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ABSTRACT

We propose a new model of scattering for use in evaluat-
ing the degradation of a signal impinging on a base sta-
tion’s antenna after passing through a Nakagami-Rice
fading channel. We have proposed a scheme to reduce
degradation of the signal by selecting the direction-of-
arrival (DOA) of the signal for use in forming the an-
tenna beam. In this scheme, the degradation is con-
sidered to be caused by the delay spread of scattered
waves arriving from the vicinity of the nominal DOA.
However, the degradation observed in a low-ISI envi-
ronment cannot be explained by this consideration. To
explain degradation in a low-ISI environment, we pro-
pose a new model of scattering in which we consider sig-
nal degradation to be caused by Nakagami-Rice fading.
We then apply the method to determine the DOA that
provides the best quality for the signal. Some numerical
results are given to verify that the proposed method is
effective.

1 INTRODUCTION

In the mobile communications environment, multipath
fading degrades the quality of arriving signals. Many
schemes for using an array antenna to overcome this
problem have been proposed.

Of these, we focus on beamforming methods that are
based on direction-of-arrival (DOA). Since the DOA is
a parameter that is common to both up- and down-
links and is independent of the signal’s waveform, DOA
can be used for the beamforming. Moreover, DOA-
based methods are easy to apply to frequency-divided
duplex systems and to high-speed communications sys-
tems. However, it is generally difficult to selecting the
DOA for use in beamforming because the degree of
degradation will differ for each arriving signals. When
the DOA-based method is applied in an environment
that subjects the signal to multipath fading, the least
degraded signal should be selected for use in beamform-
ing.

In our previous paper [1], we considered each of the
DOAs to be spread around the nominal DOA according
to a local scattering model [2], and that this spread is
caused by the scattering of waves such that they are

distributed around the strong wave which is arriving
from the nominal DOA.

We also assumed that the delay spread of these waves
caused the degradation of the received signals. If the
distances from the base station to the sources of the
scattering of the wave to each actual DOA to be nearly
uniform, it is possible to estimate the delay spread from
the angular spread of directions of arrival. On the basis
of these assumptions, we proposed a method for select-
ing a DOA such that the BER of the received signal is
improved.

These assumptions are proper when we consider an
environment where the signal is subjected to serious ISI.
However, our experience is that the signals received at a
base station have a worse BER than would be expected
even when the level of ISI is low [3]. The above assump-
tions do not account for this effect.

In this paper, we explain the above phenomenon by
assuming that Nakagami-Rice fading degrades the re-
ceived signals and considering the fading as being caused
by the scattered waves. When a signal that has an an-
gular spread is received at an array antenna, the ob-
served array response vector is different from conven-
tional array-response vector. Therefore, we estimate the
degree of error in the conventional array-response vec-
tor use an approximation derived from a first Taylor
expansion [2]. Furthermore, we propose a scheme for
selecting the DOA by using a parameter that is related
to the estimated error.

This paper is organized as follows. In Section 2, we de-
scribe the signal model for multipath propagation. The
new parameter is described in Section 3. Section 4 de-
scribes the method used to estimate the parameter. Fi-
nally, demonstration of the validity of the proposed by
simulation is described in Section 5.

2 SIGNAL MODEL

In this section, we explain our model of signals. Firstly,
the model of scattering is described. Next, we apply this
model to a multipath environment.

2.1 Model of Scattering
We use the model of scattering shown in Fig. 1(a) to
associate the received signal xi(t) with Nakagami-Rice
fading. In an environment where signals are subject to
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Nakagami-Rice fading, a strong main wave and many
weak scattered waves are arriving at the base station.
We define a virtual scattering disc and assume that all
sources of scattered signals are distributed over the scat-
tering disc. The main wave comes from the center of
the disc, θi. When the number of scattered waves is de-
fined as Ni, the kth scattered wave will be coming from
an angle of θi + θ̃i,k (k = 1, ..., Ni). Probability density
functions (pdfs) have been proposed for θ̃i,k in several
papers. We only define the expected value and variance
of θ̃i,k:

E{θ̃i,k} = 0, V {θ̃i,k} = E{θ̃2
i,k} = δ2

i , (1)

where E{·} is the expected value of {·} and V {·} is the
variance of {·} .

