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ABSTRACT

In this paperwe proposea simple methodto invert the Fourier
transformcomputedusingzero-paddingandslidingwindowswith
delayof onepoint. Supposingthatthewindow sizeis lessthanthe
numberof frequencies,we show that the time-domainsignalcan
berecoveredmultiplying thefrequency-domainsignalby a

�����
matrix. Usingthis result,weproposeacriterionto separateconvo-
lutive mixturesof signalsin thefrequency domain.Theproposed
approachhasa reducedcomputationalcostbecauseonly two fre-
quency binsareconsidered.
Keywords: Frequency-domain approaches,signal separation,
convolutive mixtures,Fouriertransform.

1. INTRODUCTION

It is well known thatthepropertiesof theFouriertransformallow
to solve many signalprocessingproblemswheretime-domainap-
proachesfail. For instance,many authorshave recentlyproposed
methodsto separateconvolutive mixturesof statisticallyindepen-
dentsignalsworkingin thefrequency domain[1, 2,5,6,9,10, 11].
Theideais to convert theconvolutive mixture in several instanta-
neousmixturesby computingthe Fourier transformof the mea-
surestakenby severalsensors(observations).Subsequently, each
individualproblemis solvedusingalgorithmsproposedto separate
instantaneousmixtures(see[3] andreferencestherein)and,finally,
thetime-domainsignalsarerecoveredusingtheFouriertransform
inverse. Thesefrequency-domainapproachesareattractive solu-
tions to many problemswheretemporalapproachesfail like, for
example,whenthe mixing systeminvolvesnon-minimumphase
transferfunctions[8]. Unfortunately, thepracticalimplementation
of the frequency-domainsolutionsis limited becauseof the large
numberof frequenciesthatmustbeconsideredin orderto achieve
a goodperformance.

In this paperwe introducea new methodto invert theFourier
transformusingonly two frequency bins. We show that the time-
domainsignal and the frequency-domainsignalare relatedby a
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�����
matrix whentheFouriertransformis computedusingzero-

paddingandslidingwindows with delayof onepoint. As aconse-
quence,the time-domainsignalcanbe recoveredmultiplying the
frequency-domainsignalby theinverseof this matrix. Using this
result,we proposeamethodto separateconvolutive mixtureswith
a reducedcomputationalcostbecauseonly two frequency binsare
considered.

This paperis structuredasfollows. In Section2, we present
the new methodto invert the sliding Fourier transform. This re-
sult is usedin Section3 to solve the signal separationproblem.
In Section4 we test the performanceof the proposedseparating
systemin an industrialapplicationwhereseveral motorsmustbe
monitored[6, 7]. Finally, Section5 is devotedto theconclusions.

2. SLIDING FOURIER TRANSFORM INVERSION
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Fig. 1. Schemeto invert theslidingFouriertransform

In this sectionwe proposea method to invert the sliding
Fourier transformof a signal �����
	 . Thesliding Fourier transform
is obtainedby applyingthe DiscreteFourierTransform(DFT) to
moving windows of the signal. Towardsthis aim, we split ������	
in overlappedwindows of � points,i.e., �����

�	���� ������
�	��������

��� 	���������������� 
 ����� � 	! #"$�%� 
 �'&(� � �����)� . Subsequently, wecompute
the * -pointsDFT ( *,+-� , with zero-paddingof *.�/� points)
givenby

��� 0213��� 
  4� 57698:;=<4> ����� 
 �@?A	�B 63C�D3E ; (1)

where0F1G� �IH9JLK * denotesthefrequency bin.
It is important to note that this transformintroducesredun-

dancy into the frequency-domainsignal. For instance,note that��� 0FML��� 
  and ��� 0FML��� 
 � �  differ in two samples, ����� 
 	 and�����

N�,��	 . This redundancy is exploited by the systemshown
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Fig. 2. Example:original signalandits Power SpectralDensity;
(b) recoveredsignalandits Power SpectralDensity

in Figure1 to recover the time-domainsignalusingonly two fre-
quency bins, 0FM and 0PO . First,we filter the ��� 0FML��� 
  and ��� 0QO���� 
  
versustheindex �

 usingR � 0 M ����
� S� ��� 0 M �T�

� U�@��� 0 M ����
V� �  #B 63C�W�XZY[R � 0 O ����
� S� ��� 0 O �
��
� \�@��� 0 O ���

$� �  #B 6�C]W�XV^[ (2)

