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ABSTRACT

In this paper, we investigate the problem of three-dimensional (3D)
frequency estimation. We propose a new approach based on the
shift invariance property in the data structure. The data are
modeled as a sum of 3D complex exponential (SCE) embedded in
white noise. In 1 and 2D cases, the approaches based on invariance
property have shown efficiency, the purpose of this paper is to take
advantage of this feature in the 3D framework. Indeed the special
structure of the model permits a decomposition of the
autocorrelation matrix into a linear subspace called signal subspace
and its orthogonal complement, the noise subspace. The method
operates in two steps, firstly one estimates the autocorrelation
matrix which is defined and performed from a subset of data.
Secondly the estimation of the frequencies is involved by the
existence of an invertible matrix mapping between the signal
subspace basis and an exact 3D Vandermonde matrix.
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1 INTRODUCTION

In the framework of image data analysis, the full 3D nature of the
data must be taken into account so that the model fits well the data
according to error modeling criterion. Processing a 3D block of
images as a sequence of independent 2D image usually leads to a
heavily lost in the effectiveness of data modeling and processing.
For two decades, many algorithms have been developed for
frequency estimation. Several recent approaches are based on the
invariance property such as 1 and 2D ESPRIT [1] [2], MP (Matrix
Pencil) [3] and recently [4].

In 1 and 2D cases, the spectral and frequency estimation can be
classified into two classes: namely scanning and analytical
methods. In the first class, the methods are based on the spectrum
or pseudo spectrum such as Fast Fourier Transform, Prony method,
autoregressive and MUSIC approaches [5]. All these methods
consist in scanning the frequency space with a discrete finite lag
frequency and looking for the value which maximizes an
appropriate pseudo spectrum. In this case, the resolution is poor
and a tradeoff between the resolution and the variance of the
estimated frequencies must be made. The common feature of the
second family is to exploit an analytical formulation of the
frequency content. It is based on the decomposition of the space
spanned by the eigenvectors of the autocorrelation (or data) matrix
into two orthogonal subspaces namely noise and signal subspace.
The first method using this concept is the Pisarenko method. After
on, this notion is well exploited in root-MUSIC, ESPRIT, MP
approaches. These methods are commonly called high resolution
(HR) techniques.

For RADAR, seismic data, and in the framework of multi-
components array processing, the 3D data are usually a sum of
complex exponential embedded in noise. For this reason, we
propose in this paper to use the model based on the sum of 3D
complex exponential (SCE). The task consists on estimating the 3D
frequencies and to achieve their correct pairing. In addition, if one
needs to estimate amplitude and phase information, the use of
Least Mean Squares (LMS) algorithm is of most importance.

When dealing with 3D spectral estimation, the scanning methods
fail because it’s not easy to check visually whenever the spectral
estimation has reached a maximum. Hence, only analytical
methods are appropriate to solve this 3D problem. In the
framework of 3D and mD spectral analysis, ESPRIT, unitary
ESPRIT, and Total Least Squares (TLS) phased averaged ESPRIT
have been proposed for joint angle-carrier estimation in array
processing [6]-[8]. However, these methods have some drawbacks,
Unitary ESPRIT do not address the case of damped modes.
Moreover, the TLS phased averaged ESPRIT wuses implicit
orthogonal iteration technique for computing low-rank
approximation to overcame the Eigenvalue decompositions, so, this
method needs the number of modes to be a priori known.

The 3D MP method developed in this paper can deals with damped
or undamped modes. Indeed, the use of Eigenvalue or Singular
value decomposition helps to estimate the number of modes prior
to any frequencies estimation.

The rest of the paper is organized as follows. In Section 2, we
present the 3D SCE model and develop the 3D MP method for 3D
frequencies estimation. Simulation examples are presented in
Section 3. Finally Section 4 summarizes our conclusions.

2 3D DATA SCE MODEL AND 3D MP
METHOD

2.1 Preliminaries

Let y(m,nt) be a sampled function of 3D variable, where
m, n,and ¢ range over a finite parallelepiped (or cubic) grid. A
3D dataset can be represented by a MXNXT cube.

In the 2D case, we refer each point as a pixel (m,n). Here, we refer
each point in a 3D image as a pixel (m,n,t) . We suppose that each
pixel can be modeled as follows:

K
mn0)=)_a; exp(27Lf; (m=1)+ fo (n=1)+ f3,(t=1))+ j#; ) 0
i=1
+b(m,n,1)
where (f|;,/5,/3;) are the 3D normalized frequencies. The
additive noise b is assumed to be zero-mean circular complex
white noise with variance Jg . The real and imaginary parts of the

noise are supposed to be statistically independent and uncorrelated



with the signal. The parameters a; and @; are respectively the

amplitude and the phase of the i ™ wave.

