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ABSTRACT

This paperstudieslifting schemeghat are adaptve with
respectto the gradientvector of the input signaland re-
quire no overheadnformationfor perfectreconstructia.
Thechoiceof theupdatéfilter is triggeredoy abinarydeci-
sioncriterionbasednaweighied/*-typeseminornof the
gradient. Suchan adaptve schemehasgreatpotentialfor
preservingthe disconthuitiesin signalsand imagesand
providing a compactdatarepresentatiorasillustratedby
somesimulaton examples.

1. INTRODUCTION

Wavelet representation provide a powerful tool for the
analysisof signalsandimages.Themultiresolutio analy-
sisderiving from aclassicalinearwavelettransfom, how-
ever, leadsto a uniform smoothig of the imagecontents
whengoingto lowerresolutons. However, in alargenum-
berof applicatimsin signalandimageprocessingt would
be usefulto have wavelet decompositios that leave in-
tactor even enhancecertainimportant signalcharacteris-
tics suchassharptransitons,edgesor, ary othersingular
ity. Theimportanceof such“intelligent” representatic
in imageanalysis,compressiongenoisim, or featureex-
traction, hasbeenrecognizedby variousresearcherand
hasleadto a wealthof new approachei wavelettheory
(bandeletq1], ridgelets[2], curwelets[3], nonlinear[4]
andmorphol@ical wavelets[5], etc.).

A very promising techniqe amongthesenonlinear
representationsonsistsin building wavelet-ike decom-
positions using simple FIR filters, that adaptthemseles
to the signalor imageto be analysedHowever, oneof the
notoliousdrawbacksof suchadaptve schemess theover-
headrepresentethy the additional datathatis required to
“remember’whichfilter hasbeenusedateachiocation.In
[6], anew framewnork basedon anadaptve lifting scheme
hasbeenprovidedfor building perfectreconstructin filter
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banks,which do not require any additional bookleeping
to enableinversin. In this paperwe follow this approach
andprovide anew constructionbasedna quadratt form
criteriondriving thenon-lineardecisionstep.

The paperis organizedasfollows: in the next section
we recallthe constructbn of adaptve lifting schemesghat
do notrequirebookkeeping. In Section3 we introducethe
guadraticdecisioncriterion andprovide the condiionson
the updatefilters for perfectreconstructin. The form of
the updatefilters andsomeinterestirg particulr casesare
alsostudied. Simulatian resultsand concluding remarks
arepresentedn thelasttwo sections.

2. ADAPTIVE UPDATE LIFTING

Let us denotethe input signalby zo(n), n € Z, andits
polyphasecomponentsespectiely by z(n) = zo(2n)

andy(n) = zo(2n+1). In theclassicalifting schemd7],

theupdatefilter, aswell asthe correspondig additionop-
eration, is fixed. Here, our startingpoint is the adaptve
schemeproposedin [6], wheretheseoperationsiepencn
the propertes of the input signal. In this approacha bi-

nary decisionmaptriggeringthe choiceof the updatefil-

ter is constructedbasedon the gradientinformation and
the updateoperatoris selectecaccordingto this map(see
Fig. 1).

Fig. 1. Adaptive updatdifti ng scheme.

More preciselyif d,, is thebinarydecisionatlocation
n, thentheupdatedvaluez’ (n) is givenby

a'(n) = 2(n) ®a, Ua, (y)(n). 1)



In this structure we have a greatflexibili ty in the choiceof
the*addition” @4, aswell astheupdatéfilter U4(y) for the
valuesd = 0, 1. Henceforthwe assumehatthe addiion
@4 is thefollowing invertble operator:

z®qu=aq(z+u), withag#0. (2)

Theupdatéfilter is definedasfollows

Us, )(n) = D Aaniui(n), 3)

j=—1L1

wherey;(n) = y(n + j) and Ly, L, arenonngative in-
Lo
tegers. Unlessotherwisestated,) ; will standfor -
j=—L1
in this paper Notethatthefilter coeficientsAq4,,,; depend
on the decisiond,, in eachpointn. From (1) and(3), we
deducehe updateequationusedat analysis:

Z(n) = aa () + Y Parswi(n), @

Whereﬂd,j = ad)\d,j .

