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ABSTRACT

In this paperwe proposea simple methodto invert the Fourier
transformcomputediusingzero-padding@ndsliding windows with
delayof onepoint. Supposinghatthewindow sizeis lessthanthe
numberof frequenciesyve shav thatthe time-domainsignalcan
berecareredmultiplying the frequeng-domainsignalby a2 x 2
matrix. Usingthisresult,we proposea criterionto separateon/o-
lutive mixturesof signalsin the frequeny domain. The proposed
approachhasa reducedcomputationatostbecausenly two fre-
gueng binsareconsidered.

Keywords: Frequeng-domain approaches,signal separation,
cornvolutive mixtures,Fouriertransform.

1. INTRODUCTION

It is well known thatthe propertiesof the Fouriertransformallow
to solve mary signalprocessingroblemswheretime-domainap-
proachedail. For instancemary authorshave recentlyproposed
methodgo separateorvolutive mixturesof statisticallyindepen-
dentsignalsworkingin thefrequeng domain[1, 2,5, 6,9, 10, 11].
Theideais to corvert the corvolutive mixturein severalinstanta-
neousmixturesby computingthe Fourier transformof the mea-
surestaken by several sensorgobsenations). Subsequentjyeach
individual problemis solvedusingalgorithmsproposedo separate
instantaneoumixtures(se€g 3] andreferencesherein)and finally,
thetime-domainsignalsarerecoveredusingthe Fouriertransform
inverse. Thesefrequeng-domainapproachesre attractize solu-
tionsto mary problemswheretemporalapproachesail like, for
example,whenthe mixing systeminvolves non-minimumphase
transferfunctions[8]. Unfortunatelythepracticalimplementation
of the frequeng-domainsolutionsis limited becausef the large
numberof frequencieshatmustbe consideredn orderto achieve
agoodperformance.

In this paperwe introducea nevw methodto invert the Fourier
transformusingonly two frequeng bins. We shav thatthe time-
domainsignal and the frequeng-domain signal are relatedby a
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2 x 2 matrix whenthe Fouriertransformis computedusingzero-
paddingandsliding windows with delayof onepoint. As aconse-
guence the time-domainsignal canbe recoreredmultiplying the
frequeng-domainsignalby the inverseof this matrix. Usingthis

result,we proposea methodto separateorvolutive mixtureswith

areducedcomputationatostbecaus®nly two frequeny binsare
considered.

This paperis structuredasfollows. In Section2, we present
the new methodto invert the sliding Fourier transform. This re-
sult is usedin Section3 to solve the signal separatiorproblem.
In Section4 we testthe performanceof the proposedseparating
systemin anindustrialapplicationwhereseseral motorsmustbe
monitored[6, 7]. Finally, Section5 is devotedto the conclusions.

2. SLIDING FOURIER TRANSFORM INVERSION
o ! I varirer |29 F ] s
Sﬂ[ Sliding FT Js[w 0 do g 1 M

Fig. 1. Schemeo invertthesliding Fouriertransform

s(n + K)

In this sectionwe proposea methodto invert the sliding
Fouriertransformof a signals(t). The sliding Fouriertransform
is obtainedby applyingthe DiscreteFourier Transform(DFT) to
moving windows of the signal. Towardsthis aim, we split s(t)
in overlappedwindows of K points,i.e., s(t.) = [s(tr), s(tr +
1), ..., s(tr + K = 1)]7, t, = 0,1, .... Subsequentywe compute
the L-pointsDFT (L > K, with zero-paddingf L — K points)
givenby

K-1
slwe, tr] = Z s(tr + m)e Ir™ O

m=0

wherewy, = 27k/L denoteghefrequeny bin.

It is importantto note that this transformintroducesredun-
dang into the frequeng-domainsignal. For instance,note that
slwy,t,] and sfwy,t, + 1] differ in two samples,s(t,) and
s(t» + K). This redundang is exploited by the systemshawvn
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Fig. 2. Example:original signalandits Power SpectralDensity;
(b) recoveredsignalandits Paver SpectraDensity

in Figurel to recover the time-domainsignalusingonly two fre-
queng bins,w; andw,. First,wefilter the sfwy, t,] ands[wg, tr]
versugtheindex ¢, using

iox L
—j2r 5

S[OJf, t’"] - S[wf, tr + 1]6

slwg, tr + l]e_jzw%

zlwg, ] =
)

Sincethe Fouriertransformhasbeencomputedover sliding win-
dows with delayof onepoint, the frequeng-domainsignalsat ¢,
andatt, + 1 areoverlappedn K pointsandwe canwrite

Z[UJg,tr] = S[O.Jg,tr] -

K-1
o fm
slwg, t, +1] = Z s(t, +m)e 7L
m=0
o K =1)
= slws,t,] —s(t:) +s(t, + K)e /> T
K_l . gm
Slwg, tr +1] = Z s(t, +m)e ™ °" L
m=0
o g(K—1)
= sfwg,tr] = s(t:) + s(t, + K)e > F

@)

