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ABSTRACT

This paperstudieslif ting schemesthat areadaptive with
respectto the gradientvectorof the input signaland re-
quire no overheadinformationfor perfectreconstruction.
Thechoiceof theupdatefilter is triggeredby abinarydeci-
sioncriterionbasedonaweighted ��� -typeseminormof the
gradient.Suchanadaptive schemehasgreatpotentialfor
preservingthe discontinuities in signalsand imagesand
providing a compactdatarepresentation,asillustratedby
somesimulation examples.

1. INTRODUCTION

Wavelet representations provide a powerful tool for the
analysisof signalsandimages.Themultiresolution analy-
sisderiving from aclassicallinearwavelettransform,how-
ever, leadsto a uniform smoothing of the imagecontents
whengoingto lowerresolutions.However, in alargenum-
berof applicationsin signalandimageprocessingit would
be useful to have wavelet decompositions that leave in-
tact or even enhancecertainimportant signalcharacteris-
ticssuchassharptransitions,edges,or, any othersingular-
ity. The importanceof such“intelli gent” representations
in imageanalysis,compression,denoising, or featureex-
traction,hasbeenrecognizedby variousresearchersand
hasleadto a wealthof new approachesin wavelet theory
(bandelets[1], ridgelets[2], curvelets [3], nonlinear [4]
andmorphologicalwavelets[5], etc.).

A very promising technique amongthesenonlinear
representationsconsistsin building wavelet-like decom-
positions using simple FIR filters, that adaptthemselves
to thesignalor imageto beanalysed.However, oneof the
notoriousdrawbacksof suchadaptiveschemesis theover-
headrepresentedby theadditionaldatathat is required to
“remember”whichfilter hasbeenusedateachlocation.In
[6], a new framework basedon anadaptive lif ting scheme
hasbeenprovidedfor building perfectreconstructionfilter�
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banks,which do not require any additional bookkeeping
to enableinversion. In this paper, we follow this approach
andprovideanew construction, basedonaquadratic form
criteriondriving thenon-lineardecisionstep.

Thepaperis organizedasfollows: in thenext section
we recall theconstruction of adaptive lift ing schemesthat
donot requirebookkeeping. In Section3 we introducethe
quadraticdecisioncriterion andprovide theconditionson
the updatefilters for perfectreconstruction. The form of
theupdatefilters andsomeinteresting particular casesare
alsostudied. Simulation resultsandconcluding remarks
arepresentedin thelasttwo sections.

2. ADAPTIVE UPDATE LIFTING

Let us denotethe input signalby �	��

��� , ����� , and its
polyphasecomponentsrespectively by ��

������� � 
������
and ��

������� � 
����! #"$� . In theclassicallift ing scheme[7],
theupdatefilter, aswell asthecorresponding additionop-
eration,is fixed. Here,our startingpoint is the adaptive
schemeproposedin [6], wheretheseoperationsdependon
the propertiesof the input signal. In this approach,a bi-
narydecisionmaptriggeringthechoiceof the updatefil-
ter is constructedbasedon the gradient information and
theupdateoperatoris selectedaccordingto this map(see
Fig. 1).
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Fig. 1. Adaptiveupdatelifti ng scheme.

Moreprecisely, if :<; is thebinarydecisionat location� , thentheupdatedvalue � , 

��� is givenby

� , 

���=�>��
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�B�C

���ED (1)



In thisstructure,wehaveagreatflexibili ty in thechoiceof
the“addition”

)+*
, aswell astheupdatefilter

4 * 

�B� for the
values :F�HGJIK" . Henceforthwe assumethat theaddition)+*

is thefollowing invertible operator:

� )+*ML �>N * 

�O L �PI with N *RQ�>GBD (2)