SincetheFourier transformhasbeencomputedover sliding win-
dows with delayof onepoint, the frequency-domainsignalsat � 

andat ��
V� � areoverlappedin � pointsandwecanwrite

��� 02M(�
� 
 � �  S� 576_8:;Z<%> ����� 
 �`?A	�B 6�C]W�X Y�a[� ��� 02ML��� 
  \�`����� 
 	9�.����� 
 �`��	�B 6�C]W�X Y�b)c$d\egf[
��� 0 O �
�

F� �  S� 576_8:;Z<%> ������
$�`?A	�B 6�C]W�X ^�a[� ��� 0PO3�
� 
  \�@����� 
 	%�/����� 
 �/��	�B 63C�W�X ^�b�c$d\e!f[

(3)

Substituting(3) in (2), weseethatthefilteredoutputsonly depend
on thetime instant ����� 
 	 and ����� 
 �.��	R � 0 M �
�

� h� �����

�	P�@������
F�/��	�B 63C�W�XQY�c[R � 0 O �
�

� h� �����

�	P�@������
F�/��	�B 63C�W�X ^
c[ (4)

In a compactform, wecanwritei � 0F U�kj,l�����	��nmQ� � �]�)����o (5)

where i � 0p�T�

� ��q� R � 0 M ����
] g� R � 0 O ���

� � " , l����
	A�q� ������
�	��������

r���	! #" , and

jh�ts � �7B 63C�W�XQY�c[� �7B 63C�W�XP^
c[vu (6)

Sincewe have computedthe DFT with zero-paddingof *w�'�
points ( *x+y� ), the condition z|{�~}��.�U* K � (where � is an
integernumber)guaranteesthat j is aninvertiblematrix andthe
signalscanberecoveredusingl����
	Q�kj 6_8 i � 07��� 
  (7)

Finally, thecomponentcorrespondingto ����� 
 	 is taken.
In orderto illustratetheperformanceof theproposedmethod,

Figure2 (a) shows a time-domainsignal and its Power Spectral
Density(PSD).It canseethattheimportantcomponentsappearat� &�� R , ��&�� R and �I&�� R . We have computedthe sliding Fourier
transformof *@� � �I� frequenciesover windows of �~�'��� sam-
ples,andwehave selectedthefrequency bins zn� � & and }�� ��� .
Figure2 (b) shows therecoveredsignalandits PSD.It is apparent
thattheoriginal signalhave beenperfectlyrecovered.

3. SIGNAL SEPARATION

Using the result presentedabove, we will proposea criterion to
separatestatisticallyindependentsignalsin thefrequency domain.
The methodhasa reducedcomputationalcostbecauseonly two
frequency bins are used. First, we will introducethe classical
modelusedin signalseparation.Let l����9	7�|� � 8 ���9	��������)���������_	! #"
be the vectorof o signalswhoseexact probability densityfunc-
tions are unknown. We assumethat the signalsare real-valued,
non-Gaussiandistributedandstatisticallyindependent.Theobser-
vationvector �F���9	$�-� � 8 ���9	��������)��� � ���9	! " providesa convolutive
combinationof the o signals,i.e.,

�F���9	�� �:1 < 6 ��� �
J 	�l����n� J 	 (8)

where� �
J 	 is anunknown o � o matrixrepresentingthemixing

system.From thepropertiesof theFourier transform,we canas-
sumethattheobservationsateachfrequency bin areinstantaneous
mixturesof thesignals,i.e.,�$� 02ML���

] U� � � 0FM� #l�� 0FML�T�

� �$� 0QO���� 
  �� � � 0QO� #l�� 0PO(�T� 
  (9)

wheretheDFT hasbeenappliedoveroverlappedmoving windows
(with delayof onepoint)andusingzero-paddingof *���� points.
Here * is thenumberof frequenciesand � is thewindow length.
Note that in the frequency-domain,theobservationshave the fol-
lowing form

�U�T� 0FML��� 
  4� 57698:;=<4> ���!��� 
 �`?A	�B 6�C�D Y ;���!� 0PO��
� 
  �� 5�6_8:;Z<%> �U�T��� 
 �`?A	�B 63C�D ^ ; (10)
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Fig. 3. Separatingsystem

where 0FM@� ��H z K * and 0PO�� �IH } K * denotethe selectedfre-
quencies.

