,β ,γ ,µ ,z)

This hierarchical Bayesian model is depicted with the Di-
rected Acyclic Graph in figure 1.

2.4 Priors

The following priors are chosen for this model: a Normal
distribution with mean ξ and variance κ−1 for location (µ)
which can be written as:

p(µ) = N(µ |ξ ,κ−1).

For the dispersion (γ) an inverse gamma distribution with
hyperparameters α0 and β0 is chosen

p(γ) = IG(γ |α0,β0).

These priors are usual choices in Bayesian inference for
Gaussian models for the mean and the variance respectively.

The prior for the exponent (α) and the skewness para-
meter (β ) is chosen to be the uniform distribution on their
supports.

p(α |a) =
1
a

=
1
2
; f or 0 < α ≤ 2

p(β |b) =
1
b

=
1
2
; f or −1≤ β ≤ 1

As usually done in the literature on mixing problems, the
prior on the weights w = [w1,w2, ...,wk] is taken as symmet-
ric Dirichlet D,

w ∼ D(ζ , ...,ζ ) (1)

p(k|k0) is chosen to be a discrete uniform distribution be-
tween 1 and an integer k0 and lastly, the prior for the alloca-
tion variable zi is

p(zi = j) = wj (2)

for j = 1,2, ...k where k is the number of components.

3. MCMC AND RJMCMC IMPLEMENTATION

Once our model is written in fully Bayesian form, samples
for every parameter are obtained, at every iteration, follow-
ing the scheme:

1) Updating the weights (w) using the Gibbs sampling.
2) Updating α ,β ,µ ,γ using Metropolis sampling.
3) Updating the allocation of variables z.
4) reversible jump MCMC (split/combine move) to estimate
the number of components k.

3.1 Updating the weights (w)

The full conditional distribution for w is straightforward to
calculate combining equation (1) and (2):

w | ... ∼ D(ζ +n1, ...,ζ +nk)

where n j =∑i δ (zi− j). Thereby, it is possible to obtain new
values for w sampling from a Dirichlet distribution at every
iteration.

3.2 Updating α-stable parameters using MCMC
(α ,β ,µ ,γ)
Samples for every parameter of the α-stable can be obtained
in this model using the Metropolis algorithm. Parameters α ,
β , γ and µ are obtained analogously to the way we estimate
exponent α below:
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1) At each iteration t we sample a candidate point for α
(denoted αnew from a proposal distribution q(·|·)

αnew ∼ q(αnew|α(t))

2) We accept the proposed value αnew with probability
min{1,A}, where

A =

N
∏

i:zi= j
p(yi|k,wzi ,αnew,β ,γzi ,µzi)p(k,wzi ,αnew,β ,γzi ,µzi)

N
∏

i:zi= j
p(yi|k,wzi ,α(t),β ,γzi ,µzi)p(k,wzi ,α(t),β ,γzi ,µzi)

× q(α (t)|αnew)
q(αnew|α(t))

}
(3)

if the new value is not accepted we set

α(t+1) = α(t)

Equation (3) can be simplified for this model due to the fact

that priors are independent
p(k,wzi ,αnew,β ,γzi ,µzi )
p(k,wzi ,α

(t),β ,γzi ,µzi )
= p(αnew)

p(α(t))
and

using a symmetric proposal q(αnew|α(t)) = q(α (t)|αnew), so
it simplifies to

A = min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1,

N
∏

i:zi= j
p(yi|k,wzi ,αnew,β ,γzi ,µzi)p(αnew)

N
∏

i:zi= j
p(yi|k,wziα(t),β ,γzi ,µzi)p(α (t))

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(4)
In equation (4) proposal values for α (analogously for β ,µ j
and γ j) are obtained using a normal random variable cen-
tered in the current value for this variable. It is possible
to evaluate p(yi|k,wj,αnew,β ,γ j,µ j) numerically using ex-
isting techniques as we stated in the introduction.

3.3 Updating the allocation (z)

The full conditional for allocation of variables (z) is

p(zi = j|...) = p(yi|k,wj,α ,β ,γ j,µ j)p(z)

so, a given yi is considered to be drawn from the α-stable
component j, with parametersα ,β ,γ j and µ j with probability

p(zi = j|...)
k
∑
j=1

p(zi = j|...)

3.4 Reversible jump move for the number of compo-
nents (k)

In our model, the dimension k of every parameter can change
at every iteration, thus to jump between different parame-
ter subspaces we consider the reversible jump Markov chain
Monte Carlo technique [9]. Suppose a general move denoted
by m is proposed, from a state x to a new state x ′ with higher
dimension. This can be accomplished by drawing a vector of
continuous random variables u from a density q(u), indepen-
dent of x and proposing the new values x ′ using an invertible

deterministic function x′(x,u). Thereby the acceptance prob-
ability, here denoted by A is

A = min

{
1,

p(x′|y)rm(x′)
p(x|y)rm(x)q(u)

∣∣∣∣ ∂x′

∂ (x,u)

∣∣∣∣
}

(5)

where rm(x′) is the probability of choosing move type m
when the actual state is x. | · | is a Jacobian of the trans-
formation.