Substituting(3) in (2), we seethatthefiltered outputsonly depend
onthetimeinstants(¢,) ands(t, + K)

s(ty) — s(tr + K)e 12T
s(te) — sty + K)e 927

z[wf’tT] =

Z[wgat"‘] =

(4)

In acompactform, we canwrite

zlw] = Ms(t), i=1,..,N (5)

wherezw, t,] = [zlwy, tr], 2[wg, t:)]", s(t) = [s(t:), st +
K)]¥, and

_e—im i 6
_e—im i ©)

Sincewe have computedthe DFT with zero-paddingof L — K
points (L > K), thecondition f # g + pL/K (wherep is an
integernumber)guaranteethatM is aninvertible matrix andthe
signalscanberecoveredusing

s(t) = M_lz[w,t,] @)
Finally, thecomponentorrespondingo s(t,) is taken.

In orderto illustratethe performancef the proposednethod,
Figure 2 (a) shavs a time-domainsignal andits Power Spectral
Density(PSD).It canseethattheimportantcomponentsippeaat
10H z, 40Hz and50H z. We have computecthe sliding Fourier
transformof L = 256 frequenciesver windows of K = 64 sam-
ples,andwe have selectedhefrequeng bins f = 10 andg = 11.
Figure2 (b) shavs therecoveredsignalandits PSD.It is apparent
thatthe original signalhave beenperfectlyrecorered.

3. SIGNAL SEPARATION

Using the result presentedabore, we will proposea criterion to
separatstatisticallyindependensignalsin thefrequeng domain.
The methodhasa reducedcomputationakostbecauseonly two
frequeng bins are used. First, we will introducethe classical
modelusedin signalseparationLets(n) = [s1(n), ..., sx (n)]

be the vectorof IV signalswhoseexact probability densityfunc-
tions are unknavn. We assumehat the signalsare real-\alued,
non-GaussiadistributedandstatisticallyindependentThe obser

vationvectorx(n) = [z1(n), ..., zx (n)]T providesa convolutive
combinationof the N signals,i.e.,

(oo}

Z A(k)s(n—k)

k=—00

x(n) =

®)

whereA (k) is anunknavn NV x N matrix representinghe mixing
system.Fromthe propertiesof the Fouriertransform,we canas-
sumethattheobserationsateachfrequeng bin areinstantaneous
mixturesof thesignals,.e.,

X[wy, tr] = Alwyls[wy, tr]
x[wg, t,] = Alwgls|wy, tr] 9)
wheretheDFT hasbeenappliedover overlappednoving windows
(with delayof onepoint) andusingzero-paddingf L — K points.
Here L is the numberof frequencieand K is thewindow length.
Note thatin the frequeng-domain,the obserationshave the fol-
lowing form

x

—1

Tiws, tr] = zi(t, +m)e ™

x 3
oy

zi(tr + m)e_ngm
0

2TZ["Jg: tr] =

(10

3
Il
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wherewy = 2nf/L andw, = 2mg/L denotethe selectedre-
qguencies.

In orderto separatehe signalswe proposeto usethe system
shavn in Figure 3. In the frequeng-domain, the instantaneous
mixturesgivenin expressior(9) areindependentlgeparatedsing
systemawith coeficients W[w;] andW{w,]. Theoutputsof the
separatingystemsarecomputedasfollows

ylwy, tr] = Wlwy]x[wy, tr]
Y[wmtf‘] = W[wg]x[wgat"‘] (11)

The aim in signal separatioris to obtainthe separatingnatrices
suchasall the signalsarerecovered. For instance,f the mixing
matricesA [w¢] andAfw,] in (9) areinvertibleandknown, we can
recover the signalsat eachfrequeny usingWiws] = A~ '[wy]
andWw,] = A~ ![w,]. In othercase whenthe mixing systems
are unknawn, the matricesWiw;] and Ww,] can be obtained
usingunsupervisealgorithmsproposedo separaténstantaneous
mixtures(see[3] andreferencesherein).

It isimportantto notethatwhenthesignalsareseparateceach
outputhasthefollowing form

si[wf7t’!']

K-1 .
= Z si(tr +m)e™ 7T
m=0

Si[wgatT]

K-1 .
= Z si(tr + m)e_ﬂ"gT
m=0

i=1,.,N 12)

yilwy, ]

Yi [wga tT] =

In orderto obtainthetime-domairsignals we filter y;[w¢, t,] and
yilwg, t-] versusheindex ¢, using

_jor L
J27rL

zilwy, tr] yilws, tr] — yilwy, tr + e

yilwg, tr] — yilwg, tr + 1]e_j27rL
1=1,..,.N (13)

Zi [wQ:t"‘] =

Notethatthesefiltered outputshave the sameform lik e expression
2),i.e,

_ion L

zilwg,te] = silwg,te] — sifws, te + 1]e i2m g

Zi[wg:t'r] = Si[wg,tr] — Si[wg,tr + 1]e—j27r%
1= 1,...,N (14)