We assume time invariance of the distribution on the
disc during the period of observation. With the model
of scattering, the incident signal on an antenna array
of M elements can be modeled as the combination of
Ni + 1 waves in the following way.

xi(t) =
Ni∑

k=0

βi,ka(θi + θ̃i,k)s(t− τi,k), (2)

where βi,0 = Ai is the amplitude of the main wave and
βi,k(k = 0, ..., Ni) are the complex amplitudes of the
scattered waves. The DOA of the main wave is θi,
so θ̃i,0 = 0. a(θ) is a conventional array-response vec-
tor. s(t− τi,k) is the signal from the kth source. For
low-bit-rate signals, ∆τi,k = τi,k − τi,0 is very small,
∆τi,k ¿ Ts, and s(t− τi,k) can thus be approximated as
s(t) exp(−j2πfcτi,k), where fc is the carrier frequency
and Ts is the period of one symbol. Equation (2) may
then be approximated as

xi(t) ≈
Ni∑

k=0

αi,ka(θi + θ̃i,k)si(t) = visi(t), (3)

where αi,k = βi,k exp(−j2πfcτi,k),
si(t) = s(t− τi,0), and vi is the approximated spatial
signature, vi =

∑Ni

k=0 αi,ka(θi + θ̃i,k).

2.2 Model of a NLOS Multipath Environment
Fig. 1(b) shows a non-line-of-sight (NLOS) multipath
environment. We here consider a scenario with D re-
flectors and a single mobile station. In this case, the
outputs of the array antenna elements y(t) are expressed
as

y(t) =
D∑

i=1

xi(t) + n(t), (4)

where n(t) is an additive-noise vector.

3 SCATTERING PARAMETERS

Firstly, we propose a new parameter for use in evaluat-
ing the quality of signals that arrive. This parameter is
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Fig. 1: The model of scattering.

derived from vi, the approximation of the spatial signa-
ture. We also clarify the reflection in this parameter of
the quality of the received signal.

Asztély and Ottersten [2] assumed a small angular
spread to obtain the following approximation.

vi = γia(θi) + φid(θi), (5)

where d(θ) = ∂a(θ)/∂θ,

γi =
Ni∑

k=0

αi,k, φi =
Ni∑

k=1

θ̃i,kαi,k. (6)

This approximation is derived from the first Taylor ex-
pansion of the spatial signature. When the ith wave
is impinging upon the array, γi can be assumed to be
non-zero. Therefore, we can obtain a new parameter ṽi:

vi

γi
= ṽi = a(θi) + ρid(θi), (7)

where ρi = φi/γi. From (3) and (7), x(t) is expressed
as

x(t) ≈
D∑

i=1

γiṽisi(t) =
D∑

i=1

ṽis̃i(t), (8)

where s̃i(t) = γisi(t).
If ṽi is assumed to be an actual spatial signature,

ρid(θi) stands for the error in the conventional array-
response vector a(θi). With the models in Section 2,
this error varies with time. In our previous paper [1],
we use the average |ρi| to estimate the signal’s angular
spread. The theoretical expression for the average |ρi|
was not shown on account of the derivation the complex
of the processing involved. Here, we evaluate a new
parameter ηi as

ηi = E{|φi|}/E{|γi|}. (9)

Where the theoretical expression for E{|γi|} and
E{|φi|} can be derived independently.

Next, we clarify the relation between the parameter
ηi and the quality of received signal.
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A theoretical expression for E{|γi|} may be derived in
the following way. When the power of si(t) is normalized
as E{si(t)s∗i (t)} = 1, the following expression for |γi|2
is derived from the power of s̃(t).