K is the number of waves i.e. model order. In this paper, it is
assumed to be known otherwise its estimation can be performed
via AIC or MDL information criteria [9] or SVD algebraic
methods [10]. It should be noted that the model order is a crucial
first key to get an efficient frequency estimation.

2.2 Exact Autocorrelation Matrix Computation

Let us consider a PxQxL sub cube from the MxNxT dataset. Our
aim is to compute the autocorrelation matrix of this PxQOxL data.
For such a purpose, we concatenate the data in a PQLx1 column

vector denoted Y, POL - It exist six ways to scan such 3D volume

data. One way is to scan the data column by column in each image
i. e. layer as follows

T =T T T
Yoor=oyi -yl 4)
where
T=ryT T T
Vi _[yo,i’yl,i""’yQ—l,i]
yﬁi:[y(m’n+j,t+i),'"ay(m+P_1’n+j,t+i)] (5)
o, 1], jdo,Q-1]
where ()7 is the transposition of matrix and vectors.

The data autocorrelation matrix is given by
Ry=HE{ Ypoy, Ypipy } (6)
where E{} stands for the expectation operator and the symbol [

is the transposition and conjugate for complex matrices.
Ry isa LxL block Toeplitz matrix defined as follows:

Ry Ry - Ry
R R, .
Ry: . 1 ) 0 ) (7)
: - .. R_1
Ry R Ry

in which each block is OxQ Toeplitz block Toeplitz matrix.
T_0+1,i
i 7. : . (®)
To-1,i = ni T,
r0.J) 11 7) ry(=P+1,ji)
ry(1.7:0) . :
Jot ry(_lajal) (9)
ry(P=1,7:)
-1, 1], jo-©-1),Q-1].
For the 3D process (1), the exact autocorrelation function is
K
ry(kL )= a?exp(27Kf, o+ £y 1+ £ ;1) +OF kL, h) (10)
i=1
Then the exact autocorrelation matrix is:

r,(0,)

(L) 1 (0,0)

- 10
Ry =Slpor.k1¥SPorL.k1 98! (11)
where

1 _
Stpor,k)71531,. 9521 08811, 0 583k . Bsok o Usik el (12)

Spn, H =[1 exp(2 7% n)s - exp(2 7T pun(H ~1)]T (13)
m=1,2,3; n=1,2---K ; HD{P,Q,L} . O is the Kronecker product.
Y is the diagonal matrix containing the power of each wave

W=diag(a?)K, (14)
1 . .
We refer to the S[ POLK] matrix as the 3D Vandermonde matrix.

The signal subspace is then spanned by the column of this 3D
Vandermonde matrix. The eigenvalue decomposition of Ry is:

Ry=UDUY (15)
where
U:[ul e .’uK’uK‘H’. . ’uPQL]

, (16)
D=diag(A, Ay, Ag> A1y > Apor)

A, are the eigenvalues ordered in a decreasing order

A2hy22Ag>07 , and Ay =-=Apy, =07 ; where 0F s the

white noise variance. Based on the multiplicity of the noise
variance, one can split the eigenvector basis into two orthogonal
subspaces i.e. signal and noise subspaces spanned respectively by

Usl=[uy,uy,-ug], and Un=[ug . "uPQL] . (17)

2.3 Estimated Autocorrelation Matrix

Given a 3D subset MxNxT of data, the exact autocorrelation
matrix can be approximated, under the stationary and ergodicity
assumptions, by:
Ry= I
(M=P+)(N-Q+1)(T-L+1)
M=p+1 N0+ T—L 4] (18)
: ) Tpor YPDQL)

m=1 n=1 t=1
The eigenvalue decomposition of this autocorrelation matrix gives
approximate basis of signal and noise subspaces.
Note that, in order to get an estimated autocorrelation matrix
allowing the best modes estimation, the size PxQxL of the sub

block must satisfy the following inequalities
P=K
03K (19)
L=2K

The 3D MP based 3D frequencies estimation will be built on some
partitions of the signal subspace approximation.

The signal subspace is spanned by Usl and S[IPQLK]’ ie.

D{Usl}:D{S[IPQL, K]}’ EI{ } represents the range of the subspace.

Hence, there exist a mapping KxK nonsingular matrix ©
between these two basis.

Usle[IPQL’ 1 © (20)

Indeed, the orthogonality property states that the 3D Vandermonde
matrix and the noise subspace satisty the following relationship i.e.