We propose to use a split-combine move for this model as
in the work of Richardson and Green for mixtures of Gaus-
sians [9]. The new parameters setting is as:

wj∗ = wj1 +wj2 (6)

wj∗µ j∗ = wj1µ j1 +wj2µ j2 (7)

wj∗(µ2
j∗ + γ2

j∗) = wj1(µ2
j1 + γ2

j1)+wj2(µ2
j2 + γ2

j2) (8)

where two components j1 and j2 with weights, dispersion
and location parameters (w j1,γ j1,µ j1) and (wj2,γ j2,µ j2) re-
spectively are combined in a new component, denoted as j ∗,
with parameters (wj∗,γ j∗,µ j∗). Although the combine move
is deterministic, the reverse split move is not. There are 3
degrees of freedom, due to the change of dimensionality so
three continuous random variables must be introduced at this
point. Beta distributions Be(·, ·) are used with the following
parameters:

u1 ∼ Be(2,2)

u2 ∼ Be(2,2)

u3 ∼ Be(1,1)

and, consequently, the proposed new values for weights, lo-
cation and dispersion parameters of the new components j 1
and j2, splitted from a given existing component j∗, are

wj1 = wj∗u1 (9)

wj2 = wj∗(1−u1) (10)

µ j1 = µ j∗ −u2γ j∗
√

wj2

wj1
(11)

µ j2 = µ j∗ +u2γ j∗
√

wj1

wj2
(12)

γ2
j1 = u3(1−u2

2)γ
2
j∗

wj∗
wj1

(13)

γ2
j2 = (1−u3)(1−u2

2)γ
2
j∗

wj∗
wj2

(14)

Replacing the information about the split/combine move in
equations (6)-(14) together with the priors in equation (5)
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allows us to write the following expression for the accep-
tance/rejection ratio A.

A =
p(y|k+1,wj1,wj2,z j1,z j2,α ,β ,γ j1,γ j2,µ j1,µ j2)

p(y|k,wj∗,z j∗,α ,β ,γ j∗,µ j∗)

× 1
a
× 1

b
× (k+ 1)× wζ−1+l1

j1 wζ−1+l2
j2

wζ−1+l1+l2
j∗ B(ζ ,kζ )

×
√

κ
2π

e−0.5κ{(µ j1−ξ )2+(µ j2−ξ )2−(µ j∗−ξ )2}

× βα0
0

Γ(α0)

(
γ2

j1γ2
j2

γ2
j∗

)−α0−1

e−β0(γ−2
j1 +γ−2

j2 −γ−2
j∗ )

× dk+1

bkPalloc
×{g2,2(u1)g2,2(u2)g1,1(u3)}−1

× wj∗
∣∣µ j1− µ j2

∣∣γ2
j1γ2

j2

u2(1−u2
2)(1− u3)γ2

j∗

where l1 and l2 are the number of samples from yi assigned to
the components j1 and j2. B(·, ·) is the Beta function, Palloc
is the probability that the current allocation is chosen and
bk and dk = 1−bk are the probabilities of choosing between
split and combine move respectively. Thus, at every iteration,
two-splitted new components are proposed with probability
bk (otherwise it is proposed One-combined component with
probability dk = 1− bk) and it is accepted with probability
min{1,A}. If One-combined new component is proposed, it
is accepted with probability min

{
1,A−1

}
. Lastly, we remark

that it is not allowed to propose a combine move when k = 1
or a split move when k is greater than a given integer k 0.

4. SIMULATION STUDY: ESTIMATION OF
α-STABLE PARAMETERS

We test the proposed methodology with the following alpha-
stable mixture model:

yi ∼ 0.5 f1.5,0.5(1,−1.5)+0.5 f1.5,0.5(0.5,2.25) (15)

The settings for hyperparameters of prior distributions
and parameters of the simulation are: α0 = 1, β0 = 1, ξ = 0,
κ = 1/5, ζ = 1, N = 1000, bk = dk = 0.5 and the number of
iterations is set to 10000. The initial value for the number of
components k was arbitrarily set to 6 and the initial α-stable
parameters are α = 1.1,β = 1.1, γ j = 1 and wj = 1/6 for
every j and µ = [−3,−1,1,2,3,5].

One of the main advantages of this proposed method, as
we noted, is that, it is capable of estimating the number of
components in the mixture blindly. Figure 2 shows an his-
togram with the number of components estimated. Algo-
rithm converges to the correct number of components (k = 2)
after approximately 400 iterations. Hence, the reversible
jump Markov chain Monte Carlo is proved to be convenient
to estimate k. In figure 3 the estimated values at every iter-
ation in which the number of components estimated is equal
to 2 are depicted together with the true values. All the para-
meters are accurately estimated as it is shown in table 1. In
figure 4 predicted pdf using our proposed method and dis-
crete histogram of the vector sequence yi studied in this sim-
ulation are plotted. It is easily seen that our method performs
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Figure 2: a) Number of components estimated for every iter-
ation. Only iterations 1 to 1000 are shown, although 10000
iterations were run. After about 400 iterations, stationarity is
reached and number of estimated components are always the
true value k = 2 b)Histogram of the number of components
estimated for every iteration.

very well and multimodal discrete density for the signal y i is
estimated very precisely.

5. CONCLUSION AND FUTURE WORK

In this work we introduce an algorithm to make inference on
parameters in multimodal, heavy tailed and skewed signals.
To accomplish this goal we propose a fully Bayesian mix-
ture model using α-stable densities that allows us to use re-
versible jump Markov chain Monte Carlo in order to achieve
the number of components. Simulation results demonstrate
that our algorithm performs very accurately. In future work,
this model could be extended to the case in which parameters
α and β are different for every component.
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