E{s̃i(t)s̃∗i (t)} = E{γisi(t)s∗i (t)γ
∗
i } = |γi|2. (10)

Here, |γi| means the average amplitude envelope of
the signal received at the base station and varies ac-
cording to Nakagami-Rice fading. Since the phase of
αi,k changes randomly, the expected values and vari-
ances of Re{αi,k} and Im{αi,k} can be expressed as
E{αRe} = E{αIm} = 0, and we obtain

V {αRe} = E{α2
Re} =

B2
i

2
, V {αIm} = V {αRe}, (11)

where Bi is the amplitude of αi,k. Let z be an arbi-
trary complex value and zRe and zIm be the real and
imaginary parts of z, respectively. The pdf of |γi|
can be approximated as a Rice distribution. Rice fac-
tor Ki = A2

i /(2µ2
i ), is the ratio of the power level of

the main wave, A2
i /2, to that of the scattered waves,

µ2
i = NiV {αRe} = NiV {αIm}. The scattered waves

cause the fading, so we can consider Ki to represent
the ratio between the power levels of the main wave and
the over all fading component. Since Ki increases as the
fading component decreases, the signal quality improves
with increasing Ki.

When the condition Ki À 1 applies to Ki, the pdf
of |γi| is an approximately Gaussian distribution. The
expected value of |γi| can be approximated as

E{|γi|} ≈ Ai. (12)

On the other hand, when there are almost equal power
levels in the main wave and all scattered waves, the
pdf of |γi| is approximated by a Rayleigh distribution.
Therefore the expected value of |γi| is

E{|γi|} ≈
√

π

2

√
A2

i

2
+ µ2

i =
√

π

2
µi

√
Ki + 1.(13)

From (6), the real and imaginary parts of φi are

φRe =
Ni∑

k=1

αRe,i,kθ̃i,k, φIm =
Ni∑

k=1

αIm,i,kθ̃i,k. (14)

According to the law of averages, the pdfs of φRe and φIm

may be approximated as Gaussian distributions. From
(1) and (11), their expected values are zero. Their vari-
ances are expressed in the following forms.

V {φRe} = NE{θ̃2}E{α2
Re} = µ2

i δ
2
i (15)

V {φIm} = NE{θ̃2}E{α2
Im} = µ2

i δ
2
i (16)

A theoretical expression is derived for E{|φi|} in the
following way. Since the distributions of φRe and φIm

are Gaussian, the pdf of |φ| =
√

φ2
Re + φ2

Im becomes a

Rayleigh distribution. From (15) and (16), the expected
value of |φ| is

E{|φ|} =
√

π

2
µiδi. (17)

Consequently, two approximations of ηi are used. Un-
der the condition Ki À 1, we define a parameter ηR,i

by approximating ηi in the following way.

ηi =
E{|φi|}
E{|γi|} ≈

√
π

2
µiδi

Ai
=

√
π

4
δi√
Ki

= ηR,i. (18)

The result of the approximation is that ηR,i is propor-
tional to δi and inversely proportional to

√
Ki. Further-

more, we use the approximation of Ai ≈ Bi to define
ηNR,i as

ηi =
E{|φi|}
E{|γi|} ≈

δi√
Ki + 1

= ηNR,i. (19)

Here, ηNR,i is proportional to δi, but inversely propor-
tional to

√
Ki + 1.

Equations (18) and (19) make it clear that the pa-
rameter is ηi dependent on the Rice factor Ki and the
angular spread of the directions of arrival. If the angu-
lar spread of each DOA is same, the value of ηi depends
on the Rice factor Ki. Since the approximated ηi is
inversely proportional to

√
Ki or

√
Ki + 1, we can con-

sider the signal quality to be improved by reducing ηi.

4 ESTIMATING THE PARAMETER ηi

The parameter ηi is generally unknown, and must be es-
timated on the basis of observed signals. Since ηi is the
ratio of the average of |γi| to that of |φi|, the problem is
how to estimate these parameters. In our previous paper
[1], we proposed a method for estimating the scattering
parameter |ρi| and signal waveform s̃i(t). This method
consist of five steps which are repeated until the param-
eters have converged. Although the parameter |φi| is
represented as |φi| = |γi||ρi|, it is not possible to use the
method in our earlier paper to estimate |γi|. We add a
new step to the earlier method for estimating |γi|. This
step is derived from (10). The new method is then as
follows.

Step 1. The DOAs θ̂i are given; θ̂i means an estimated
value of θi.