(00 imim G}

In the following, we provide with some background for the
derivation of 3D MP method. Let us rewrite the 3D Vandermonde
matrix in a well organized form



Sl l
PO LP K]
S (o)
Stpor k= L2 | and Slpp = [ Kl = 2n
1 L1 nO-1
Siro.x1®3 Ste, KJ‘D

where S[IPQ K] is the 2D Vandermonde matrix associated with the

frequencies in the first and second dimensions. The 1D
Vandermonde matrix S[’ﬁ] K] are defined by

StEL k=S m1 1o Sm2 1o > Sk H] (22)
Sy, 1S given by (13) for m=123; n=12,-K ; HH{P.O.L}.

Moreover, the matrices ®, , for m=1,2,3 are given by

@, =diag(exp(i277,, )X, (23)

2.4 Shift Invariance Property and 3D Frequency
Estimation

Based on the structure of the 3D Vandermonde matrix and in order

to retrieve the shift invariance property operating on the analytical

formulation of the frequency estimation we split the signal

subspace and the 3D Vandermonde matrix as follows

Sleox |tPO | EMI®Y 24
EMI 1 [[PQK]‘DL] TPO @4

The symbol { indicates the number of rows to extract from one

Stpor.K17

matrix. Similarly, the signal subspace can be partitioned as follows:

Xxxx PO Usl
Usl = e
y [U 1 } o [0PO (25)
The mapping © matrix can be used as follows :
— —T7.10-1
EM1O=Us] EMI=Us1©
EM1 mgle:gsl Usl@—l¢3—1@:gsl (26)

= o losle=Us1TUst
Hence, the f3; components are the angles of the eigenvalues of

the matrix Us19Us1, ie. f3,= 1 =504, . Us15Us1 ) for i=1,;

Here [0 stands for angle.

To extract the frequencies information in the two others dimension,
we consider two other scanning forms.

For an impelling the PxQxL data, raw by raw from each layer, the
corresponding 3D Vandermonde matrix which spans the signal
subspace is now given by

2
Storr.x1=EfStroL. @7
where El2 is the permutation matrix operator given by
EZ_ZZ ZEPQDEQLDELP (28)
i=1j=1k=1

PO . . . .
and El.’j is the elementary matrix of size PxQ having zeros

entries excepted for the (i,7) location which is one.
The corresponding signal subspace of the autocorrelation matrix is
Us2=E2Us1 (29)

2 . .
The S[QLP, K] and Us2 can be spilled into

| EMOT!
[oL.K] |TOL_ { 1 30
LP ey I (30)
Sforr k1 { ShLx® | PO
and
XXX _$QL |us2
Us2 I:U 0 - -)'O;X; $QL (31)
The f|; components are the angles of the eigenvalues of the

matrix Us20Us2 , ie. fj;=5-0A4;Us2Us2 ) for i=l--K .

To get the frequencies f,; , one has to scan data in order to get the

3D Vandermonde matrix as follows

3 =53
S[LPQ’K]—E2 [OLP K] and Us3=E5Us2 (32)
where E% is given by
3= O.LopL.PpPQ
E3 ZZZE,j DEjy OE;; (33)

i=1j=1k=1

The obtained Us3 and S[ 1PO,K] €3N be partitioned as follows

pK) (tLp | EM3®Y!
[LPQK] L KlF - q)Q S| gLe (34)
[LPlﬂ
XXX
TLP US3
Us3= = 35
[U 3 ] xxx - [PLP (35)

The f,; components are the angles of the eigenvalues of the
P O . _ 1 p— 0 .
matrix Us3-Us3, i.e. fzi—EDAI-(Uﬁ Us3 ) for i=l,--,K .

Until now, the 3D frequencies components are estimated, but not
paired in the appropriate form. To this end, we use the
orthogonality —property between noise subspace and 3D
Vandermonde matrix.

The best triplets minimize the projection into the noise subspace, or
equivalently maximize the projection into the signal subspace
according to the following criterion:

K
C(, j,k):lzl Us1(D (s34 1, 055,005y, P)” : (36)
The method proceeds by successive elimination until all triplets are
recombined.

3 NUMERICAL EXAMPLES

In this section, we present some numerical examples. Our approach
is tested with two signal to noise ratio (SNR) scenari i.e.