In orderto separatethesignalswe proposeto usethesystem
shown in Figure 3. In the frequency-domain, the instantaneous
mixturesgivenin expression(9) areindependentlyseparatedusing
systemswith coefficients �t� 02M� and �t� 0 O  . Theoutputsof the
separatingsystemsarecomputedasfollows� � 0FM3�
� 
  ��'�t� 0FM� )�F� 02ML��� 
  � � 0 O ����
� 4���t� 0 O  )�F� 0 O ���

� (11)

The aim in signalseparationis to obtain the separatingmatrices
suchasall the signalsarerecovered. For instance,if the mixing
matrices� � 0 M  and � � 0 O  in (9) areinvertibleandknown, wecan
recover the signalsat eachfrequency using �t� 0FM� 7� �

698 � 0FM� 
and �t� 0QO� _� �

698 � 0PO� . In othercase,whenthemixing systems
are unknown, the matrices ��� 0FM� and �t� 0 O  can be obtained
usingunsupervisedalgorithmsproposedto separateinstantaneous
mixtures(see[3] andreferencestherein).

It is importantto notethatwhenthesignalsareseparated,each
outputhasthefollowing form��� � 0FML��� 
  S� � � � 0FM(�
� 
  � 5�6_8:;=<4> � � ���

$�@?A	�B 63C�W�X Y�a[� � � 0 O ����
� S� � � � 0 O ���

� � 5�6_8:;=<4> � � ��� 
 �@?A	�B 63C�W�X ^�a[mP� � �������)��o (12)

In orderto obtainthetime-domainsignals,wefilter ��� � 0FML�T� 
  and� � � 0 O �
��
� versustheindex �

 usingR � � 0 M �T�

� S� � � � 0 M �
��
� \� � � � 0 M ����
V� �  #B 63C�W�XZY[R � � 0 O �T�

� S� � � � 0 O ���

� U� � � � 0 O ���

$� �  #B 63C]W�XZ^[mQ� � ����������o (13)

Notethatthesefilteredoutputshave thesameform likeexpression
(2), i.e.,R�� � 0FML��� 
  S� � � � 0FM(�
� 
  \�@� � � 02ML��� 
 � �  #B 6�C]W�X Y[RI� � 0QO���� 
  S� � � � 0QO���� 
  U�`� � � 0QO���� 
 � �  #B 63C�W�X ^[mP� � �������)��o (14)

As a consequence,we obtainR � � 0FML�T�

] �� � � ����
�	Q�@� � ���

F�/��	�B 6�C]W�X Y�c[R � � 0 O �T�

] �� � � ����
�	Q�@� � ���

F�/��	�B 6�C]W�X ^
c[mP� � ����������o (15)

By the reasoningin Section2, we find that the relationshipbe-
tween the vector containing the filtered outputs, i�� � 07��� 
  ��� R � � 0FML�T�

� �� R � � 0 O ���

] � " , and the vectorcorrespondingto the m -th
signal, l � ���
	Q� � � � ��� 
 	���� � ��� 
 �.��	! #" , is thefollowingi�� � 07��� 
  ��'j l � ����	��nmP� � ���)����o (16)

where j is the
�����

matrix given in expression(6). Recallthat
the condition z�{�¡}¢�w��* K � (where � is an integer number)
guaranteesthat j is an invertible matrix andthe signalscanbe
recoveredusingl � ���
	2�kj 6_8 i�� � 07��� 
  ��nmQ� � ����������o (17)

Finally, thecomponentcorrespondingto � � ���

�	 is taken.