Step 2. ρ̂i and ˆ̃vi are initialized. ρ̂i = 0, ˆ̃vi = a(θi).

Step 3. ˆ̃s(t) = [ˆ̃s1(t), ..., ˆ̃sD(t)]T is estimated by using
a maximum likelihood estimator. The signal wave-
form is estimated by the following formula

ˆ̃s(t) = (V̂
H

V̂ )−1V̂
H

y(t) = Ŵy(t), (20)

where V̂ = [ˆ̃v1, ..., ˆ̃vD], and Ŵ = (V̂
H

V̂ )−1V̂
H

.

Step 4. Values for ρ̂i are estimated by using minimum
mean-square error estimation. The evaluation func-
tion is

J = E{|x̂(t)− y(t)|2}, (21)
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where x̂(t) =
∑D

i=1{a(θ̂i)+ ρ̂id(θ̂i)}ˆ̃si(t) = V̂ i
ˆ̃s(t).

Step 5. Step 3 and Step 4 are repeated until the pa-
rameters have converged.

Step 6. From (10), |γ̂i| is estimated and |φ̂i| = |ρ̂i||γ̂i|.

In a practice, DOAs will generally be unknown. They
must then be estimated by using an algorithm such as
MUSIC or ESPRIT.

5 RESULTS OF SIMULATION

Simulations were carried out to examine the perfor-
mance of our proposed method for estimating ηi and
of the scheme for using ηi to select the DOA.

The Simulation parameters will now be described.
The mobile station is stationary and the fading is flat
during the period of observation. Each scattering disc
has Ni = 50 scattered sources. The amplitude of each
scattered wave is Bi = 1/

√
50. A uniform linear ar-

ray of eight elements is used and each element is sepa-
rated from next by half a wavelength. The modulation
method is π/4-shift DQPSK. 100 bits of data are trans-
mitted in one iteration of estimating ηi. The expected
value E{·} is approximated as the average of the values
obtained in 10000 iterations. The rate of low transmis-
sion means that ISI will have very little effect on the
BER. We define the avarage CNR as (Ki + 1)µ2

i /Pn,
where Pn is the level of noise power of each element at
the array antenna, and set it at 10 dB.

In the first simulation, one scattering disc is derived
from a single mobile station. The nominal DOA is 0◦.
Fig. 2 shows the parameters ηi obtained for different
angular spreads and Rice factors. Estimate 1 indicates
the parameter ηi as estimated using the known signal
waveform s(t) and the Estimate 2 is the estimate based
on the estimated signal waveform ˆ̃s(t). When the angu-
lar spread is δi = 1◦, the approximated and estimated
values are in good agreement with the calculated value.
When δi is larger than 1◦, the approximated value agrees
with the calculated value while the estimated value does
not. These differences appear to depend on the error in-
troduced by the approximation of (7).

In the second simulation, two scattering discs are
derived from a single mobile station and the angular
spreads for both DOAs are set to δ1 = δ2 = 3◦. The
nominal DOAs are θ1 = −15◦ and θ2 = 15◦. Fig. 3(a)
shows the estimated and true parameters, η1 and η2,
when K1 varies from -15 to 20 dB and K2 is set at
5 dB.

Fig. 3(b) shows the BER of the signals obtained by
two Chebychev beams whose sidelobe level is -25 dB.
The mainlobe of Beam 1 is directed at θ1 = −15◦ and
that of Beam 2 is directed at θ2 = 15◦.

Fig. 3(a) and Fig. 3(b) indicate that the BER is de-
pendent on the Rice factor Ki and on ηi. We are able
to improve the BER of a received signal by selecting
smaller value for ηi.
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Fig. 2: ηi versus Rice factor (D = 1).
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Fig. 3: Two scattering discs are derived from a single
mobile station (D = 2).

6 CONCLUSION

We proposed a new beam-forming scheme to select a
DOA in an environment that is subject to low ISI and to
Nakagami-Rice fading. The result of simulation using a
scattering disc, when the angular spread of each DOA δi

is approximately equal, the method produced improved
BER performance.
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