In the next section,we shall be interestedn finding
sufficient condiions allowing to satisfythe perfectrecon-
struction condiion, i.e., to recover z(n) from z'(n) and
the original detail signaly(n). Obviously, we caneasily
invert (4) through

o) = (&)= 3 Baui), 6

presumedhatthe decisiond,, is known at every location
n. This shaws thatthe inverson problem amountsto re-
covering (d») from ' andy. To simplify notatins, we
will henceforthomit n. In [8] it hasbeenshawvn that a
necessaryondiion for perfectreconstructin is that the
value

Kd = aq + Z]_ Ba,;

doesnot dependon d. Throughot the remainderof this
paperwe normalizethepreviousconstantdy settingko =
K1 = 1.

3. QUADRATIC DECISION CRITERION

We definethe gradientvectorv = (v_r,,... ,v5,)T €
RN, N = Ly + L1 + 1, by

Vg =T — Yk, kZ—Ll,...,LQ.
At synthesisthe gradientvectorv’ = (v, ... ,vL,)"

will becomputedn the sameway, thatis, v;, = ' — yx,
k=—Ly,...,Ls.

Thedecisionrmapis assumedo dependexclusively on
the gradientvectorv. Furthermore,we wantto be ableto
recover thedecisionmapat synthesifrom v’.

Thedecisionruleis definedas

d=1 if p(v)>T and d=0 otherwse.

Here, p is a seminorm and T’ denotesa giventhreshold
At synthesisreconstructin of the decisionmapfollows a
similar rule, thatis,

d=1 if p(v')>T and d=0 otherwise,
whereT” is athreshotl relatedto 7.

In our previouswork [6, 8, 9], we have found perfect
reconstructiorconditionsfor variousseminormsin signal
processin@ndcontrol, it is howeverinterestirg to usecri-
teriabasedon ellipsoidal confidenceregions [10]. These
confidenceegions mayfor instancecorrespondo thefact
that the likelihood of a Gaussiarvector exceedsa given
threshold.In this paperwe shallthereforeconsidera deci-
sioncriterionbasednaquadratidorm of thecomponents
of thegradientvector:

p(v) = [vllu = (v Mv)"”, (6)
whereM isa N x N non-zerosymmetricposiive semi-
definitematrix.

The simplestexampleis the casewhere M reduces
to theidenity matrix, I. The decisioncriterion becomes
p(v) = ||v]| in this case.Thisis avery intuitive criterion,
sayingbasicallythatthe adaptatioris basedon the enegy
of thegradientof theinputdata. Thematrix M introduces
an additioral degreeof freedom,allowing to weight the
differentcomponent®f the gradientvectorwith parame-
tersthatcan,for example,be tunedaccordingto their rel-
ative distanceto the sampleto beupdated.

Let r betherankof M (we assumdhatr > 1), and
denoteby u thevectorin RN givenbyu = (1,1,...,1)%.
We obtainthefollowing result[8]:

3.1 Proposition. If p is givenby (6), thenperfectrecon-
structionis possibleif oneof the following two conditions
are satisfied:

1. Mu=0 ;
2. B4 = paMwu ford = 0,1, whee po, 11 are sud
that

11— poS| <1< |1 -S|, @
whee S = |lulli = 32, >, Mij -

Moreover we canchooseT” = T for the threshodl
at synttesisandthis is the choicethat we will usein our
simulatiors.

We discusssomeparticularcasesn moredetail.

1. As seenbefore,if M = I, thenp is the £2-norm.
In this case (7) reducego |1 — uoN| <1< |1 —
pN|, andBq,; = pa ford = 0,1 andall j.

A seminormis afunctionp : RV — Ry with p(Av) =
[Alp(v), andp(v + w) < p(v) + p(w) for v,w € RY and
AER.



2. Assume that M is a diagoral matrix
M = diag(m_Ll,m_Ll_H, . ,mL2) with r
strictly positive diagonaltermsm;. By Prop.3.1
we know thatto guaranteeerfectreconstructia,
we mustchoosehefilter coeficientsin 3 collinear
with vectorM w. Thisimpliesﬁd,] = pam; and(7)
reducesdo|1—po >, . m;| <1< |1—wm EJ mg|.
Notethatif r < IV, tﬁlsyleldsthatﬁd ,j = 0forall
indices;j with m; = 0. In otherwords, theorderof
theupdatefilter, initially assumedo beequalto NV,
is constrainedo beat mostr.

4. SIMULATION RESULTS

We first considerthe casewhere the seminormp is the
weighted£*-norm, i.e, p(v) = (3°; mlv;|*)"/%. Let
Ly =2,Ly =1andM = diag(1/2,1,1,1/2).

