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ABSTRACT

In this paper we derive a new adaptive filtering algorithm.
Starting from a general square-root formulation [1], we in-
troduce a normalization transform to the updating scheme of
the block-diagonal adaptive algorithm presented in [1]. This
algorithm is efficiently implemented with a low complexity,
the resulting algorithm is similar to the NLMS one. Simu-
lations, in the context of multichannel adaptive filtering with
highly intercorrelated channels, show a fast convergence of
our new algorithm.

1. INTRODUCTION

Adaptive filtering has received a considerable attention dur-
ing last decades because of its application in many fields such
as system identification, echo cancellation and equalization.

One of the best known adaptive filter is perhaps the gradi-
ent type one using the Least Mean Square (LMS) algorithm,
it is extremely robust and simple to implement but it has lim-
ited performance. The Recursive Least Squares (RLS) adap-
tive algorithm is the other well known algorithm, it is more
complex but it can yield a very fast convergence.

The square-root form of recursive least squares is based
on elementary (rotation) transforms, so it has a better nu-
merical robustness than the standard RLS [5]. Recently,
we have generalized this square-root approach (QR-RLS) to
other non least squares algorithms [1]. We have also derived
other square-root type adaptive algorithms with good perfor-
mances (in [2] and [3]), but they remain more complex than
very low complexity algorithms such as LMS and Normal-
ized LMS (NLMS).

These rotations based algorithms are a very interesting
alternative to standard form recursive least squares and the
issued fast versions (e.g. FTF). In fact, they combine an in-
herent numerical stability [5] with the existence of fast ver-
sions of these algorithms [4].

However, due to the high order of the filter encountered
in some applications (e.g. acoustic echo cancellation), it is
important to have low complexity algorithms.

In the following, we will derive a new square-root adap-
tive filtering algorithm with a first fast (efficient) implemen-
tation. Then we will derive another fast algorithm which
looks like the NLMS. This later will be simulated for sys-
tem identification application.

2. DERIVATION OF THE SQUARE-ROOT FORM

We consider the general framework of an adaptive with
the general input vector of size N, which includes both
monochannel and multichannel adaptive filtering.

The input vector,

x(n) = ( xi(n)

The output error is given by

x3 (n)

where d (n) is the signal reference.

and w(n) = ( wi(n) wa(n) wy (n) ) is the
parameter vector.

Our new square-root adaptive algorithm will be formu-
lated by an update scheme similar to the Block-diagonal
QR (BQR) adaptive algorithm which fits within the general
square-root framework [1].

We start from the BQR adaptive algorithm with N
unitary-sized blocks

Its update scheme is given by

() d(n)

X o’

Q-1 4R (n—1) ldw’(n—l)}:{R(n)
where the diagonal matrix

R'(n—1)=diag(ri(n—1),r,(n—1),....ry(n—1))

and R (n) is an upper triangular matrix decomposed into:
a diagonal part (R’ (n)) and an off-diagonal part (B (n)).

ri(n) X e X
R(n) = r2(n) .
. %
O rv (n)
=R'(n)+B(n)

and the vector
d"(n-1)=d"(n—-1)-Bnr—-1).wn-1)
The parameter vector is obtained by solving
R(n).w(n)=d"(n)
The orthogonal transform Q (r) is (N+1) x (N+1). It

can be decomposed into N elementary Givens transform (ro-
tations)

Q(n) =Qn(n).Qv-1(n)...Qi (n)



where
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Starting from this algorithm, we will propose a new al-
gorithm. It is based on an N steps (k = 0,...,N) update of
R’ (n—1) and d* (n — 1) using at each step a normalization
transform.

In the rest of this section we will detail the formulation
for this new algorithm.

The decomposition of the BQR update scheme into N

steps,
fork=1,..N
<L (n) d,_ (n) ] [ xT (n) d,(n)
U | B\ ) dy, () } - [ Re(n) df (n)
where Ry (n) is equal to
[ r(n) X X T
143 (n) X X
Arpyr (n—1) O
L O Ary(n—1) |
with
Ro(n)=A.R (n—1)
dy (n) =A.d" (n—1)
Ry (n) =R(n)
& (n) = d” (n)
and
Xy (n)=( 0 0 x},(n) Xy () )’
with
xq (n) =x (n)
dy(n) = d (n)
xy(n)=0
dy (n) = d*(n)

Every elementary transform Qy (n) annihilate one com-
ponent of the first line-vector x| (n).
It can be easily showed that

X;{ (n) =y (n) Xk+1,N (n)

where the N-vector,

Xi+1,N (n) = ( 0 0 xpp1 (”) AN (n) )T

and

Y(n) =% () k() . w(m)=1

It follows that Qy (n) (or 6y (n)) depends on Q1 (n) (or
01 (n)).