Theupdatefilter is definedasfollows4 *A@ 

�B�C

����� SBTUVXWZY S-[	\ *P@B] V � V 

���EI (3)

where � V 

���^�_�E

�` bac� and dfeKIXd � arenonnegative in-

tegers. Unlessotherwisestated,g V will standfor

SJTgVXWZY S [
in this paper. Notethatthefilter coefficients \ * @ ] V depend
on thedecision: ; in eachpoint � . From(1) and(3), we
deducetheupdateequationusedatanalysis:

� , 

���=�>N *P@ ��

���� U V�h *A@	] V � V 

���EI (4)

whereh *�] V ��N * \ *K] V .
In the next section,we shall be interestedin finding

sufficient conditionsallowing to satisfytheperfectrecon-
structioncondition, i.e., to recover ��

��� from � , 

��� and
the original detail signal ��

��� . Obviously, we caneasily
invert (4) through

��

���=� "N *P@Oi � , 

����j U V h *A@	] V � V 

���lk=I (5)

presumedthat thedecision:<; is known at every location� . This shows that the inversion problem amountsto re-
covering 
m:<;B� from � , and � . To simplify notations, we
will henceforthomit � . In [8] it hasbeenshown that a
necessarycondition for perfectreconstruction is that the
value n * �>N *  U V h *K] V
doesnot dependon : . Throughout the remainderof this
paperwenormalizethepreviousconstantsby setting

n
� �n

eo�p" .

3. QUADRATIC DECISION CRITERION

We definethe gradientvector qr�s

t Y S [ IKDKDCD�Iut S T �wvx�
IRy , zs��d �  {dfe� �" , by

t<|^�>�Rj}�<|<I�~��pj�dfe$IKDCD�D�Iud � D
At synthesis,thegradientvector q , ��

t ,Y S	[ IKDKDKD�Iut ,SJT �wv
will becomputedin thesameway, that is, t ,| �p� , jb�<| ,~��pjfd e I�DCDKD�Ild � .

Thedecisionmapis assumedto dependexclusively on
thegradientvector q . Furthermore,we want to beableto
recover thedecisionmapatsynthesisfrom q , .

Thedecisionrule is definedas

:���" if ��

q��o��� and :O�>G otherwise.

Here, � is a seminorm1 and � denotesa given threshold.
At synthesis,reconstruction of thedecisionmapfollowsa
similar rule, thatis,

:���" if ��

q , ����� , and :O�>G otherwise,

where��, is a threshold relatedto � .
In our previouswork [6, 8, 9], we have foundperfect

reconstructionconditionsfor variousseminorms.In signal
processingandcontrol,it is however interesting to usecri-
teria basedon ellipsoidalconfidenceregions [10]. These
confidenceregionsmayfor instancecorrespondto thefact
that the likelihoodof a Gaussianvectorexceedsa given
threshold.In thispaper, weshallthereforeconsideradeci-
sioncriterionbasedonaquadraticform of thecomponents
of thegradientvector:

��

q��=���AqM�C��� i q vZ� q�k eu� � I (6)

where � is a z���z non-zerosymmetricpositive semi-
definitematrix.

The simplestexample is the casewhere � reduces
to the identity matrix, � . The decisioncriterion becomes��

q����H�Aq�� in this case.This is a very intuitive criterion,
sayingbasicallythattheadaptationis basedon theenergy
of thegradientof theinputdata.Thematrix � introduces
an additional degreeof freedom,allowing to weight the
differentcomponentsof thegradientvectorwith parame-
tersthatcan,for example,betunedaccordingto their rel-
ativedistanceto thesampleto beupdated.

Let � be the rankof � (we assumethat ����" ), and
denoteby � thevectorin IRy givenby ����
l"�IC"�IKDKDKD�IK"$�wv .
We obtainthefollowing result[8]:

3.1 Proposition. If � is givenby (6), thenperfectrecon-
structionis possibleif oneof thefollowing two conditions
are satisfied:

1. � ���>G ;

2. � * ��� * � � for :`�_GJIK" , where � � Il��e are such
that �

"�j}� �$�
�<�

"
���� "fj���e �

�
I (7)

where � �_� L �C�� ��g>�<g V � � V .