SNR=20dB and SNR=0dB . The data are generated according
to the model in equation (1). In both cases we consider three waves

ie. K=3 with unit power a;=l, the corresponding 3D

frequencies are given in table 1. The data and the autocorrelation
matrix  sizes are  respectively  (M,N,7):(7,7,7), and
(P,O,L):(5,5,5) . The estimated frequencies based on the 3D MP
developed in this paper are given in table 2.



hi D 5i
st
1" wave £1=0.2500 £51=0.2000 f31=0.2500
nd
27 wave £1,=0.3500 f>,=0.1000 f32=0.4500
rd
37 wave f13=-0.1500 f53=-0.3500 £53=0.1500
Table 1: 3D frequencies used for simulation examples.
hi Dai B
Estimated at Estimated at Estimated at Estimated at Estimated at Estimated at
20dB 0dB 20dB 0dB 20dB 0dB
1* wave 17,=0.2499 17,=0.2536 5,=0.2001 f5,=0.1995 f31=-0.2507 f31=-0.2472
2" wave f12:0.3505 f12=0.3559 f22=0.1001 f22=0.0992 f32=0.4510 f32=0.4522
3" wave flS =-0.1509 f13=—0.15 12 J23=-0.3498 f23 =-0.3487 f33=O.15 12 f33=O. 1483

Table 2: 3D frequencies estimated by 3D MP method for SNR=20 dB and SNR=0dB .

In order to propose a quantitative measure of the 3D estimated
frequency, we evaluate the variance of the estimation error versus
the SNR value in the range -10 to 30dB. For each SNR, 100 trials
are used. The result is plotted in Fig. 1.

error variance (dB)

—

105 0 5 10 15 20 25 30
SNR (dB)

Fig. 1: estimation-error variance versus the SNR.

4 CONCLUSION

In this paper, we have addressed the 3D frequency problem. After
formulating the background problem, we have developed a 3D MP
method, which consists in building some partitions of principal
components vectors known as the signal subspace. This signal
subspace extracted from the eigenvectors of the autocorrelation
matrix is exactly spanned by the columns vector of the 3D
Vandermonde matrix corresponding to the scanning manner.
Following this theoretical link, a mapping invertible matrix
between these two basis is then found. Exploiting this relation, an
algebraic development allows the estimation of the frequency in
one dimension. In order to estimate the frequencies in the two other
dimensions one has to permute the signal subspace using unitary
matrices (28) and (33). To retrieval the 3D frequencies, we use a
criterion based on the projection into the signal subspace to restore
the correct triplets.

Due to the limited space, we give only two numerical examples.
Indeed, the detailed results will be proposed for publication in an
extended paper. Moreover, our further studies will be also focused
on building some filters from the estimated frequencies for

denosing 3D block of images. Such scenario occurs for RADAR
and Seismic multicomponents data.

Acknowledgements

We are indebt to Dr. N. Keskes for his very valuable comment
while exercising these approaches on real data.

REFERENCES

[1] R. Roy,T. Kailath, “ESPRIT : Estimation of signal parameters
via rotational invariance techniques,” IEEE Trans. Acoust.
Speech Signal Process., Vol. ASSP-37, no. 7pp. 984-995, July
1989.

[2] M. D. Zoltowski, M. Haardt, and C. P. Mathews, “ Closed -
form 2D angle estimation with rectangular arrays in element
space or beamspace via Unitary ESPRIT,” IEEE Trans. Signal
Process., Vol. 44, pp. 316-328, Feb. 1996.

[3] Y. Hua, “Estimating two-dimensional frequencies by matrix
enhancement and matrix pencil,” [EEE Trans. Signal
Process., Vol. 40, n. 9, pp. 2267-2280, Sep. 1992.

[4] S. Rouquette and M. Najim, “Estimation of frequencies and
damping factors by 2D ESPRIT type methods, ” IEEE Trans
Signal Process., Vol. 49, n. 1, pp. 237-245, Jan. 2001

[51 S. L. Marple, Jr., Digital Spectral Analysis with Application,
Englewood Cliffs, N. J: Prentice Hall 1987.

[6] M. Haardt and J. A. Nossek, “3D unitary ESPRIT for joint 2D
angle carrier estimation,” in Proc. ICASSP’97, (Munich,
Germany), pp. 255-258, April 1997.

[7] M. Haardt and J. A. Nossek, “Simultaneous Schur
decomposition of several nonsymmetric matrices to achieve
automatic pairing in multidimensional harmonic retrieval
problems,” IEEE Trans Signal Process., Vol. 46, n. 1,pp. 161-
169, Jan. 1998.

[8] P. Strobach, “Total least squares phased averaging and 3D
ESPRIT for join azimuth —elevation-carrier estimation, ” /EEE
Trans Signal Process., Vol. 49, n. 1, pp. 54-62, January 2001.

[9] M. Wax and T. Kailath, “Detection of signals by information
theoretic criteria,” [EEE Trans. Acoust. Speech Signal
Process., Vol. ASSP-33, pp. 387-392, April 1985.

[10] J. A. Cadzow, “Spectral estimation: an overdetermined
rational model equation approach,” Proc. IEEE, Vol. 70, pp.
907-939, 1982.

! This work is supported by TotalFinaElf (TFE) partner with the
CNRS in the joint LACIS Lab. CNRS-TFE.