Forlow enegy areasvhered = 0, we chooseu such
thatit minimizesthe varianceof the noisein the approx-
imation signal, assumingan additive noisemodelfor the
original signal. If the noiseis uncorrelatedand Gaussian,
it is easyto shav that

Ej m;
2 27
> m5 + (32, m;)
whichin our casegivesuo = 6/23. Ford = 1, we choose

p1 = 0 (i.e., no modificationof the approximatbn signal
for high enegy regions) Thus,

2(17 7171
232 2

po =

Bo = )", a0 = 7,31 0,n=1.
Thetestsignal(whichis afragmentof the‘leleccum’ data
in Matlabwavelettoolbax) is showvn in Fig. 2(a). After the
polyphasedecompositionwe applythe proposecadaptve
updatelift ing, followed by a fixed predictbn stepof the
formy’(n) = y(n) — 1(2'(n) + 2'(n + 1)). Theover
all schemas iteratedover the approximatia signalup to
threelevels. For eachlevel, theapproximatio andthe de-
tail signalsaredepictedin Fig. 2(b) andFig. 2(c) respec-
tively. The decisionmapis also displayedin Fig. 2(b),
whereit hasbeenrepresenteds straigh lines at those
locatiors whered = 1. One canseethat the adaptve
schemeperformsthe smoothingdeterminedy (4) except
for thosesamplesvherethe weightedenegy of the gra-
dient exceedsthe thresholl T. Suchsamplesare consid-
eredas‘singularities’ andthe schemedecides’not to ap-
ply ary smoothhg. For comparisonwe also shav the
decompositia signalsobtainedfor thetwo corresponphg
non-adaptie caseausingeitherUy ( Fig. 2(d)<(e)) or Un,
( Fig. 2(f)-(g)), for theentiresignal.
Onecanseethattheadaptve schemeieldsasmoothed
approximatbn signalexceptnearthe discontnuities. The
detail signalshows only a single peaknearsuchdisconti-
nuities and avoids the oscillatoy behaiour exhibited by
theclassicahon-adapve case.

To getanevaluationof thecompressiomfficiency that
can possiby be achieved by application of our adaptve
schemewe computethe entropiesof the obtaired decom-
positionsin the adaptve andthe two non-adapt/e cases.
We consider: (1) the entrogy of the probabiity distribu-
tion of the decompositia; aswell asthe entropesbased
on (2) thenormalizedmagnitua: and(3) enegy distribu-
tion [11]. Namely givena sequencee = {z;}/,, we
compute(1) asho = — 3K | f(:) log, f(zi), wheref
is the histogamof «; and(2), (3) (with p = 1,2 respec-
tively) as

hP (m) z |||ZZ|||I, | ’

where|| - ||, refersto the ¢#-norm. In eachcase the en-
tropy is computedndependerty for eachof the four sig-
nals(theapproximatio atthethird level plusthethreede-
tail signals)scaledaccordingto the numberof samplef
eachsignal,andfinally addedup. Table1 shaws that, for
all theseentropiesthe adaptve schemeperformssignifi-
cantlybetterthanthe non-adaptie schemes.

\ | adaptie | d=0 | d=1 ]

ho 9.993 11.189 | 10.588
h1 12.473 | 13.137 | 12.832
ha 7.457 9.671 8.489

Table 1. Entropy valuesfor the adaptve (left), non-
adaptve using Uy (center) and non-adapte using Uy
(right) decompositia schemesEachrow correspondso
adifferententroy methodcomputation.

5. CONCLUSION

In this paper we have studieda nonlinear updatelifti ng
schemarivenby anautomaticadaptatiorrule. Simulaton
testsshaw the capacityof the correspondingnultiresol-
tion decompositiorin preservingthe sharptransitonsin
theanalysedsignal,evenat coarseesoluton. Theentropy
reductionachiesed by this new schemeis also a strong
indication of its potental in datacompression.Applica-
tions of this techniqueto imageanalysisarecurrentlyun-
derinvestgation. In our future work we will alsomake a
comparisorbetweerthevariousseminormsincluding the
guadraticseminormusedin this paper thatcanbe usedin
the decisionrule triggeringthe updatefilter.
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Fig. 2 (a)originalsignal;(b) adaptve,(d)non-adaptie

d = 0 and(f) non-adaptie d = 1 approximatia signals; . i
(c) adaptve, (e) non-adagtie d = 0 and(g) non-adaptie # fM,M
d = 1 detailsignals.In ead casethe coarsessignal(3rd » y
level) is displayedatthetop, followedby thesignalsatlev- 2

els2 and1. In (b), thestraightlinesindicatethe locatiors s w  m @ = oo www
whered = 1. ® (9)