Moreover we can choose� , � � for the threshold
at synthesisandthis is the choicethat we will usein our
simulations.

We discusssomeparticularcasesin moredetail.

1. As seenbefore,if � �¡� , then � is the � � -norm.
In this case (7) reducesto

�
"fjb� � z

�B�
"
�_�
"fj� e z

�
, and h *�] V ��� * for :O�>GJIK" andall a .

1A seminormis a function ¢{£ IRy¥¤ IR ¦ with ¢-§
¨�©-ª?«¬ ¨ ¬ ¢-§­©Eª , and ¢-§­©�®�¯�ª±°�¢	§­©-ª�®`¢-§­¯Oª for ©�²³¯µ´ IR y and¨�´ IR.



2. Assume that � is a diagonal matrix� �·¶B¸º¹�» im¼ Y S-[ I ¼ Y S	[ ¦ e$IKDCD�D�I ¼ SJT k with �
strictly positive diagonalterms ¼ V . By Prop.3.1
we know that to guaranteeperfectreconstruction,
wemustchoosethefilter coefficientsin � * collinear
with vector� � . Thisimplies h *�] V ��� * ¼ V and(7)
reducesto

�
"Ej�� ��g V ¼ V

�c�
"
���
"EjO�Ze g V ¼ V

�
.

Notethatif ��½¾z , this yieldsthat h *�] V ��G for all
indicesa with ¼ V �>G . In otherwords,theorderof
theupdatefilter, initially assumedto beequalto z ,
is constrainedto beat most � .

4. SIMULATION RESULTS

We first considerthe casewherethe seminorm� is the
weighted � � -norm, i.e, ��

q��{�¿
�g V ¼ V

�
t V
�
� � el� � . Letdfeo��� , d � �p" and � ��¶B¸º¹�» i "�À��cIK"�IK"�IK"$À�� k .

For low energy areaswhere:��>G , wechoose��� such
that it minimizesthe varianceof the noisein the approx-
imation signal,assumingan additive noisemodel for the
original signal. If thenoiseis uncorrelatedandGaussian,
it is easyto show that

� � � g V ¼ Vg V ¼ �V  i g V ¼ V k � I
which in ourcasegives � � ��Á�À���Â . For :O�p" , wechoose��e±�_G (i.e., no modificationof theapproximation signal
for highenergy regions). Thus,

� � � Á��Â 
 "� IC"�IC"�I "� � v IZN � �·Ã��Â I�� e ��Ä�IZN!eo��"=D
Thetestsignal(which is a fragmentof the‘leleccum’data
in Matlabwavelettoolbox) is shown in Fig. 2(a).After the
polyphasedecomposition, weapplytheproposedadaptive
updatelift ing, followed by a fixed prediction stepof the
form � , 

���±���E

���!j e� 

� , 

���� Å� , 

�Æ �"$�u� . Theover-
all schemeis iteratedover theapproximation signalup to
threelevels.For eachlevel, theapproximation andthede-
tail signalsaredepictedin Fig. 2(b) andFig. 2(c) respec-
tively. The decisionmap is also displayedin Fig. 2(b),
where it has beenrepresentedas straight lines at those
locations where :p�Ç" . One can seethat the adaptive
schemeperformsthesmoothingdeterminedby (4) except
for thosesampleswherethe weightedenergy of the gra-
dient exceedsthe threshold � . Suchsamplesareconsid-
eredas‘singularities’ andthescheme‘decides’not to ap-
ply any smoothing. For comparison,we also show the
decomposition signalsobtainedfor thetwo corresponding
non-adaptive casesusingeither

4 � ( Fig. 2(d)-(e)) or
4 e ,

( Fig. 2(f)-(g)), for theentiresignal.
Onecanseethattheadaptiveschemeyieldsasmoothed

approximation signalexceptnearthediscontinuities. The
detail signalshows only a single peaknearsuchdisconti-
nuitiesandavoids the oscillatory behaviour exhibited by
theclassicalnon-adaptivecase.