4. ROTATING MACHINES MONITORING

Thereexistsa greatinterestin applyingsignalseparationmethods
for monitoringmechanicalsystem[6, 7]. Theideais to recoverer
thesignaturesof severalmotorswithouthaving to stopthem.From
thesignatures,it is possibleto obtainimportantinformationabout
themotorssuchas,for example,theexistenceof faults.

In ourexperiment,we have consideredtwo DC motorswhose
signaturesareshowedin Figure4 (a). Themotor £ � hasarotation
speedof 48.5Hz. This motoris fed by a singlephasewiring (rec-
tified) whichpresents100Hz for fundamentalfrequency plushar-
monics.Motor £ � turnsat31.5Hz andis fedby two phasewiring
which present100and200Hz. Eachmotor is fitted out with two
singlerow roller bearingsanddrivesa main shaftequippedwith
two self aligning roller bearings.Roller bearingsinduceseveral
defectfrequencies:motor £ � presentsafaultat207Hz andmotor£ � presentsthreefaultsat134Hz, 179Hz and210Hz. Detailsof
thetestbenchcanbeconsultedin [6]. We have used

� &(��&�&�& sam-
plesof the temporalsignalsrecordedto

�
kHz. Thesignalshave

beenpassedthoughtfilters ¤ � C � R 	G�~��¤ � C � R 6_8 	 K � � �w¤ � C R 6_8 	
wherethecoefficients ¤ � C have beenrandomlygenerated.

In the separatingsystem,we have used �h� � &�& and *¥�� & � � and we have selectedz¦� ���
and }�� ��§

becausethe
signalshave similar powers in thesefrequency bins. In order to
separateeachinstantaneousmixture,wehaveconsideredthetheo-
reticalsolution(SFDA-TS) wheretheinverseof eachtruemixing
matrix is usedanda blind solutionwheretheseparatingmatrices
areobtainedusingtheJADE (JointApproximateDiagonalization
of Eigen-matrices)algorithm proposedin [4]. The performance
hasbeenmeasuredin termsof theMSE (MeanSquareError) be-
tweentheoriginalandtherecoveredsignatures.Table1 shows the
MSE (averagedover 10 independentrealizations)obtainedusing
SFDA-TS andSFDA-JADE. From theseresultswe canconclude
thatbothSFDA-TS andSFDA-JADE presenta goodbehavior.

Figure4 alsoshows thePower SpectralDensity(PSD)of the
observations(part (b)) andof the recoveredsignals(part (c)) for
a simulationwherethe obtainedMSE hasbeenof -63.5646dB
for SFDA-TS andof -45.0820dB for SFDA-JADE. EachPSDhas
beennormalizedby its maximumvalue. In Figure4 (c), we can



seethat the rotatingfrequency plus harmonicsof the two motors
have beenrecovered. However, like in the original signatureof
themotor £ � , only the rotatingfrequency andthefirst harmonic
canbeeasilyidentified. The feedingfrequencies(at 100and200
Hz) presentin bothsignalshave beenalsorecovered.Concerning
thebearingfrequencies,thefault in 207Hz is easilyassociatedto
motor £ � andthe faultsat 134 Hz and179 Hz areassociatedto
motor £ � . It is difficult to associatethefault at 210Hz but it also
occursin theoriginal signatures.

5. CONCLUSION

We have proposeda methodto invert the sliding Fourier trans-
form. The basicidea is to find a

�¢�¨�
matrix which relatesthe

time-domainsignalandthefrequency domain-signal.This matrix
exists if theFourier transformof * frequenciesis computedover
windowsof � pointswith �ª©«* . Usingthis result,wehavepro-
poseda methodto separatestatisticallyindependentsignalsusing
only two frequency bins. In addition,we have presentedsimula-
tion resultsthatshow thegoodperformanceof theproposedsepa-
ratingsystemin anindustrialapplicationwhereseveralmotorsare
monitored.

SFDA-TS SFDA-JADE
Rotatingmachines -67.1731dB -45.3598dB

Table 1. MSE obtainedin thesimulations
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Fig. 4. Experimentalresultsobtainedfor rotatingmachinesmon-
itoring: (a) PSDof the signals;(b) PSDof the observations; (c)
PSDof theoutputsobtainedwith SFDA-TS andSFDA-JADE.