As a consequencaye obtain
_ior TK
Zi[u)f,tr] = s'i(tr) — si(tr +K)6 jem iy
9K
Zi[LUg,tr] = s'i(t'r) — si(t'r + K)e—]ZWgT

i=1,..,N (15)

By the reasoningn Section2, we find that the relationshipbe-
tween the vector containing the filtered outputs, z;[w, t,] =
[zi]wy, tr], zi[wg, t-]]", andthe vector correspondingo the i-th
signal,s; (t) = [s;(tr), si(t» + K)]*, is thefollowing

zi[w,t,] = Ms;(t), i=1,..,N (16)

whereM is the2 x 2 matrix givenin expression(6). Recallthat
the condition f # g + pL/K (wherep is an integer number)
guaranteeshat M is an invertible matrix andthe signalscanbe
recoveredusing

si(t) = M 'zifw,t,], i=1,..,N (17)

Finally, thecomponentorrespondingo s; (¢, ) is taken.

4. ROTATING MACHINESMONITORING

Thereexistsa greatinterestin applyingsignalseparatioomethods
for monitoringmechanicabystem([6, 7]. Theideais to recoserer
thesignature®f severalmotorswithouthaving to stopthem.From
thesignaturesit is possibleto obtainimportantinformationabout
themotorssuchas,for example the existenceof faults.

In our experimentwe have consideredwo DC motorswhose
signaturesireshavedin Figure4 (a). Themotor#1 hasarotation
speedof 48.5Hz. This motoris fed by a singlephasewiring (rec-
tified) which presentd 00Hz for fundamentafrequeng plushar
monics.Motor #2 turnsat 31.5Hz andis fed by two phasewiring
which presentl00and200Hz. Eachmotor is fitted out with two
singlerow roller bearingsanddrives a main shaftequippedwith
two self aligning roller bearings. Roller bearingsinduceseveral
defectfrequenciesmotor#1 presentsfaultat 207 Hz andmotor
#2 presentshreefaultsat 134Hz, 179Hz and210Hz. Detailsof
thetestbenchcanbeconsultedn [6]. We have used20, 000 sam-
plesof thetemporalsignalsrecordedo 2 kHz. The signalshave
beenpassedhoughtfilters ai; (z) = (ai; + 27")/(1 + aijz™")
wherethe coeficientsa;; have beenrandomlygenerated.

In the separatingystem,we have usedK = 100 andL =
1024 andwe have selectedf = 12 andg = 13 becausehe
signalshave similar powersin thesefrequeng bins. In orderto
separat@achinstantaneoumixture,we have consideredhetheo-
retical solution (SFDA-TS) wherethe inverseof eachtrue mixing
matrix is usedanda blind solutionwherethe separatingnatrices
areobtainedusingthe JADE (Joint ApproximateDiagonalization
of Eigen-matricesplgorithm proposedn [4]. The performance
hasbeenmeasuredn termsof the MSE (MeanSquareError) be-
tweentheoriginal andtherecoseredsignaturesTablel shavs the
MSE (averagedover 10 independentealizations)obtainedusing
SFDA-TS and SFDA-JADE. From theseresultswe canconclude
thatboth SFDA-TS andSFDA-JADE present goodbehaior.

Figure4 alsoshaws the Power SpectralDensity (PSD)of the
obsenrations(part (b)) and of the recoveredsignals(part (c)) for
a simulationwherethe obtainedMSE hasbeenof -63.5646dB
for SFDA-TS andof -45.0820dB for SFDA-JADE. EachPSDhas
beennormalizedby its maximumvalue. In Figure4 (c), we can



seethatthe rotatingfrequeng plus harmonicsof the two motors
have beenrecorered. However, like in the original signatureof

the motor #2, only the rotating frequenyg andthe first harmonic
canbe easilyidentified. The feedingfrequenciegat 100 and200

Hz) presenin bothsignalshave beenalsorecosered. Concerning
the bearingfrequenciesthefaultin 207 Hz is easilyassociatedio

motor #1 andthe faultsat 134 Hz and179 Hz areassociatedo

motor#2. It is difficult to associateéhefaultat210Hz but it also
occursin theoriginal signatures.

5. CONCLUSION

We have proposeda methodto invert the sliding Fourier trans-
form. The basicideais to find a 2 x 2 matrix which relatesthe
time-domainsignalandthe frequeng domain-signal This matrix
existsif the Fouriertransformof L frequenciess computedover
windows of K pointswith K < L. Usingthisresult,we have pro-
poseda methodto separatsstatisticallyindependensignalsusing
only two frequeng bins. In addition,we have presentedimula-
tion resultsthatshav the goodperformancef the proposedsepa-
ratingsystemin anindustrialapplicationwhereseseralmotorsare
monitored.

SFDA-TS
Rotatingmachines| -67.1731dB

SFDA-JADE
-45.3598dB

Table 1. MSE obtainedn thesimulations
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Fig. 4. Experimentakesultsobtainedfor rotatingmachinesnon-
itoring: (a) PSD of the signals;(b) PSD of the obserations; (c)
PSDof the outputsobtainedwith SFDA-TS and SFDA-JADE.