To getanevaluationof thecompressionefficiency that
can possibly be achieved by application of our adaptive
scheme, we computetheentropiesof theobtaineddecom-
positions in the adaptive andthe two non-adaptive cases.
We consider: 
l"$� the entropy of the probability distribu-
tion of the decomposition; aswell asthe entropiesbased
on 
���� thenormalizedmagnitude and 
mÂ<� energy distribu-
tion [11]. Namely, given a sequenceÈ¡�ÊÉ$� �³Ë�Ì� W e , we
compute
l"$� as Í � �Hj�g Ì� W e�Î 

� � �JÏÑÐ�» � Î 

� � � , where Î
is thehistogramof È ; and 
���� , 
mÂ�� (with �F�H"�IA� respec-
tively) as

ÍcÒB
mÈ!�!�pj ÌU � W e
�
� �
� Ò

�PÈ�� Ò ÏÑÐ�» �
�
� �
� Ò

�PÈf� ÒÒ I
where ��ÓE�uÒ refersto the � Ò -norm. In eachcase,the en-
tropy is computedindependently for eachof the four sig-
nals(theapproximation at thethird level plusthethreede-
tail signals),scaledaccordingto thenumberof samplesof
eachsignal,andfinally addedup. Table1 shows that, for
all theseentropies,the adaptive schemeperformssignifi-
cantlybetterthanthenon-adaptive schemes.

adaptive :O�>G :��p"ÍJ� ÔJD Ô�Ô�Â "�"�DÑ"�Õ�Ô "�GBD Ã Õ�ÕÍEe "$�cD Ö<×�Â "�ÂJDÑ"�Â�× "$�JD Õ�Â��Í � ×cD Ö Ã × ÔBD Á<×c" ÕJD Ö�Õ�Ô
Table 1. Entropy values for the adaptive (left), non-
adaptive using

4 � (center) and non-adaptive using
4 e

(right) decomposition schemes.Eachrow correspondsto
a differententropy methodcomputation.

5. CONCLUSION

In this paper, we have studieda nonlinear updatelifti ng
schemedrivenby anautomaticadaptationrule. Simulation
testsshow thecapacityof thecorrespondingmultiresolu-
tion decompositionin preservingthe sharptransitions in
theanalysedsignal,evenatcoarseresolution. Theentropy
reductionachieved by this new schemeis also a strong
indication of its potential in datacompression.Applica-
tionsof this techniqueto imageanalysisarecurrentlyun-
der investigation. In our futurework we will alsomake a
comparisonbetweenthevariousseminorms,including the
quadraticseminormusedin this paper, thatcanbeusedin
thedecisionrule triggeringtheupdatefilter.
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50 100 150 200 250 300 350 400 450 500

260

280

300

320

340

360

380

400

420

440

(a)

50 100 150 200 250
250

300

350

400

20 40 60 80 100 120

300

350

400

10 20 30 40 50 60

300

350

400

(b)
50 100 150 200 250

−20

−10

0

10

20

20 40 60 80 100 120
−20

0

20

40

10 20 30 40 50 60
−20

0

20

(c)

50 100 150 200 250
250

300

350

400

20 40 60 80 100 120

300

350

400

10 20 30 40 50 60

300

350

400

(d)
50 100 150 200 250

−20

−10

0

10

20

20 40 60 80 100 120
−20

0

20

40

10 20 30 40 50 60
−20

0

20

(e)

50 100 150 200 250
250

300

350

400

20 40 60 80 100 120

300

350

400

10 20 30 40 50 60

300

350

400

(f)
50 100 150 200 250

−20

−10

0

10

20

20 40 60 80 100 120
−20

0

20

40

10 20 30 40 50 60
−20

0

20

(g)