In order to decouple these matrix, we introduce the nor-
malization transform for xk | ().

Thus, the resulting new algorithm is updated by

fork=1,..,.N

(1

with djy (n) = d (n) and co (n) = 1.

Similarly to [4][3], we expect that our algorithm can be
efficiently implemented with a low complexity. However,
due to the normalization transform, we reach a more impor-
tant reduction in complexity than in the other fast QR based
adaptive algorithms.

3. EFFICIENT IMPLEMENTATION

In the case of the Fast QR algorithm [4], and since we do not
need to explicitly compute the parameter vector, the output
error can be efficiently computed with an O (N) complexity.
Similarly, we will derive a new effecient implementation
of our previous algorithm (see equation 1)
First, let’s define an (N + 1) pinning vector

p=(120 0)"

Then
Qc(n).p=(c(n) 0 -~ 0

sg(n) 0 0’

If we multiply (1) by the vector ( —w’ (n) 1 )T
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The scalar product of (2) by (3) gives
d/
) o w ) = ) ()~ () ()
4)
since the k' component of the vector d)f (n) — Ry (n) w (n)

is equal to zero.
From (3), we verify that X (n) = cx (1) .Xg1 5 (1)
And, by induction, we show that

" (n k
dk( ) d(l’l) _ in (I’l) Wi (n— 1) (5)

¢ (n) =




Replacing (5) in (4) leads to

er—1(n) = ci (n).ex(n) (6)

where ¢ (n) is the output error computed using the pa-
rameter vector wy (n),

wi(n—1)

|l ow (n— 1)
Wi (1) = M]jk+1 (n)

wy ()

Then e, (n) = d (n) —xT (n) wy (n)
Which can be formulated recursively by

ex(n) =ex—1(n) + (wp(n) —wr(n—1))x, (n)  (7)

where
ey (n) denotes the prior output error e,o- (1)
eo (n) denotes the posterior output error e (n)
Combining (6) and (7),

where 77 (n) = x3 (n) + A%.r (n— 1)

This relation is used as an update equation when & varies
from N downto 1.

The resulting new efficient algorithm: ALGO 1,

fork=1,...N
O'k(—l) =0
end k
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end k&
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end n

This algorithm has already a low complexity. However,
in the case of monochannel adaptive filtering, we will further
reduce the complexity by exploiting the shift structure of the
input vector.

4. THE NOVEL NLMS-LIKE ADAPTIVE FILTER

Now, we consider the case of monochannel adaptive filter.
The result is a simple algorithm. The generalization to mul-
tichannel case is quite direct.

In order to get a simple set of update equations, we use
the following new definitions for the vectors x (n) and w (n)

x(n)=(x(m—N+1)

w(n)=( wy(n)

x(n—N+2)
wi (n) )7

This means that ALGO 1 must be reformulated :
- wy(n) is replaced by wy 14 (n)
- ei(n) is replaced by ey 1k (n)
Then we approximate oy (n) by o (n+k—N) where
o(n)=x*(n)+1%0(n—-1).
Finally, we obtain our novel NLMS-like adaptive filtering
algorithm: ALGO 2,

WN-1 I’l)

o(-1)=0
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fork=1,..,.N

O (m)=o(n+1-k).e(n)
wi (n) =wi(n— 1)+ 8 (n)
eir1(n) =ex(n)— 0 (n) x(n+1—k)
end k
e(n) =ent1(n)
end n

The complexity of ALGO 2 is equal to 3N + 1 additions,
3N+ 2 multiplications and 1 division. It is close to the NLMS
complexity.

5. SIMULATIONS

Montecarlo simulations are done over 100 trials.

In next figure, we consider a noisy identification scheme
in the case of multichannel adaptive filter with a forgetting
factor A = 0.99, an SNR = 20dB, and two channels with
highly intercorrelated speech input signals.

Such scheme is encountered in stereophonic acoustic
echo cancellation.

The filter size used here is N = 32.

6. CONCLUSION

The generalized square-root approach of adaptive filtering
[1] have permitted to us the derivation of new adaptive al-
gorithms computationally efficient.

The last derived one (ALGO 2) has a very low complex-
ity like the NLMS. It has also showed good performances in
the case of stéréophonic acoustic echo cancellation.
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Figure 1: MSE vs. time for ALGO 2, QR-RLS and NLMS
(with speech input signal)
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